2
= 6cot(z? + 1) — 422 — g (2.1: cot(z? 4+ 1) + l)
T
= 6cot(z? + 1) — 4a? — g (4::2 cot?(z? + 1) + 4 cot(z? + 1) + i:,)
R

3
- 42 62 t2 2 1
= (;r: + 6z° cot*(z* + )+—2x3

<0 for all z.

We better check our work. Let C(z) = cosz and G(z) = 22 + 1 so
that C' o G(z) = cos(z? + 1). An easy computation yields

; 2
SC(z) = 311.1:: _ﬁ[hc?s:c]
—sinz 2| -—sinz
:—l—gcotzz
and
SG(z) = 0 3[2]°
T2 2|2
__3
22’

50, by the chain rule for Schwarzian derivatives,
S(C 0 G)(@) = SC(G()) - [¢'(@) + 5G(=)
3

3
= —-1—=Z cot?(2? 42—
( 2-::0t (2 +1)) 4z 57
3

=4 2_62 tz 2 1) — —
z z* cot®(z” + 1) 5.2

which checks.
le) F(z) = arctanz; F'(z) = (1 + 2?)~}; and F''(z) = —2z(1 + 22)~2.
F"(z) = 821+ 2%)~2 — 2(1 4 2%)~2

2(1 4 2?)73(42% — (1 + 2?))
2(1 +2%)73(32% - 1).

_ ") 3[F"()]?
96) = - 3 [ 7]

_ 201+ 2?)"3(8z% 1) 3 ["22(1 + 1:2)_2]2

(1+=z2)-1 2 (14 22)-1
_2322-1) 3[ —22]°
~ (14 22)? _§[l+$2]
_ 1222 — 4 — 1222
201 + 22)2
_ 2
ey

<0 for all z.

2. Isit true that S(F + G)(z) = SF(x) + SG(z)? If so, prove it. If not,
give a counterexample.

False. Unlike ordinary differentiation, the Schwarzian derivative does not
distribute over addition. Let F(x) = G(z) = e®. Then

SF(z) + SG(z) = 2 (:_: B g [z_:] 2)

=1,
but
eT+e* 3 |ef +e”
S(F +G)(2) = et +er 2 [e" +e”]
3
_1—5
-1
= -3

3. Isit true that S(F - G)(z) = SF(z) -G(z)+ F(z)- SG(z)? If so, prove
it. If not, give a counterexample.

Unfortunately, there is no product-like rule for Schwarzian derivatives. Let
F(z) = €** and G(z) = 3. By Exercise lc, SF(z) = —2 and SG(z) =
—9/2. But

SF(z)-G(z) + F(z)- SG(z) = —2¢° — (9/2)e**



