
Mathemati
s and Musi
: Group TheoryRe
all: The set G is a group under the operation � if the following four properties are satis�ed:1. Closure: If a 2 G and b 2 G, then a � b 2 G. This must be true for all elements a and b inthe group G.2. Asso
iativity: (a � b) � 
 = a � (b � 
)3. Identity: There must exist an element e 2 G 
alled the identity element su
h that a � e = aand e � a = a. (e preserves the \identity" of the element it is being multiplied by.)4. Inverse: For every element a 2 G, there must exist an element a�1 2 G 
alled the inverse ofa, su
h that a � a�1 = e and a�1 � a = e. Note that the inverse of ea
h element must be inthe group G.Re
all the extent on 4 bells 
alled Plain Bob Minimus.e = 1 2 3 4 1 3 4 2 1 4 2 3� = 2 1 4 3 3 1 2 4 4 1 3 2� = 2 4 1 3 3 2 1 4 4 3 1 2�� = 4 2 3 1 2 3 4 1 3 4 2 1�2 = 4 3 2 1 2 4 3 1 3 2 4 1��2 = 3 4 1 2 4 2 1 3 2 3 1 4�3 = 3 1 4 2 4 1 2 3 2 1 3 4�� = 1 3 2 4 1 4 3 2 1 2 4 31 2 3 4We label the �rst two 
hanges after rounds as � and � (� and � are pronoun
ed \alpha"and \beta" respe
tively. These are the �rst two letters of the Greek alphabet, 
ommonly used inmathemati
s.) One 
an 
he
k that the remaining 5 
hanges of the �rst lead are all expressable interms of � and �, given by the formulas shown above. Note that we are dropping the � here forease of notation, so for example, �� = � � �. Remember that �� means we apply the permutation� �rst, then take the result and apply �. The order often matters!On HW#7, one of the goals is to prove that the �rst 
olumn (lead) of Plain Bob Minimus formsa group under multipli
ation of permutations (Set A). This group is a subgroup of the largergroup S4. The hardest thing to show is that the elements in Set A are 
losed under multipli
ationof permutations. In other words, the produ
t of any two permutations in the �rst 
olumn gives youa permutation that is still in the �rst 
olumn. This 
an be a

omplished by making a multipli
ationtable and 
he
king that all 64 produ
ts are indeed elements of the �rst lead.Instead of doing every multipli
ation out by hand, there are some identities involving � and �whi
h are parti
ularly useful. In turn, these identities 
an be used to derive other useful relations.You might keep a list of them as you �ll out your table. Here are the key ones:�2 = e�4 = e��� = �Using the identities: Suppose we wanted to �nd the produ
t ��3 using the identities above.Multiplying on the right of ea
h side of the last identity gives us��� � �3 = � � �31



The left-hand side of this equation simpli�es to ���4 = ��e = �� whi
h is listed in the �fth rowof Table 1. It is very important that you multiply the same way on ea
h side of the equation. Sin
e� is not usually 
ommutative, the order matters! The goal is for you to �ll out the multipli
ationtable below, obtaining only elements from our supposed subgroup Set A.� e � �2 �3 � ��2 �� ��e e � �2 �3 � ��2 �� ����2�3� � �� ��2 �� e �2 � �3��2����Table 1: Multipli
ation table for the 8 permutations in the �rst lead of Plain Bob Minimus. Fillthis out for HW#7, question 7. Two rows have already been 
ompleted to help you get started.Mathemati
al side note: It is tempting to ask whether the other leads in Plain Bob Minimus arealso subgroups. The answer is no sin
e neither 
ontains rounds, whi
h is the identity element, soproperty 3 for groups does not hold. However, it is easy to generate these leads from the subgroupformed by the �rst lead. Multipli
ation by the permutation (1 3 4 2) on the right takes the entire�rst 
olumn to the se
ond 
olumn and multipli
ation again by this same permutation takes these
ond 
olumn to the third. In group theory, the se
ond and third leads are 
alled 
osets. A 
osetis obtained from a subgroup by multiplying on the left or the right every element in the subgroup.Thus we 
an speak of left or right 
osets. Ea
h 
oset has the same number of elements as thesubgroup just as our three leads ea
h have the same number of 
hanges. It turns out that manyextents have this de
omposition where the �rst lead is a subgroup and the remaining leads are just
osets generated by this group. Moreover, the elements used in generating the other leads form adi�erent subgroup together, 
alled a 
y
li
 subgroup of order n. This is a group of the formf!; !2; !3; : : : ; !n = eg: It is 
lear that there is a great deal of group theory involved in doing 
hangeringing.
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Symmetries of the Square:� e R90 R180 R270 H V D13 D24e e R90 R180 R270 H V D13 D24R90R180R270H H D13 V D24 e R180 R90 R270VD13D24Table 2: Multipli
ation table for the 8 symmetries of the square. Fill this out for HW#7, question9. Two rows have already been 
ompleted for you. Compare this table to Table 1. What similaritiesdo you noti
e?
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