
MATH 373 Sample Final ExamPriniples and Tehniques of Applied MathematisSpring 2005 Prof. G. Roberts1. Find the general solution to ux + 4uy + u = ex�y using the oordinate method. Find thesolution satisfying u(x; 0) = 0.2. Consider the wave equation (modeling a very long vibrating string, for example)utt = 4uxx; �1 < x <1with initial onditions u(x; 0) = �(x) = 0, and ut(x; 0) =  (x) where (x) = 8<: 1 if x > 0�1 if x < 00 if x = 0(a) Without alulating the solution, explain why u(0; t) = 0 8t.(b) Sketh the pro�le of the string (u versus x) at times t = 0; 1; 2.3. List three ways in whih solutions of the wave equation and the di�usion equation are quali-tatively di�erent from eah other.4. Solve the following di�usion equation on the half-line:ut = kuxx; 0 < x <1; t > 0satisfying u(x; 0) = e�x and ux(0; t) = 0. Express your solution in terms of Erf(x).5. Use the Maximum Priniple to prove that solutions to the Di�usion equation with inhomoge-neous Dirihlet boundary onditions are unique.ut � kuxx = f(x; t) for 0 < x < L; t > 0;u(0; t) = g(t);u(L; t) = h(t);u(x; 0) = �(x):6. Solve utt = 4uxx+1� 4x on the whole real line satisfying the initial onditions u(x; 0) = x3=6and ut(x; 0) = 0.7. Consider the di�usion equation ut = kuxx where u(x; t) gives the temperature of a uniformrod, 0 < x < L, with some presribed boundary onditions. Suppose that separation ofvariables leads to the following eigenvalue problem:X 00 + �X = 0;X 0(0)� a0X(0) = 0;X 0(L) + aLX(L) = 0:



(a) Show that if a0 < 0 and aL < 0, then there is a negative eigenvalue for this problem.(b) Explain why this makes sense physially given the boundary onditions.8. (a) Compute the Fourier sine series of �(x) = x on [0; 1℄.(b) Integrate the series term by term to �nd the Fourier osine series of �(x) = x2=2. Findthe value of the onstant term that arises from integration. This is the �rst term in theosine series.() Explain why we know the osine series onverges pointwise at x = 0. What value mustit onverge to?(d) Plug x = 0 into your series in part (b) to �nd the exat value of the sum1� 14 + 19 � 116 + 125 � + � � �9. (a) Show that the inner produt of two funtions is a linear operation. ie. Show that(f; 1g + 2h) = 1(f; g) + 2(f; h)for any 1; 2 2 R and any integrable funtions f; g; h.(b) Suppose that (f; g) = (h; g). Does it follow that f = h? Prove or provide a ounterex-ample.10. From srath, �nd the omplete series solution, with the oeÆients, ofut = 2uxx for � � < x < �; t > 0u(��; t) = u(�; t);ux(��; t) = ux(�; t);u(x; 0) = jxj+ 1:How do we know that there are no negative or omplex eigenvalues without doing any toughomputations?11. Use the method of subtration to solveutt = 4uxx + 50et sin(5x) for 0 < x < �;u(0; t) = 0;u(�; t) = 0;u(x; 0) = 0;ut(x; 0) = sin(3x):12. Consider the funtion f(x) = � x if 0 � x < 112 if 1 � x � 2(a) At what points in the interval [0; 2℄ does the Fourier sine series for f(x) onverge to f(x)?(Pay partiular attention to the endpoints.)(b) At points where the sine series does not onverge to f(x), what does it onverge to?() Does the Fourier sine series onverge uniformly to f(x) on [0; 2℄? Can we be sure?(d) Does the Fourier sine series onverge in the L2 sense to f(x) on [0; 2℄? Can we be sure?


