
MATH 136-01Chapter 10 Topi
 Review SheetNovember 23, 2004This is a list of terminology and topi
s 
overed in the tenth 
hapter of Cal
ulus, D. Hughes-Hallet, et. al. 3rd edition. Please 
onsult the text for de�nitions, statements of properties, andnumerous examples and exer
ises. Terms in bold fa
e are de�ned in the text. We 
overed se
-tions 10.1, 10.2, 10.3. Throughout this 
hapter we will be working with fun
tions that 
an bedi�erentiated arbitrarily many times.Taylor Polynomials. (Se
tion 10.1) The Taylor polynomials for a fun
tion y = f(x) near a pointx = a are polynomials used to approximate f near a. We have already seen one instan
eof this, the equation of the tangent line for a di�erentiable fun
tion f at a, whi
h is the�rst Taylor polynomial at the point. Here we will denote the tangent line by P1(x). Theformula for P1 is P1(x) = f(a) + f 0(a)(x � a):Noti
e, the tangent line is the unique line passing through (a; f(a)) with slope f 0(a). (Keepin mind that x is the variable and a is a �xed value.)The Taylor polynomial of degree n for f near a is denoted Pn(x). It is given by theformula Pn(x) = f(a) + f 0(a)(x � a) + f 00(a)2! (x� a)2 + � � �+ f (n)(a)n! (x� a)n:Using sigma notation, this formula is written asPn(x) = nXk=0 f (k)(a)k! (x� a)k:Here f (k)(a) denotes the kth derivative of f at a and f0(a) = f(a). Note that 0! = 1 byde�nition. Taylor polynomials are 
hara
terized by the following property: For k = 0; : : : n,the kth derivative of Pn at a is equal to the kth derivative of f at a. In symbols, P (k)n (a) =f (k)(a). Intuitively, Taylor polynomials give good approximations to f near a, that is, for xnear a, Pn(x) � f(x). The further x is from a, the worse the approximation. The higher thedegree of the Taylor polynomial, the better the approximation.Taylor Series (Se
tion 10.2) The Taylor polynomial of degree n for f near a, Pn(x), is the nthpartial sum of a power series. This power series is the Taylor series for f at a. Essentially,we are letting n!1 in the expression for Pn(x).In sigma notation, we have1Xk=0 f (k)(a)k! (x� a)k = f(a) + f 0(a)(x � a) + f 00(a)2! (x� a)2 + � � �+ f (n)(a)n! (x� a)n + � � � :Note that the Taylor series is an example of a power series from Se
tion 9.4. It is importantto remember that this series has an interval of 
onvergen
e! For any x for whi
h the series
onverges, f(x) is equal to the series expansion evaluated at x.



For example, we derived the following important Taylor series in 
lass:ex = 1 + x+ x22! + x33! + x44! + � � �sinx = x� x33! + x55! � x77! + x99! �+ � � �
os x = 1� x22! + x44! � x66! + x88! �+ � � �All three series 
onverge for all x 2 R. If we plug in x = 1 into the Taylor series for ex weobtain an in�nite series for the number e:e = 2 + 12! + 13! + 14! + � � �Note that the series for sinx 
ontains only odd powers so that sin(�x) = � sinx, that is, sinxis an odd fun
tion. Similarly, 
os(�x) = 
os x. The Taylor series for 
os x is easily derivablefrom the Taylor series for sinx by di�erentiating both sides. These series are related byEuler's famous formula: ei� = 
os � + i sin �Finding and Using Taylor Series (Se
tion 10.3) This se
tion shows how to 
onstru
t new Tay-lor series from known series by substitution, di�erentiation and integration. By substi-tution, we 
an, for example, produ
e the Taylor series for e2x from the series for ex. That is,sin
e ex = 1 + x+ x22! + x33! + x44! + � � �by repla
ing x by 2x we �nd thate2x = 1 + 2x+ (2x)22! + (2x)33! + (2x)44! + � � �= 1 + 2x+ 2x2 + 4x33 + 2x43 + � � �Sin
e di�erentiation of series amounts to term-by-term di�erentiation, we 
an 
al
ulate theTaylor series for the derivative of a fun
tion by di�erentiating its series. Similarly, sin
eintegration of series amounts to term-by-term antidi�erentiation, we 
an 
al
ulate the Taylorseries for the antiderivative of a fun
tion by integrating its series. For example, using theTaylor series for 1=(1 + x2) (geometri
 series with ratio r = �x2)11 + x2 = 1� x2 + x4 � x6 + x8 �+ � � �we 
an integrate both sides to obtain the Taylor series for ar
tan x:ar
tan x = x� x33 + x55 � x77 + x99 �+ � � �These te
hniques give qui
k and simple methods for 
omputing Taylor series that are fareasier than doing repeated di�erentiation. Finally, in this se
tion there are several examplesthat use the Taylor polynomial of a fun
tion to draw 
on
lusions about the behavior of thefun
tion near the point x = a.


