
Multivariable Cal
ulus, Spring 2005Computer Proje
t #3Optimization: Celestial Me
hani
s and Least SquaresDUE DATE: Friday, April 8th, in 
lass.1 Introdu
tionThis proje
t fo
uses on two parti
ular appli
ations of multivariable 
al
ulus using optimization.There are plenty of problems where extrema of fun
tions are required in order to �nd an optimalanswer to a physi
al question. Here you will re-dis
over one of the �rst solutions to the three-bodyproblem in Celestial Me
hani
s and help a �eld biologist estimate the population of rare toads. Themathemati
s required is �nding and 
lassifying 
riti
al points of fun
tions of two variables. We willmake use of the 
omputer software MAPLE to visualize fun
tions, draw 
ontour diagrams, lo
ateextrema and simplify our 
omputations.It is required that you work in a group of two or three people, your original lab team. Any helpyou re
eive from a sour
e other than your lab partner(s) should be a
knowledged in your report.For example, a textbook, web site, another student, et
. should all be appropriately referen
ed.Please turn in one report per group, listing the names of the groups members at the top of yourreport. Be sure to answer all questions 
arefully and neatly, writing in 
omplete senten
es.The proje
t should be typed although you do not have to typeset your mathemati
al notation.For example, you 
an leave spa
e for a graph, 
omputations, tables, et
. and then write it in byhand later. You 
an also in
lude graphs or 
omputations in an appendix at the end of your report.It is also possible to write your answers within your MAPLE worksheet using the text option. Yourpresentation is important and I should be able to 
learly read and understand what you are saying.Your report should provide answers to ea
h of the questions below.2 Celestial Me
hani
s: The planar 
ir
ular restri
ted three-body problemCon
erning the solution to the three-body problem (studying for example the motion of the Earth,Sun and Moon), Isaa
 Newton on
e frustratingly remarked to the astronomer John Ma
hin that \...his head never a
hed but with his studies on the moon."[1℄ Although Newton su

essfully used histheory of Cal
ulus to prove that Kepler's empiri
al laws were in fa
t a

urate (eg. the Earth travelson an ellipti
al orbit with the Sun at one of the fo
al points), he was unable to �nd a solution to themotion of three bodies in spa
e, the so-
alled three-body problem. Although it was posed 
enturiesago, we have made little progress in understanding this question: Given three masses in spa
e withtheir initial positions and initial velo
ities, what is the motion of the bodies over time if the onlyfor
e a
ting upon them is their mutual gravitation? To this day, the three-body problem remains anopen question and an a
tive area of resear
h in the �elds of mathemati
s, physi
s, astronomy andspa
e travel. Note that this April is Mathemati
s Awareness Month, with the theme Mathemati
sand the Cosmos, and the poster for the event des
ribes an interplanetary superhighway made up ofspe
ial solutions to the three-body problem. 1



One way of approa
hing the 
ompli
ated three-body problem is to assume we know the motionof two massive bodies (say the Earth and the Sun) and then try to as
ertain the motion of athird, in�nitesimal mass (say the moon or a satellite). Let us assume that the larger bodies, 
alledprimaries, are on 
ir
ular orbits about their 
enter of mass and that their motion lies in a plane.The third in�nitesimal mass, being so small, does not e�e
t the motion of the larger bodies, whoseorbits remain 
ir
ular. Investigating the motion of the third mass subje
t to the gravitationalattra
tion from the other two is 
alled the planar 
ir
ular restri
ted three-body problem. Inthis exer
ise, you will �nd some of the simplest (and earliest) solutions to this problem.Using Newton's law of gravitation, the for
e between two bodies is proportional to the produ
t oftheir masses and inversely proportional to the square of the distan
e between them. Using F = ma,we 
an set up a system of di�erential equations (a is a se
ond derivative of position) that governsthe motion of the in�nitesimal parti
le. We 
an 
hoose a rotating 
oordinate frame so that in thenew 
oordinates, the position of the �rst and se
ond mass appear �xed.Let � be a positive real number (a parameter) with � < 1. Denote m1 = � and m2 = 1� � asthe masses (normalized so that m1 +m2 = 1) of the two large bodies, and �x their positions to bein the plane at the points q1 = (1 � �; 0) and q2 = (��; 0). This is done so that their 
enter ofmass (m1q1+m2q2)=(m1+m2) is at the origin (
he
k it). Let the position of the third in�nitesimalmass be given by (x; y), where ea
h variable is really a fun
tion of time. The motion of the thirdin�nitesimal mass involves what is 
alled the e�e
tive potential, given byV (x; y) = 12(x2 + y2) + �p(x� 1 + �)2 + y2 + 1� �p(x+ �)2 + y2 : (1)Note that the denominators of the two fra
tions in equation (1) give the distan
es between the largebodies and the small in�nitesimal mass. This 
omes from Newton's inverse square law.It turns out that the 
riti
al points (extrema) of the e�e
tive potential V (x; y) are equilibriumsolutions of the di�erential equations governing the motion of the third body. This is a spe
ialsolution to the system of di�erential equations in whi
h the third body is at rest with respe
t tothe other two. Of 
ourse the whole system is going around in a 
ir
le about the origin so the thirdbody would be moving in a 
ir
ular orbit just like the others. (Think of three points on a spinningre
ord player: Seen from the re
ord, the points are always the same distan
e apart, while seenfrom above they are moving in 
ir
les about the 
enter of the re
ord.) These solutions are 
alledlibration points in 
lassi
al 
elestial me
hani
s literature. They were dis
overed by the greatmathemati
ians Lagrange and Euler in the mid 18th 
entury and were some of the �rst solutionsfound in the three-body problem.1. Begin by setting � = 1=2, so m1 = m2 = 1=2, that is, the primaries have equal mass. Onemight expe
t to �nd some ni
e symmetry in this 
ase.(a) Setting � = 1=2, what is the domain of V (x; y)? Where is V (x; y) unde�ned andwhat happens to the e�e
tive potential as you approa
h these points? Note: You
ould use MAPLE and the plot3d 
ommand to view a graph of the fun
tion. Theview=-3..3 option is helpful here | you pi
k an appropriate range.(b) Compute the partial derivatives Vx and Vy BY HAND. Show that Vx = 0 at any pointon the y-axis and Vy = 0 at any point on the x-axis in the domain.(
) Find all of the 
riti
al points of V (x; y) as a

urately as possible and 
lassify them asmaxima, minima or saddles. 2



Hint: Use the result from the previous question. The 
ommand fsolve 
an be used tosolve a system of equations in two variables. For example, the 
ommandfsolve({x^2 + y^2 = 1, 2*x - y = 0}, {x,y},x=0..1,y=0.3..1);simultaneously solves the system x2+y2 = 1; y = 2x in the region 0 � x � 1, 0:3 � y � 1.It is very important to spe
ify a small region whi
h 
ontains a solution so that the
omputer 
an a

urately �nd an answer. Sin
e there are several extrema, you will needto spe
ify this region 
arefully for ea
h one. Use MAPLE �rst to �nd the approximatelo
ations of ea
h extrema.(d) Draw a graph in the xy-plane 
ontaining all the 
riti
al points as well as the two positionsof the large primaries with masses m1 = m2 = 1=2. What 
an you say about the lo
ationof ea
h 
riti
al point with respe
t to the two large primaries, ie. what shape is formedby the three bodies? Des
ribe any symmetries you noti
e in your �gure.2. Now assume that � = 1=10, so m1 = 1=10 and m2 = 9=10, that is, the se
ond primary is ninetimes larger than the �rst.(a) Setting � = 1=10, what is the domain of V (x; y)? Where is V (x; y) unde�ned and whathappens to the e�e
tive potential as you approa
h these points?(b) Compute the partial derivatives Vx and Vy BY HAND. Is it still true that Vx = 0 at anypoint on the y-axis and Vy = 0 at any point on the x-axis in the domain? Explain.(
) Find all of the 
riti
al points of V (x; y) as a

urately as possible and 
lassify them asmaxima, minima or saddles.Hint: Use the result from part (b) as well as the te
hniques des
ribed in Question #1.(d) Draw a graph in the xy-plane 
ontaining all the 
riti
al points as well as the two positionsof the large primaries. What 
an you say about the lo
ation of ea
h 
riti
al point withrespe
t to the two large primaries, ie. what shape is formed by the three bodies? Compareyour answers here to those in the previous question, part (d).Extra Credit: Prove that for any value of � 2 (0; 1), there are always �ve libration points.Where are they?3 Least Squares: How to �t a line to a set of dataAnother important optimization problem involves �tting a set of data to a pres
ribed 
urve. Quiteoften the data we re
ord in the real world is not perfe
tly linear or quadrati
 or 
ubi
 or exponential,et
. However, it may be well-approximated by a parti
ular line or 
urve. This exer
ise gives oneway in whi
h to �nd the \best" su
h 
urve, 
alled the method of least squares (see pp. 713-714of the 
ourse text [2℄.)Suppose that a biologist working in the �eld for several months re
ords the following measure-ments for the number of rare toads, where t is measured in months and n represents the number oftoads observed in the hundreds. The data is plotted in Figure 1. The value n = 20 at t = 0 is anassumption on the part of the biologist based on a previous expedition.
3
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tFigure 1: The data 
olle
ted by a biologist on the number of rare toads n in hundreds versus timet in months. t in months n in hundreds0 200.4 17.30.8 18.21 17.31.5 16.12 15.62.7 14.13 13.53.2 12.43.8 11.64 114.1 10.2Let (ti; ni) represent the i-th data point from the table. (So i ranges between 1 and 12.) Weseek to �nd the best line su
h that the sum of the squares of the verti
al distan
e between ea
hpoint and the line is as small as possible. In other words, suppose that n = mt + b is the equationof the best �tting line. Then the point on the line dire
tly above or below (ti; ni) has 
oordinates(ti; mti + b). We want the distan
e squared between all su
h pairs of points to be small, that is, we4



seek the unknown 
onstants m and b so thatF (m; b) = 12Xi=1 (ni � (mti + b))2is as small as possible.1. Plug in the twelve data points above to form the fun
tion F (m; b). You 
an use MAPLEto do the algebra for you, the hard part is typing in the data 
orre
tly. Go slowly! The
ommand expand( ) will expand and simplify any expression inside the parentheses. Forexample, expand( (x-y)^2); gives the polynomial x2 � 2xy + y2. You should obtain anexpression with only m and b in it, a fun
tion of two variables! Give your �nal result F (m; b).2. Compute the �rst partial derivatives of F (m; b) with respe
t to m and b and �nd the 
riti
alpoint. This gives the pre
ise value of the slope and n-inter
ept of the best least squares line.Plot this line on the graph with the data and turn it in. Give the equation of the best leastsquares line.3. Compute the se
ond-order partials and show that the 
riti
al point you found in part 2. isindeed a minimum.4. Based on your linear approximation to the biologists' data, when should we expe
t the toadspe
ies to go extin
t?5. Explain why we did a least \squares" �t. What happens if you used the verti
al distan
ebetween the point and the line without squaring? Where does the mathemati
al argumentbreak down?Extra Credit: Do Proje
t 2 on pp. 733 - 734 of the text [2℄ in full detail to derive the generalformula for �tting a line to a set of data using least squares.Referen
es[1℄ Barrow-Green, J. Poin
ar�e and the Three Body Problem, History of Mathemati
s, vol. 11,Ameri
an Mathemati
al So
iety, pp. 15., 1997.[2℄ M
Callum, W., Hughes-Hallett, D., et al. Multivariable Cal
ulus, 3rd ed., John Wiley andSons, In
., New York, 2002.[3℄ Meyer, K. and Hall, G. Introdu
tion to Hamiltonian Dynami
al Systems and the N-BodyProblem, Springer-Verlag, New York, 1992.
5


