
Multivariable Calulus, Spring 2005Computer Projet #4Fun with Parameterizations: Cyloids and Lissajous FiguresDUE DATE: Friday, April 29th, in lass.1 IntrodutionIn this projet you will learn about two very famous sienti� urves: yloids and Lissajous �gures.The problems require the use of the software pakage MAPLE as well as some mathematis on yourpart to be done without the omputer. The mathematial onepts needed for this projet inludetrigonometry, parameterizing urves in the plane, veloity, aeleration, arlength and a small bitof number theory.One of the goals of the projet is for you to explore and learn about this aspet of multivariablealulus and to ommuniate your understanding and disoveries in a well-written and oherentreport. It is required that you work in a group of two or three people, your original lab team. Anyhelp you reeive from a soure other than your lab partner(s) should be aknowledged in your report.For example, a textbook, web site, another student, et. should all be appropriately referened.Please turn in one report per group, listing the names of the groups members at the top of yourreport. Be sure to answer all questions arefully and neatly, writing in omplete sentenes.The projet should be typed although you do not have to typeset your mathematial notation.For example, you an leave spae for a graph, omputations, tables, et. and then write it in byhand later. You an also inlude graphs or omputations in an appendix at the end of your report.It is also possible to write your answers within your MAPLE worksheet using the text option. Yourpresentation is important and I should be able to learly read and understand what you are saying.Your report should provide answers to eah of the questions below.2 The CyloidThe yloid is a famous urve in mathematis obtained by rolling a irle along a at surfae andfollowing the trajetory of a partiular point on the irle. One of the interesting properties ofa yloid is that if a partile is moving in a onstant fore �eld, then the yloid gives the pathbetween two points whih the partile travels over in the shortest amount of time. This is desribedas a brahistohrone.Consider a wheel of radius 1 ft. whih rests on the x-axis (the ground) and rolls without slippingalong the positive x-axis. Suppose that at time t = 0, the enter of the wheel is at (0; 1) and thatthe point P we want to follow begins at the top of the wheel (0; 2). Assume that the wheel is rollingat onstant unit speed 1 ft/se so that after t seonds, the enter of the wheel is loated at (t; 1)and the wheel has rolled a distane of t feet.(a) Show that the motion of the point P is given parametrially by the equationsx = t+ sin ty = 1 + os t1



with t � 0.(b) Use Maple to draw a plot of the yloid over the time interval [0; 4�℄. Do this by typing theommandswith(plots):r := t -> (t + sin(t),1 + os(t)):plot([r(t),t=0..4*Pi℄):The seond ommand assigns r to the vetor with omponents x(t) and y(t). Print out yourplot and label the points where the point P is on the ground, is at the same height as theenter of the irle and is furthest from the ground.() Find the times at whih P reahes eah of the 9 loations you identi�ed in part (b). Be sureto justify your answers.(d) Give a parameterization for the wheel (not the yloid) after it has rolled for s seonds. Makeyour parameterization go in the lokwise diretion, starting from the top of the wheel.(e) Using the result to part (d), use Maple to plot four wheels and the yloid on the same graph,drawing the wheel at times s = 0; �=3; 2�=3; �. Print out your plot and label the point P oneah of the four wheels on your graph. To ombine plots you an use the display ommand.For example, typingyl := plot([r(t),t=0..3*Pi℄,x=1..5):line := plot([t,t/(2*Pi),t=0..3*Pi℄,x=1..5):display([yl,line℄);will display the yloid and a line on the same graph with the x range between 1 and 5.(f) Find the veloity and speed of the yloid. When is the yloid going fastest and when is itgoing slowest? Interpret your �ndings with the physis of the motion. Sketh several veloityvetors on a graph of the yloid paying partiular attention to the length of the vetors.(g) When is the veloity zero? Explain physially why this must happen.(h) Notie that even though x(t) and y(t) are nie di�erentiable funtions of t, the graph of theyloid has a usp (non-di�erentiability in the xy-plane). Compute the diretion of theveloity vetor as a funtion of time t. This unit vetor ~T is usually alled the Unit TangentVetor. What happens to ~T just before and just after the usp?(i) Compute the ar length of the yloid over one yle of its orbit, that is, from t = 0 until thetime the point P returns to a height of 2. Is the length greater than, less than or equal to theirumferene of the wheel? Why does your answer make sense in physial terms? Note: Toompute the integral, you either need to use the half-angle formulas from trigonometry or torationalize the numerator. Please show your work.
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3 Lissajous FiguresThe Frenh physiist Jules Antoine Lissajous (1822-1880) (pronouned Lee-suh-zhoo) was interestedin studying waves and vibrations. Attahing mirrors to two tuning forks whih were vibrating atdi�erent frequenies, he was able to projet light o� of the mirrors and onto one sreen to reatewhat is today alled a Lissajous �gure. His setup was similar to the modern devie used to projetlaser light shows. Lissajous �gures were used in the old days to determine the frequenies of soundsor radio signals. They found their way into popular ulture in many si-� movies and TV shows,inluding the opening footage for The Outer Limits TV series. (\Do not attempt to adjust yourpiture | we are ontrolling the transmission.") [1, 2℄.To reate Lissajous �gures, we will use the parameterizationx = os�2�a t�y = sin�2�b t�where a; b are always taken to be positive real numbers. The equations are set up so that the periodof the horizontal omponent is a and the period of the vertial omponent is b. After loading thepakage plots in Maple, de�ne the funtion L(t) to be the x and y equations above. (See theyloid problem for the orret syntax.) You will save a lot of time if you rede�ne a and b eahtime you wish to draw a Lissajous �gure. For example, assuming you have de�ned L orretly, theommandsa := 3: b := 1:plot([L(t),t=0..6℄);should draw the Lissajous �gure with a = 3 and b = 1 over the time interval [0; 6℄. Try plotting afew sample �gures with di�erent a and b values before answering the questions below.(a) Begin by setting a = b = 1. What �gure do you obtain? Using the parameterization above,what is the period of this �gure? Explain. What �gure will you obtain whenever a = b? Nographs need to be turned in for this part.(b) Use Maple to plot the Lissajous �gure for a = 2 and b = 1. Print out your plot and label atleast 5 points on the �gure with their orresponding times. What is the period of this urve?(ie. At what time are you bak to where you began at t = 0 and will begin to retrae thesame urve?)() Keeping b �xed at 1 while varying a to 3; 4; 5; : : :, use Maple to plot the orresponding Lissajousurves. What hanges do you see and why do they our? What is the period when b = 1and a = 3? What is the period when b = 1 and a = k, for any positive integer k?(d) Use Maple to plot the Lissajous �gure for a = 1 and b = 2. How is this di�erent from theplot in part (b)? Explain. Would you say this urve is periodi? In other words, does it everreturn to the starting point and then retrae its path again? If so, what is the period? Whatshape is this urve? Find the equation between x and y whih desribes this urve? Print outyour plot and label at least 5 points on the �gure with their orresponding times.3
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Figure 1: Two typial Lissajous �gures.(e) Keeping a �xed at 1 while varying b to 3; 4; 5; : : :, use Maple to plot the orresponding Lissajousurves. What hanges do you see and why do they our? What is the period when a = 1and b = 3? What is the period when a = 1 and b = k, for any positive integer k? Do all theLissajous urves obtained in this part lose up on themselves (omplete a yle)? Whih oneslose up and whih ones don't? Explain why.(f) By experimenting with di�erent integer values of a and b other than a = 1; b = 1, what an youonlude about the orresponding Lissajous �gure? What role do a and b play? Try �xingone of a or b onstant and varying the other to look for patterns in the �gures. (Muh ofmathematial researh begins with looking for patterns!) What is the period of the Lissajous�gure if a = 5 and b = 3? What is the period of the Lissajous �gure if a = 4 and b = 6? Findan expression for the period given any two integer values for a and b.(g) Given the two Lissajous �gures in Figure 1, �nd the integer values of a and b in eah ase.Explain how you obtained your answers. Note that the �gure on the left loses up on itselfwhile the �gure on the right does not.(h) All the examples above have used a and b as integers. What happens if you try a = 1 andb = p2? Is the urve periodi? What happens as you plot the urve over longer and longertime intervals? Explain.Referenes[1℄ Hobbs Ed., Lissajous Lab, website: \http://www.math.om/students/wonders/lissajous/ lis-sajous.html" maintained by Math.om. 4



[2℄ MaTutor History of Mathematis arhive, Jules Antoine Lissajous, website: \http://www-groups.ds.st-andrews.a.uk/history/Mathematiians/Lissajous.html" maintained by theShool of Mathematis and Statistis, University of St. Andrews, Sotland.[3℄ MCallum, W., Hughes-Hallett, D., et. al. Multivariable Calulus, John Wiley and Sons, In.,New York, 1997.[4℄ Wright, Eri, Cyloids, Brahistohrones, and other Arhai Words, Multivariable CalulusComputer Projet, Dept. of Applied Math., University of Colorado, Boulder, Summer, 1999.

5


