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CHAPTER 5. FIXED AND PERIODIC POINTS

The number ¢ is called the golden ratio! and arises naturally in
connection with the ubiquitous Fibonacci sequence.? Now, since

F'(z) = 42° — 82 = 4z - Q(z),

we have that F'(-1) = 4 and F'(2) = 16, and hence, both integral
fixed points are repelling. But what about —¢ and 1/¢$? Recall that
a fixed point of @ is also a fixed point for F, and since Q is an even
function, we may compute Q(¢) instead of Q(—4). That is,

Similarly, we find that

and hence, —¢ and 1/¢ constitute a 2-cycle for Q (see Exercise 3.3).
And since )

Fl(—¢) = —4¢(¢* - 2) = «-—4453 = —4

()3 den=s

—¢ and 1/¢ are repelling fixed points for F.

along with

!Some authors call ¢ the golden section while still others define it as (/5 — 1)/2.
The latter and (v'5 + 1)/2 are reciprocals of one another, and a single unit apart on the
real line,

?For a particularly lucid introduction to the Fibonacci numnbers, see chapter 11 in:
Ogilvy, C. Stanley and John T. Anderson. Excursions in number theorv. New York:

Exercise 1

1f) S(z) = Zsinz
fix S = {0, £x/2}.
§'(x) = § cosz.
S'(0)=x/2>1 = 0 is repelling.

S'(&m/2) = (x/2) cos(+n/2) = 0 = +m/2 are superattracting.

1g) S(z) = ~sinz
fix S = {0}.
S§'(z) = ~cosz.
5'(0) = —1, and so —1 is neutral.
) F(z)=2 -2
-r=z = 23 -22=0
=> z(z?-2)=0
= z=0 or z=2v2

Therefore, fix F = {0, +/2).

Fi(z) =322 - 1.

F'(0) = ~1 = 0 is neutral.

Fi(£v/2) = 3(2v2)2 — 1 =5 = +/2 are repelling.
li} A(z) = arctanz

fix A = {0}.

() = 1/(1+ 7).

A'(0) =1 = 0 is neutral.

. _ | 2z ifz<1/2
IJ)T("')‘{ 2-9 ifz>1/2
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Setting each piece of this two part function equal to z yields ix T =

{0,2/3}. Also,

_f2 ifz<1/2
Tl(‘”)"{-z if &> 1/2

since T is piecewise linear, but the derivative of T is not defined at z =



