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College of the Holy Cross, Spring 2009
Math 132, Midterm Exam 1
Thursday, February 19
Solutions

Formulas that may be useful:

1 +cos(2t)
N 2

1 —cos(2t)

cos?(t) 5

, sin’(t)

1 1
./—du:—arctang—l—C'
a? 4 u? a a
2
./\/uz—anu:g\/u2—a2—%1n|u+\/u2—a2|—l—0
2
./\/u2—|—a2du:gvu2+a2—%ln|u+\/u2+a2|+0
2

2
a U
) /\/@2 —u? du = g\/a2 —u? + Earcsin—%—C
a

4
: /uQ\/a2 —u? du = %(2u2 —a®)Va2 —u? + % arcsin — + C
a

_ 2 _
./\/Qau—u2du:u a\/2au—u2—|—%arccos<a u)—i—C

2 a

/sec(@) df = In|sec(f) + tan(0)| + C

: /CSC((‘)) df = In | csc(0) — cot(0)| + C



b
A. (5) State the definition of the integral / f(z) dz. Explain all terms involved.

Solution: If f(z) is continuous on [a,b] and Az = =%, then the definite integral is
the limit of the Riemann sums

[ e = 1 S s na
a i=1

for all choices of z} € [x;_1, 4]

B. (5) State the Fundamental Theorem of Calculus (not the evaluation theorem).

T

Solution: If f(z) is continuous on |[a, b], and F'(x) is defined as F'(x) = / f(t) dt for
all @ < x < b, then F' is an antiderivative of f, i.e., F'(z) = f(x).

IT. Compute the derivatives of each of the following functions defined by integrals.
A (5) f(z) = / In(£2) dt
V2

Solution: By the Fundamental Theorem of Calculus, f'(x) = Inz?2.

B. (5) g(x) :/ e’ dt

3

1 x3 T
Solution: g(z) = / e’ dt = —/ e’ dt = —h(z?), where h(z) = / e’ dt.
: 1 1

3

By the Chain Rule, ¢'(z) = —h'(2?) - 322
By the Fundamental Theorem of Calculus. A/ (z) = e*'.
Thus, ¢'(z) = —e®” . 32% = —¢*" - 322,



III. The following graph (made up of straight line segments) shows y = f(t) for 0 <t < 6.

The function F' is defined by F(x) = [ f(t) dt.

A. (5) Determine the values F'(z) for x = 0,1,2,3,4,6 and enter them in the following

IV.

table.

Solution: We use the interpretation of the definite integral as signed area.

T 0 1 2 3 4 6

(@)
|
N
1
w
1
W

-3 0

(5) Does F'(x) have any critical points? If so, say where. If not say why not.
Solution: Since F'(z) = f(x) and f(3) =0, F has a critical point at = 3.

(5) Over which interval(s) is F'(x) concave up?

Solution: F' is concave up where F” is increasing. Thus, F' is concave up on (0,1) U
(2,4).

cos(mv/x)

. () Integrate with a suitable u-substitution: /— dx.

N7
Solution: We make the substitution u = wy/z, du = %dm. Then, the given
x

2 2 2
integral equals — /cosu du = =sinu+ C = =sin(m/z) + C.
m 7r m

3



B. (5) Integrate with a suitable u-substitution: / sin x cos® z dz.

Solution: Since one of the trigonometric functions appears to an odd power, we

rewrite the integral as / sin? v cos® z cos ¥ dr = [ sin®z(1 —sin®z) cosz dr and make

the substitution © = sinx, du = cosx dx. Then, the integral equals / (1 —vu?) du =

5

/(uQ_u4) dUIU3—u +C:Sin3x_sin5x+0.

3 5 3 5
C. (5) Integrate by parts: / 2oInz dx
1
Solution: We take v =Inxz, v’ =1/z, v' =2°, v=125/6. Then
e 6 e €1 6 6 1 e 6 1 6|€ 6 6 1
/x5lna:dx:x—lnx —/ —z—dx:e———/ Pdr =S ze——e——l——.
! 6 |, ) 26 6 6/, 6 66|, 6 36 36

-1 .3 2
10x* — 8x + 57
D. (10) Integrate with the partial fraction method: /_ ) ° —;2 —|—x10x _x;{ dx

23 4+ 102% — 8x + 57 3r + 57
N —
2?2 4+ 10x — 11 22 4+ 10z — 11

‘1+/—1 37 + 57 N
) _9 $2+1O£E—11 '

Solution: First we perform long division to obtain
The denominator factors as (z — 1)(z + 11). We have

/—1 23 + 1022 — 8z + 57 4 /—1 N 3z + 57 J 22
T = T+ —————— r= —
L 22+ 10x — 11 9 22+ 10x — 11 2

For the last integral, we use partial fractions.

3x + 57 A B
_ . Thus A(z + 11) + B(z — 1) = 3z + 57.
Prior—11 -1 zx ThusAlz+ 1)+ Bl —1) =3z +

If x =1, we have 12A = 60 and thus, A = 5.
If x = —11, we have —12B = 24 and thus, B = —2.

123 4+ 1022 — 8z + 57 22| -1 |
Theref dv = —| +5 dz—2 dz =
ereore’/_z Ziloz 11 T o, /_2 z—17 /_2 c+ 11"
x? ! 3
(?+51n|x—1|—2ln|x+11|) :—54—51112—51113—211110—1-21109.
-2



E. (10) Integrate via trigonometric substitution: /

V12 +

Once you get to an integral of trigonometric functions, you can use the table to find
the integral.

Solution: We make the substitution x = 3tant, dxr = 3sec?tdt. Then /

a:\/ x? +

/ 1 3 td= 1 / 1 tdt = 1 / tdt =
sec’td = sec? sec

4 3tantv9tan?t + 9 . tan tvtan? +1 tan tv/ sec

1 1 t 1
_/—SGCQtdt:— sect dt = = [ — C?S dt = = ._d
3 tantsect 3 ) tant 3 cost sint 3 sint

1
3 / csct dt. Now we can use formula 8 from the beginning of the exam. Then the

integral equals In|csct — cott| + C. For the back-substitution, since tant = x/3, we

. . oo 1 249
have cott = 3/x. Setting up a trigonometric triangle, we have csct = — ;= .
sin x

1 1
Thus —dzr = -
/x\/x2+9 3

V. Integrate using any applicable method or the table. If you use the table, give the number
of the formula used.

var+9 3

In +C

i i

A (7.5) [ V1 — e dx.

Solution: We make the substitution u = e*, du = e®dz. Then [ e**V1 —e2* dx =

e”-e*V1—e2 dr = [ u*v1 —u? du. This is precisely formula 5 from the beginning

of the exam. Thus, the integral equals
1 * 1
%(QUQ - 1va? -1+ 3 arcsinu + C' = %(262’” —1)vVa? -1+ 3 arcsine” + C.

1

Solution: After completing the square in the denominator, we have

1 1
/ ——dr = / ——— dx. After the substitution u = x + 2 dx = du, we
2 +4x + 8 (x+2)2+4
. 1 T+ 2
can use formula 1 to obtain | ——— dx = — arctan +C.
x2+4r +8 2



V1. Decide if the following integral is convergent or divergent. If it is convergent, evaluate
the integral.

A. (7.5) /1 h $—\1/5 dz.

00 1 t x—l/?
Solution: / —— dr = lim 732 dz = lim
1 ([;\/E t—oo 1 t—o0o —1/2

Thus the integral converges to 2.

Vo
B. (7.5) / T dx.
o 1—x

Solution: The integrand has an infinite discontinuity at z = 1. Thus,

1 ¢

T x

/ 5 dr = lim > dx. After the substitution v = 1 — 2°, d = -2z, we
0o 1l—x t—1- Jo 1 —x

~is =3 In|1 — 2?| 4+ C. Then

find that an antiderivative of ]

1
1 1
/0 1_1‘3:2 da::tlirln_ (—§In|1—t2|+§ln1) = oo (as t — 17, we have |1 —#*| — 0

and In |1 — t?| — —o0). Thus the integral diverges.



