MATH 135 Calculus 1, Spring 2016
Worksheet for Sections 2.6 and 2.7

2.6 Trigonometric Limits

This section focuses on two key limits involving sinz and cosx that are important for finding the
slope of the tangent line to each function. These limits are proven through an important and intuitive
theorem called the Squeeze Theorem (discussed previously in Section 2.3).

Theorem 0.1 (The Squeeze Theorem) Suppose that f(x) < g(x) < h(z) when x is near a (except
possibly at x = a) and that
lim f(z) = limh(z) = L.

T—ra r—a

Then lim g(z) = L.

r—ra

The Squeeze Theorem states that if one function is “squeezed” between two others having a common
limit, then the inner function takes on the same limit. It is best understood visually (see Figure 2 on

p. 89 of the text).

Exercise 0.2 Suppose that g(x) satisfies cosz < g(x) < 2° 4+ 1 for z-values near x = 0. Use the
Squeeze Theorem to find lin% g(x).
z—

Two important trigonometric limits are

. 1—
lim 0 =1 and lim — 2T — . (1)
z—0 X z—0 X

These can be checked by using a calculator (set it to radians!) and plugging in values very close to 0.
Note that each limit takes the form of %, an indeterminate form.
To prove the first limit in Equation (1), we use the fact that (see Figure 1)
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Figure 1: The graphs of the functions y = 1 (dashed), y = sin(z)/z (solid), and y = cosz (dotted).

sinx

Since lim cosz = 1 and lir%l =1, by the Squeeze Theorem, we have that lim = 1, as desired.
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in 6 1 —cosf
Exercise 0.3 Using the limit lim Y 1, show that lim ST 0.
6—0 0 . 0 6—0 0
Hint: Multiply the top and bottom of % by 1+ cos 0, simplify, and break the fraction into the
product of two fractions, one of which is Sl% Then use the fact that the limit of a product is the

product of the limits.
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. . sin‘x
Exercise 0.4 FEvaluate lim
x—0

. Hint: The limit of the product equals the product of the limats.
x

in(7t
Exercise 0.5 Use a calculator to evaluate lim sin )

! Then verify your answer by making the sub-
5

stitution x = Tt.
Hint: Ift is tending toward 0, and x = Tt, then what is x approaching? Try and rewrite the limit

sinx
using only the variable x so that the fraction s present.

in(90
Exercise 0.6 FEvaluate lim s1n(—9)
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2.7 Limits at Infinity

The expression lim f(z) means to calculate the function values of f as = gets larger and larger, and
T—00

see if they approach a limit. As with usual limits, the answer may be a real number L, oo, —oo, or

the limit may not exist. For example,

lim 22 = oo
TrT—r00

because as z gets larger, the value of 22 gets even larger, and is therefore going to co. On the other

hand, we have

1
lim — =0
T—00 U

because as x gets larger, 1/x gets smaller and smaller. We say that the function f(z) = 1/z has a
horizontal asymptote at y = 0 because the graph of f approaches the horizontal line y = 0 as x
tends to co.

The expression lim f(z) means to calculate the function values of f as = gets larger and larger,

T—r—00

but negative. For example, we have

lim 2?2 = oo, lim 2® = —co, and lim €® = 0.
r—r—00 T—r—00 T—r—00

Exercise 0.7 Evaluate each of the following limits, if they exist.

a. lim e**

T—00

b. lim e %*

T—00

c. lim —z*+322+7

T—r00

d. lim sinz
Tr—r0oQ0

e. lim 2% — 323

T—r—00

f. lim tan 'z

T—00

g. lim tan™'z

T——00
Limits of Rational Functions

Consider the following limit:

I 3x? + 5xr — 2

a0 Az? 17
To find it, we divide the top and bottom of the fraction by the highest power in the denominator,
which in this case is 22. This gives

. 322 +5x —2 - . o3 -3 3
T—00 dx?2 +7 T—00 %.FQ% T—00 4+$l2 4’

since each remaining fraction in the numerator and denominator is heading to 0 as z tends to oc.
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Exercise 0.8 Fvaluate lim bz T + x'
z—oo 42 — T4+ 1

6x* — 523 + 2z
E ise 0.9 Fuvaluate li )
xercise valuate xl_}t{)lo 1 T 1

V16t + 1
Exercise 0.10 FEvaluate lim M

. Hint: Ignore the 10 in the numerator. (Why is it ok to
T—00 3:E2 =+ 1
do this?)

T 3 —
Exercise 0.11 FEvaluate lim e—k—e
z—o00 e — e~ %

Try dividing top and bottom of the fraction by it.

. Hint: What is the “highest” power in the denominator?

53 — 222 + 3
Exercise 0.12 FEwvaluate lim tan™* L T .
T—300 53 +922 —3x+ 7



