
Inverse functions and logarithms

Given a one-to-one function f with domain A and range B, the inverse function of f , denoted f−1,
has domain B and range A and is defined by

f−1(x) = y if and only if f(y) = x.

In other words, the function f−1 maps x to the number which f would map back to x.

Note: The functions f and f−1 undo each other. This means that f(f−1(x)) = x and f−1(f(x)) = x.

The exponential function with base a, f(x) = ax, is the inverse function of the logarithmic
function with base a, g(x) = loga x (and vice-versa, the logarithmic function is the inverse of the
exponential function). Thus,

loga(a
x) = x, aloga x = x

For natural logarithms this means.

ln ex = x and eln x = x.

We also have
ln e = 1 and loga a = 1.

Laws of exponents: ax+y = ax · ay, ax−y = ax

ay , (ax)y = axy.

Examples: 35 = 32+3 = 32 · 33 = 9 · 27 = 243, 37

32 = 37−2 = 35 = 243, (32)3 = 36 = 729

Laws of logarithms: loga(x · y) = loga x + loga y, loga(
x
y
) = loga x− loga y, loga(x

r) = r loga x.

Example: ln 3 + ln 13− 3 ln 4 = ln(3 · 13)− ln 43 = ln 39
43 .

Exercises: Find a formula for the inverse of the function.

1) f(x) =
1 + 3x

5− 2x
2) f(x) =

√
2 + 5x 3) f(x) = 5− 4x3 4) f(x) = 210x

5) Find the domain and the range of the function g(x) = ln(4− x2).

Solve each equation for x.

6) ex = 16, 7) ln x = −1, 8) ln(2x− 1) = 3, 9) e3x−4 = 2

10) 10x+3 = 5e7−x

11) 2x− 1 = eln x2

Simplify the expressions (A and B are positive constants):

12) eln(1/2)

13) 10log(AB)

14) 5eln(A2)

15) ln(e2AB)

16) ln(1/e) + ln(AB)

17) 2 ln(eA) + 3 ln(Be)
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Answers:

1) f−1(x) =
5x− 2

2x + 3

2) f−1(x) =
x2 − 2

5

3) f−1(x) =

(
5− x

4

)1/3

4) f−1(x) = log10 log2 x

5) (−2, 2), (−∞, ln 4]

6) 4 ln 2

7) 1/e

8) 1
2
(e3 + 1)

9) 1
3
(ln 2 + 4)

10) x =
ln 5− ln 1000 + 7

ln 10 + 1
≈ 0.515

11) x = 1

12) 1
2

13) AB

14) 5A2

15) 2AB

16) −1 + ln A + ln B

17) 2A + 3e ln B
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