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De dic ate d to Jo e Cima on the o c c asion of his seventieth birthday

Abstra ct. F or a smo othly b ounded relativ ely op en subset 
 of the unit

sphere in C

2

w e deriv e, using a k ernel H ( � ; z ) in tro duced b y G. Henkin, an

analogue of the Cauc h y-Green form ula in the plane:

� ( z ) = A ( z ) +

1

4 �

2

Z




@ � ( � ) H ( � ; z ) ! ( � ) �

1

4 �

2

Z

@ 


� ( � ) H ( � ; z ) ! ( � ) ; z 2 


v alid for � 2 C

1

( 
), where A is a CR function on 
 and ! ( � ) = d�

1

^ d�

2

:

W e emplo y this form ula to study rational appro ximation on compact subsets

K of S , b y using it to estimate the distance in C ( K ) of � to the CR functions

on a neigh b orho o d 
 of K . This requires an examination of the in tegral

o v er @ 
 app earing in the ab o v e form ula, whic h w e denote b y F




( z ); in some

circumstances w e can sho w that F




also de�nes a CR function on 
, and

thereb y estimate the distance of � to the CR functions on 
 in terms of X ( � ),

where X is the tangen tial Cauc h y-Riemann op erator on S . F or certain K w e

can sho w that R ( K ) = C ( K ) b y sho wing that the distance of z

j

to the CR

functions on 
 tends to zero as 
 shrinks to K .

1. In tro duction

Let D b e a smo othly b ounded domain in the complex plane and let f b e a

function in C

1

( D ). The Cauchy-Gr e en formula for D allo ws us to represen t the

v alue of f at a p oin t z 2 D in terms of the v alues of f on @ D and of the one-form

@ f on D :

(1.1) f ( z ) =

1

2 � i

Z

@ D

f ( � )

� � z

d� �

1

2 � i

Z

D

@ f ( � ) ^

d�

� � z

:

W e note the follo wing consequences of (1.1). Let � b e a �nite complex measure on

C , of compact supp ort. The Cauchy tr ansform ^� of � is de�ned b y

^� ( � ) =

Z

d� ( z )

z � �

; z 2 C :

Giv en a function f 2 C

1

0

( C ), w e then ha v e

(1.2)

Z

C

f d� =

1

2 � i

Z

C

^� ( � ) @ f ( � ) ^ d� :
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Equation (1.2) follo ws from (1.1) b y letting D b e a large disk, m ultiplying b y � and

in tegrating o v er C .

Giv en a compact set K � C , C ( K ) is the Banac h algebra of con tin uous func-

tions on K with norm k f k

K

= max fj f ( z ) j : z 2 K g . F or a smo othly b ounded plane

domain D , let A ( D ) denote the space of functions g 2 C ( D ) with g holomorphic

on D . F or f 2 C

1

( @ D ), set

F ( z ) =

1

2 � i

Z

@ D

f ( � )

� � z

d� ; z 2 D :

Then F extends to D (see [ 3 ]) with F 2 C

1

( D ), and in particular F 2 A ( D ). The

form ula (1.1) giv es, for z 2 D ,

(1.3) j f ( z ) � F ( z ) j =

�

�

�

�

1

2 � i

Z

D

@ f

@ �

( � )

d � ^ d�

� � z

�

�

�

�

�

1

�

max

D

�

�

�

�

@ f

@ �

�

�

�

�

�

�

Z

D

dm

2

( � )

j � � z j

�

;

where m

2

( � ) is t w o-dimensional Leb esgue measure. An inequalit y of Mergely an

(see [ 5 ]) states that

(1.4)

Z

D

dm

2

( � )

j � � z j

� 2

p

� �

p

m

2

( D ) :

It follo ws b y con tin uit y of f and F on D that

(1.5) dist( f ; A ( D )) � inf fk f � 	 k

D

:  2 A ( D ) g �

2

p

�

� max

D

�

�

�

�

@ f

@ �

�

�

�

�

p

m

2

( D ) :

F or a compact set K � C , let R ( K ) b e the closure in C ( K ) of rational functions

holomorphic in a neigh b orho o d of K . As a corollary of (1.5) w e obtain the follo wing

classical result.

Theorem 1.1 (The Hartogs-Rosen thal Theorem) . L et K b e a c omp act set in

C with m

2

( K ) = 0 . Then R ( K ) = C ( K ) .

Pr oof. Fix f 2 C

1

( C ) . Cho ose a sequence of op en, smo othly b ounded sets

f D

n

g decreasing to K . Fix � > 0. By (1.5), for eac h n there exists F

n

2 A ( D

n

)

with

k f � F

n

k

D

n

<

2

p

�

� max

D

n

�

�

�

�

@ f

@ �

�

�

�

�

p

m

2

( D

n

) + �:

By Runge's Theorem, there exists r

n

2 R ( K ) suc h that k F

n

� r

n

k

K

< � . It follo ws

that

k f � r

n

k

K

<

2

p

�

� max

D

1

�

�

�

�

@ f

@ �

�

�

�

�

p

m

2

( D

n

) + 2 �:

Since m

2

( D

n

) ! m

2

( K ) = 0 as n ! 1 , w e get k f � r

n

k

K

< 3 � for n su�cien tly

large. As � w as arbitrary , f j

K

2 R ( K ). Restrictions of functions in C

1

( C ) to K

are dense in C ( K ), so R ( K ) = C ( K ).

Our goal in this pap er is to study the ab o v e situation when the complex plane

is replaced b y the unit sphere S in C

2

, and analytic functions on a domain in C are

replaced b y CR functions on a domain on S . Our w ork uses the k ernel in tro duced

b y G. Henkin in [ 6 ]. Related in tegral form ulas are giv en b y Chen and Sha w in [ 4 ].

In section 2 w e describ e Henkin's k ernel and the analogues of form ulas (1.1) and

(1.2) on the sphere S . In section 3 w e giv e a Cauc h y-Green form ula for a smo othly

b ounded domain on S . The remainder of the pap er is dev oted to a study of the

in tegrals app earing in this form ula and applications to appro ximation results.
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2. Henkin's k ernel for S

W e denote b y B the op en unit ball in C

2

, and let S = @ B b e the unit sphere.

P oin ts in C

2

will normally b e written as z = ( z

1

; z

2

) or � = ( �

1

; �

2

), and the

Hermitian inner pro duct as h � ; z i � �

1

z

1

+ �

2

z

2

. The standard in v arian t three-

dimensional measure on S is written � (note: � is not normalized). W e will also

frequen tly mak e use of the 2-form ! ( � ) � d�

1

^ d�

2

. W e denote b y A ( B ) the b al l

algebr a consisting of all functions con tin uous on the closure of B and holomorphic

on B . If 
 is an op en subset of S , w e sa y g 2 C

1

(
) is a smo oth CR function

on 
, if X g = 0 on 
, where X is the tangen tial Cauc h y-Riemann op erator on S .

Expressed in the co ordinates of C

2

,

X = z

2

@

@ z

1

� z

1

@

@ z

2

:

An y function holomorphic in a neigh b orho o d of 
 in C

2

is a smo oth CR function

on 
. Using the fact that for smo oth �

(2.1) @ � ^ ! = 2( X � ) d�

as measures on S , w e see using Stok es' theorem that g is a smo oth CR function on


 if and only if

(2.2)

Z




@ � � g ^ ! = 0

for ev ery � 2 C

1

( C

2

) whose supp ort meets S in a compact subset of 
. W e sa y

that g 2 C (
) is a c ontinuous CR function on 
, and write g 2 C R (
), if (2.2)

holds for all suc h � . It follo ws easily from (2.2) that C R (
) is closed under uniform

con v ergence on compact subsets of 
. Since ev ery g 2 A ( B ) is a uniform limit of

p olynomials on S , it follo ws that g 2 C R ( S ) if g is in the ball algebra and that

g 2 A ( B ) is a smo oth CR function on 
 whenev er g

�

�




2 C

1

(
) . F or a compact

K � S , let C R ( K ) b e the uniform closure in C ( K ) of functions that are CR in

some relativ ely op en neigh b orho o d of K in S .

As a replacemen t for the Cauc h y k ernel ( � � z )

� 1

Henkin ga v e the k ernel

H ( � ; z ) =

�

1

z

2

� �

2

z

1

j 1 � h z ; � ij

2

; � ; z 2 S:

On S � S; H is real-analytic o� the diagonal f � = z g , where h z ; � i = 1. W e consider

as an analogue of the Cauc h y transform ^� of a measure � the transform

K

�

( � ) =

Z

S

H ( � ; z ) d� ( z ) ; � 2 S;

for a measure � on S . The in tegral de�ning K

�

con v erges absolutely a.e- d� on S ,

and K

�

2 L

1

( S; � ). Under the assumption that � is a measure on S orthogonal

to the restriction to S of ev ery holomorphic p olynomial on C

2

, Henkin pro v es

(2.3)

Z

S

� d� =

1

4 �

2

Z

S

@ � ^ K

�

� ! ; � 2 C

1

( S ) :

The orthogonalit y assumption on � is necessary since the righ t-hand side of (2.3)

v anishes if � is the restriction to S of a p olynomial.

W e record b elo w some useful prop erties of H and K

�

:
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(i) H ( � ; z ) = � H ( z ; � );

(ii) If U is a unitary transformation of C

2

with det( U ) = 1, H ( U � ; U z ) = H ( � ; z );

(iii) X [ H ( � ; z )] = � (1 � h z ; � i )

� 2

(di�eren tiation is in the � v ariable);

(iv) K

�

2 C R ( S n supp( � )).

Prop erties (i) - (iii) are routine computations, while (iv) follo ws immediately

from (2.3) and the de�nition (2.2) b y taking b y taking � supp orted on an op en set

disjoin t from supp( � ).

As an analogue of the Cauc h y-Green form ula (1.1), w e ha v e the follo wing rep-

resen tation on S : giv en � 2 C

1

( S ), there exists a function � 2 A ( B ) suc h that

(2.4) � ( z ) = �( z ) +

1

4 �

2

Z

S

@ � ( � ) ^ H ( � ; z ) ! ( � ) ; z 2 S:

This form ula, whic h w e call the Cauchy-Gr e en formula on S follo ws directly from

(2.3) as follo ws: set

K ( z ) =

Z

S

@ � ( � ) ^ H ( � ; z ) ! ( � ) :

Cho ose a measure � on S with � orthogonal to p olynomials. Then

Z

S

K ( z ) d� ( z ) =

Z

S

�

Z

S

H ( � ; z ) d� ( z )

�

@ � ( � ) ^ ! ( � ) =

Z

S

@ � ( � ) ^ K

�

( � ) ! ( � ) :

By (2.3),

Z

S

(4 �

2

� � K ) d� = 0 :

Since this holds for ev ery � orthogonal to p olynomials, the Hahn-Banac h Theorem

implies that 4 �

2

� � K b elongs to the uniform closure of p olynomials on S , and so

is the restriction to S of a function in A ( B ) , giving (2.4). Other pro ofs of (2.4) are

giv en in [ 4 ] and [ 1 ].

3. The Cauc h y-Green form ula for a domain on S

Let 


+

b e a smo othly b ounded domain on S , and �x a function � 2 C

1

( 


+

).

W e wish to generalize form ula (2.4) to this situation. Let 


�

denote the complemen t

of 


+

on S . Note that @ 


�

= � @ 


+

as orien ted manifolds.

Theorem 3.1 . F or z 2 


+

we have

� ( z ) = A ( z ) +

1

4 �

2

Z




+

@ � ( � ) ^ H ( � ; z ) ! ( � ) �

1

4 �

2

Z

@ 


+

� ( � ) H ( � ; z ) ! ( � ) ;

wher e A 2 C R (


+

) .

Pr oof. W e form a smo oth extension

~

� of � to S . By (2.4) there exists

~

� 2 A ( B ) suc h that for z 2 S ,

~

� ( z ) =

~

�( z ) +

1

4 �

2

Z

S

@

~

� ( � ) ^ H ( � ; z ) � ! ( � )

and so

(3.1)

~

� ( z ) =

~

�( z ) +

1

4 �

2

Z




+

@ � ( � ) ^ H ( � ; z ) ! ( � ) +

1

4 �

2

Z




�

@

~

� ( � ) ^ H ( � ; z ) ! ( � ) :
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W e rewrite the last term of this equation as follo ws: for z 2 


+

�xed, the function

� 7! H ( � ; z ) is smo oth on 


�

, and so w e ma y use Stok es' theorem to write

Z

@ 


�

~

� ( � ) H ( � ; z ) ! ( � ) =

Z




�

d [

~

� ( � ) H ( � ; z ) ! ( � )]

=

Z




�

@ [

~

� ( � ) H ( � ; z ) ! ( � )]

=

Z




�

@

~

� ( � ) ^ H ( � ; z ) ! ( � ) +

Z




�

~

� ( � ) @ H ( � ; z ) ^ ! ( � ) :

Using (2.1) and prop ert y (iii) of the Henkin k ernel the second in tegral on the

righ t-hand side of the last equation can b e expressed as

� 2

Z




�

~

� ( � )

d� ( � )

(1 � h z ; � i )

2

:

Therefore,

(3.2)

Z




�

@

~

� ( � ) ^ H ( � ; z ) ! ( � ) =

Z

@ 


�

~

� ( � ) H ( � ; z ) ! ( � ) + 2

Z




�

~

� ( � )

d� ( � )

(1 � h z ; � i )

2

;

and so w e ma y rewrite (3.1) as

(3.3)

~

� ( z ) = A ( z ) +

1

4 �

2

Z




+

@ � ( � ) ^ H ( � ; z ) ! ( � ) �

1

4 �

2

Z

@ 


+

� ( � ) H ( � ; z ) ! ( � )

for z 2 


+

, where

(3.4) A ( z ) =

~

�( z ) +

1

2 �

2

Z




�

~

� ( � )

d� ( � )

(1 � h z ; � i )

2

:

As noted ab o v e, since

~

�( z ) 2 A ( B ) ,

~

� 2 C R ( S ), while the second term on the

righ t-hand side of (3.4) is holomorphic in a neigh b orho o d of 


+

in C

2

, and hence

b elongs to C R (


+

). This completes the pro of.

W e refer to the form ula app earing in Theorem 3.1 as the Cauc h y-Green form ula

for 


+

. Our goal in the remainder of this pap er is to suggest ho w the form ula of

Theorem 3.1 can b e used to deriv e appro ximation results for certain compact sets

K � S , in m uc h the same w a y that w e emplo y ed the classical Cauc h y-Green form ula

to deriv e the appro ximation results in section 1. W e �rst note a simple corollary of

Theorem 3.1; cf. the pro of of the Hartogs-Rosen thal theorem in section 1.

Cor ollar y 3.2 . L et K b e a c omp act subset of S, and supp ose for e ach � > 0 ,




�

is a smo othly b ounde d domain in S c ontaining K , with lim

� ! 0

+
� (


�

) = 0 . F or

� 2 C

1

( S ) set

F

�

( z ) =

1

4 �

2

Z

@ 


�

� ( � ) H ( � ; z ) ! ( � ) ; z 2 


�

:

If for e ach � > 0 ther e is a function h

�

2 C R (


�

) so that lim

� ! 0

+
k F

�

� h

�

k

K

= 0 ,

then � j

K

2 C R ( K ) .

Pr oof. Apply the form ula of Theorem 3.1 to the domain 


�

to obtain for

z 2 


�

,

(3.5) � ( z ) = A ( z ) � h

�

( z ) � ( F

�

( z ) � h

�

( z )) +

1

4 �

2

Z




�

@ � ( � ) ^ H ( � ; z ) ! ( � )
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where A � h

�

2 C R (


�

). By h yp othesis, k F

�

� h

�

k

K

tends to zero as � ! 0

+

, while

the uniform in tegrabilit y of H in z implies that the last term on the righ t of (3.5)

tends to zero uniformly in z as � ! 0

+

(see the pro of of Lemma 4.1 b elo w), and so

lim

� ! 0

+

k � � ( A + h

�

) k

K

= 0 ;

implying � 2 C R ( K ).

As Corollary 3.2 sho ws, the study of appro ximation b y CR functions on compact

subsets of S can b e reduced to the study of CR appro ximation of in tegrals of the

form

F


 ;�

( z ) =

Z

@ 


� ( � ) H ( � ; z ) ! ( � ) :

for smo othly b ounded neigh b orho o ds 
 of K . The remainder of this pap er is

dev oted to an examination of suc h in tegrals. In section 4 w e sho w that for certain


 and � , F


 ;�

2 C R (
). In this case the form ula of Theorem 3.1 immediately

yields an estimate similar to (1.5). Ho w ev er, in general one cannot exp ect that F

will b e a CR function on 
. In sections 5 and 6 w e establish appro ximation results

on certain compact subsets K of S with � ( K ) = 0 b y appro ximating F




�

;�

b y CR

functions on a sequence of domains 


�

shrinking to K , and applying Corollary 3.2.

Because the Cauc h y-Green form ula for domains on S lends itself to the study

of appro ximation b y CR functions, it is w orth while to commen t on the relationship

b et w een the space C R ( K ) and the spaces A ( K ) ; R ( K ) (consisting of uniform limits

on K of functions holomorphic in neigh b orho o d of K , and rational and holomorphic

in a neigh b orho o d of K , resp ectiv ely .) Since an y function holomorphic in a neigh-

b orho o d U of K in C

2

is a CR function on U \ S , it follo ws that A ( K ) � C R ( K ).

On the other hand, if  2 C R (
) for some op en neigh b orho o d of K in S , it is

w ell-kno wn that there exists an op en subset U of B con taining 
 in its closure, and

a function

~

 holomorphic in U and con tin uous on U with

~

 =  on 
. There exists

t < 1 so that tz 2 U for all z 2 K , and so the function z 7!

~

 ( tz ) is holomorphic

in a neigh b orho o d of K in C

2

. As t ! 1

�

, the functions

~

 ( tz ) approac h  uni-

formly on K . It follo ws that C R ( K ) � A ( K ), and hence C R ( K ) = A ( K ). By the

Stone-W eierstrass Theorem, A ( K ) = C ( K ) if and only if the conjugate co ordinate

functions f z

1

; z

2

g b elong to A ( K ); if (sa y) z

2

6= 0 on K � S , then the relation

z

2

= (1 � z

1

z

1

) =z

2

sho ws that A ( K ) = C ( K ) if and only if z

1

2 A ( K ).

Recall that a compact subset K of C

n

is said to b e r ational ly c onvex if giv en an y

p oin t z 2 C

n

n K , there is a p olynomial P with P ( z ) = 0 but P 6= 0 on K . Rational

con v exit y is a necessary , but far from su�cien t, condition for R ( K ) = C ( K ) when

n > 1. Ric hard Basener [ 2 ] constructed rationally con v ex subsets K of S for whic h

R ( K ) 6= C ( K ). Basener's sets ha v e p ositiv e � -measure. W e ha v e b een motiv ated

b y the follo wing analogue of the Hartogs-Rosen thal Theorem, for whic h w e ha v e no

pro of or coun terexample.

Conjecture 3.3 . L et K b e a r ational ly c onvex subset of S with � ( K ) = 0 .

Then R ( K ) = C ( K ) .

If K is rationally con v ex, then it can b e sho wn that A ( K ) = R ( K ), so that b y

the ab o v e remarks, rational appro ximation on K is equiv alen t to CR appro ximation.
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4. A sp ecial case

Lemma 4.1 . Given a domain 


+

� S , and � 2 C

1

( 


+

) , supp ose that

F ( z ) =

Z

@ 


+

� ( � ) H ( � ; z ) ! ( � )

de�nes a CR function on 


+

. Then for any c omp act subset K of 


+

,

(4.1) dist ( �; C R ( K ))) � inf fk � � 	 k

K

: 	 2 C R ( K ) g � C




+
� k X ( � ) k




+

for a p ositive c onstant C




+
indep endent of � and K with the pr op erty that for every

� > 0 , ther e exists � > 0 so that � (


+

) < � = ) C




+
< � .

Pr oof. By Theorem 3.1,

(4.2) � ( z ) = A ( z ) +

1

4 �

2

Z




+

@ � ( � ) ^ H ( � ; z ) ! ( � ) �

1

4 �

2

Z

@ 


+

� ( � ) H ( � ; z ) ! ( � )

with A 2 C R (


+

). By h yp othesis, the second in tegral on the righ t of (4.2) de�nes

a function in C R ( S n @ 


+

) and so

� ( z ) = A

1

( z ) +

1

4 �

2

Z




+

@ � ( � ) ^ H ( � ; z ) ! ( � )

= A

1

( z ) +

1

2 �

2

Z




+

X ( � )( � ) H ( � ; z ) d� ( � )

with A

1

2 C R (


+

). Th us for an y compact K � 


+

,

dist( �; C R ( K )) �

1

2 �

2

max




+

j X ( � ) j

Z




+

j H ( � ; z ) j d� ( � ) :

Set C




+
= sup

z 2 


+

(1 = 2 �

2

)

R




+

j H ( � ; z ) j d� ( � ). By the unitary in v ariance of H

and d� ,

Z




+

j H ( � ; z ) j d� ( � ) =

Z

U

z

(


+

)

j H ( � ; z

0

) j d� ( � ) �

Z

S

j H ( � ; z

0

) j < 1

where z

0

= (1 ; 0) and U

z

is a unitary transformation with det( U

z

) = 1 taking z to

z

0

. Th us C




+
is �nite and (4.1) holds. Moreo v er, since H ( � ; z

0

) 2 L

1

( d� ), giv en

� > 0 there exists � > 0 so that whenev er Y is a measurable subset of S with

� ( Y ) < � , then

R

Y

j H ( � ; z

0

) j d� ( � ) < � . The claim regarding C




+ then follo ws b y

noting that for ev ery z , � (


+

) = � ( U

z




+

).

Remark 4.2 . The corresp onding estimate for 
 = S (without h yp othesis on

� ) is giv en in [ 1 ], Theorem 4.1.

Next w e iden tify a sp ecial case in whic h the in tegral F app earing in Lemma

4.1 can b e sho wn to b e a CR function on 


+

.

Lemma 4.3 . L et 


+

b e a smo othly b ounde d domain on S and let � 2 C

1

( 


+

) .

Supp ose ther e exists a smo oth 3-manifold-with-b oundary � in C

2

with @ � = @ 


+

,

and a function

~

� smo oth on � and holomorphic in a neighb orho o d of � n @ � , with

� =

~

� on @ 


+

. Then

F ( z ) =

Z

@ 


+

� ( � ) H ( � ; z ) ! ( � )

b elongs to C R ( S n @ 


+

) .
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Pr oof. Let � b e the measure �! j

@ 


+
. F or an y p olynomial P , b y Stok es'

theorem w e ha v e

Z

S

P d� =

Z

@ 


+

P � ! =

Z

�

d ( P

~

� ! ) =

Z

�

@ ( P

~

� ! ) = 0

b y assumption on � . Therefore, K

�

2 C R ( S n @ 


+

). But

K

�

( z ) =

Z

S

H ( � ; z ) d� ( � ) = � F ( z ) :

By prop ert y (iv) of K

�

ab o v e (section 2), K

�

2 C R ( S n supp( � )) = C R ( S n @ 


+

),

so F 2 C R ( S n @ 


+

).

Example 4.4 . As a �rst example of the situation considered in Lemma 4.2,

tak e




+

= f � 2 S : Im( �

2

) > 0 g ; � = f z 2 B : Im( �

2

) = 0 g ; � ( � ) = �

2

:

Then

~

� ( � ) = �

2

extends � from @ 


+

holomorphically to a neigh b orho o d of �, and

so

F ( z ) =

Z

@ 


+

�

2

H ( � ; z ) ! ( � )

Example 4.5 . F or 0 < r < 1, let T

r

b e the torus

f � 2 S : j �

1

j = r g :

The three-manifold �

r

= f � 2 B : j �

1

j = r g has b oundary T

r

. Since for � 2 T

r

�

1

=

r

2

�

1

; �

2

=

1 � r

2

�

2

;

while �

1

; �

2

6= 0 near �

r

, b oth �

1

and �

2

extend holomorphically from T

r

to a

neigh b orho o d of �

r

. By Lemma 4.3, (taking sa y 


+

= f � 2 S : j �

1

j > r g ),

R

T

r

�

j

H ( � ; z ) ! ( � ) is a CR function on S n T

r

, j = 1,2. It follo ws that if 0 < a < b < 1

and


 = f � 2 S : a < j �

1

j < b g ;

then

Z

@ 


�

j

H ( � ; z ) ! ( � ) =

Z

T

b

�

j

H ( � ; z ) ! ( � ) �

Z

T

a

�

j

H ( � ; z ) ! ( � )

de�nes a CR function on S n ( T

a

[ T

b

), j = 1 ; 2.

Example 4.6 . Let 
 b e a simple closed curv e con tained in the op en unit disk

of the complex plane, and let D b e the region b ounded b y 
 . Put




+

= f � 2 S : �

1

2 D g :

W e will sho w that for an y � 2 C ( 
 ), F ( z ) 2 C R ( S n @ 


+

), where

F ( z ) =

Z

@ 


+

� ( �

1

) H ( � ; z ) ! ( � ) :

F or � 2 C ( 
 ) and � 2 @ 


+

, de�ne

~

� ( �

1

; �

2

) = � ( �

1

). If � is the three-manifold

� = f ( �

1

; �

2

) : �

1

2 
 ; j �

2

j <

p

1 � j �

1

j

2

g

then @ � = @ 


+

. If g 2 C ( 
 ) extends to b e holomorphic in some neigh b orho o d of


 , then ~g extends to b e holomorphic in a neigh b orho o d of �, and so b y Lemma 4.3

F

g

( z ) =

Z

@ 


+

~g ( � ) H ( � ; z ) ! ( � )
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de�nes a CR function on S n @ 


+

. But the functions holomorphic in a neigh b orho o d

of 
 , restricted to 
 , are dense in C ( 
 ), and so giv en an y � 2 C ( 
 ) w e ma y c ho ose

a sequence f g

n

g of functions, eac h holomorphic in some neigh b orho o d of 
 , so that

~g

n

!

~

� uniformly on @ 


+

. Then F

g

n

! F uniformly on compact subsets of S n @ 


+

and so F 2 C R ( S n @ 


+

).

Note that b y Lemma 4.1, eac h of the three preceding examples yields an ap-

pro ximation result for compact subsets of the resp ectiv e domains 


+

.

5. Certain t w o-spheres in S

F or an y a; 0 < a < 1, set �

a

=

p

1 � j a j

2

and let

S

a

= f ( �

1

; �

2

) 2 S : Im( �

2

) = a

. Note that S

a

is a t w o-sphere in the h yp erplane f Im( �

2

) = a g de�ned b y j �

1

j

2

+

Re( �

2

)

2

= �

2

a

. Fix a

0

; 0 < a

0

< 1, and �x t with 0 < t < �

a

0

. Henceforth

w e assume without commen t that the parameter a is su�cien tly close to a

0

so

that also t < �

a

. Then 4

a

= f � 2 S

a

: j Re( �

2

) j � t g is a nonempt y subset of

S

a

, consisting of t w o disjoin t sets eac h di�eomorphic to a closed disk, that are

neigh b orho o ds of (0 ; � �

a

+ ia ) in S

a

. Set M

a

= S

a

n 4

a

. Our goal in this section

is to use the form ula of Theorem 3.1 to establish the follo wing result, whic h can

also b e obtained b y using results on appro ximation on totally real manifolds (see

[ 7 ], [ 8 ], or [ 9 ]).

Theorem 5.1 . If K is any c omp act subset of M

a

0

; A ( K ) = C ( K ) .

Pr oof. T o b egin, w e ma y parameterize M

a

b y

(5.1) �

1

=

p

�

2

a

� x

2

e

i�

; �

2

= x + ia; 0 � � � 2 � ; j x j < t:

De�ne

G

a

( z ) =

Z

M

a

�

1

H ( � ; z ) ! ( � ) ; z 2 S n M

a

:

W e ma y use prop erties (i) and (iii) of the Henkin k ernel from section 1 to compute

X ( G

a

), obtaining

(5.2) F

a

( z ) � X ( G

a

)( z ) =

Z

M

a

�

1

! ( � )

(1 � h � ; z i )

2

; z 2 S n M

a

:

Note that F

a

is in fact de�ned for all z 2 B [ S n M

a

, since for suc h z , h z ; � i 6= 1

for � 2 M

a

, and F

a

is an ti-holomorphic in B .

Lemma 5.2 .

F

a

( z ) = 2 � i

Z

t

� t

( x

2

� �

2

a

)

dx

(1 � ( x + ia ) z

2

)

2

; z 2 S n M

a

:

Pr oof. Using the parametrization (5.1) w e ha v e

! = i

p

�

2

a

� x

2

e

i�

d� ^ dx

and so

(5.3) F

a

( z ) =

Z

t

� t

( �

2

a

� x

2

)

�

Z

2 �

0

id�

( A � B e

i�

)

2

�

dx;
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where A = 1 � ( x + ia ) z

2

and B =

p

�

2

a

� x

2

z

1

: If j z j < 1 = 2, then j B j < 1 = 2 and

j A j > 1 = 2, and th us A � B � 6= 0 for j � j � 1. The inner in tegral in (5.3) can b e

computed b y the residue theorem:

Z

2 �

0

id�

( A � B e

i�

)

2

=

Z

� =1

d�

�

1

( A � B � )

2

=

2 � i

A

2

:

Th us

(5.4) F

a

( z ) = 2 � i

Z

t

� t

( x

2

� �

2

a

)

dx

(1 � ( x + ia ) z

2

)

2

for j z j < 1 = 2. Since b oth F

a

( z ) and the righ t-hand side of (5.4) are real-analytic in

B , the equalit y of (5.4) in fact holds for z 2 B . Moreo v er, since j x + ia j

2

= x

2

+ a

2

�

t

2

+ a

2

< �

2

a

+ a

2

= 1, b oth sides of (5.4) are con tin uous on B n M

a

. It follo ws that

the equalit y of (5.4) obtains for z 2 B n M

a

.

De�ne

I

a

( z ) = �

2 � i

z

1

Z

t

� t

( x

2

� �

2

a

)

( x + ia )(1 � ( x + ia ) z

2

)

dx; z 2 S n M

a

; z

1

6= 0 :

Then I

a

is smo oth on S n M

a

(note j x + ia j � a > 0), and a calculation giv es

X ( I

a

) = F

a

( z ) ; z 2 S n M

a

and therefore X ( I

a

) = X ( G

a

) on S n M

a

. This yields:

Lemma 5.3 .

Z

M

a

�

1

H ( � ; z ) ! ( � ) = I

a

+  

a

; z 2 S n M

a

where  

a

2 C R ( S n M

a

) .

No w consider the domain 


�

, de�ned b y




�

= f � 2 S : a

0

� � < Im( �

2

) < a

0

+ �; j Re( �

2

) j < t g

where � is c hosen small enough so that t < �

a

for all a 2 [ a

0

� �; a

0

+ � ]. Note

@ 


�

= M

a

0

� �

[ M

a

0

+ �

[ Y

�

t

[ Y

�

� t

with appropriate orien tations, where

Y

�

� t

= f � 2 S : Re( �

2

) = � t; a

0

� � < Im( �

2

) < a

0

+ � g ;

and so b y Lemma 5.3,

Z

@ 


�

�

1

H ( � ; z ) ! ( � ) = h

�

( z ) + [ I

a

0

+ �

( z ) � I

a

0

� �

( z )]

+

Z

Y

�

t

�

1

H ( � ; z ) ! ( � ) �

Z

Y

�

� t

�

1

H ( � ; z ) ! ( � )

for z 2 


�

, where h

�

�  

a

0

� �

�  

a

0

+ �

2 C R (


�

). It is easy to c hec k for z 2 M

a

0

that I

a

( z ) is a con tin uous function of a at a

0

, so that

lim

� ! 0

+

I

a

0

+ �

( z ) � I

a

0

� �

( z ) = 0 ; z 2 M

a

0

;
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and in fact the limit is uniform on M

a

0

. Moreo v er, restricting z to a compact

subset K of M

a

0

, the function � 7! �

1

H ( � ; z ) is b ounded on Y

�

� t

. Since the t w o-

dimensional Hausdor� measure of Y

t

approac hes zero as � ! 0, and since ! is

absolutely con tin uous with resp ect to Hausdor� measure, w e see that

lim

� ! 0

+

Z

Y

�

� t

�

1

H ( � ; z ) ! ( � ) = 0

uniformly for z 2 K . Com bining these observ ations, w e ha v e

lim

� ! 0

+

Z

@ 


�

�

1

H ( � ; z ) ! ( � ) � h

�

( z ) = 0

uniformly on compact subsets of M

a

0

. By Corollary 3.2, since h

�

2 C R (


�

), � ( � ) =

�

1

2 C R ( K ). Since �

2

6= 0 on K , w e conclude that (see the remarks at the end of

section 3) A ( K ) = C ( K ), and the pro of of Theorem 5.1 is complete.

6. Certain graphs in S

In this section w e establish appro ximation on certain graphs in S , using the

general metho d of section 5. Let D b e a smo othly b ounded plane domain with

compact closure in the op en disk D , and supp ose f 2 C

1

( D ) satis�es j f ( � ) j =

p

1 � j � j

2

, so that the graph �

f

= f ( � ; f ( � )) : � 2 D g lies in S . As in section 5, w e

will study the in tegral

Z

@ 


�

� ( � ) H ( � ; z ) ! ( � )

on a sequence of domains 


�

for whic h 


�

# �

f

as � # 0. W e b egin with a represen-

tation for an in tegral of this t yp e o v er �

f

.

Lemma 6.1 . With f ; D ; �

f

as ab ove, and � 2 C

1

(�

f

) , set

G ( z ) =

Z

�

f

� ( � ) H ( � ; z ) ! ( � )

for z 2 S n �

f

. Then (di�er entiation is in the z variable)

z

2

X G ( z ) = �

Z

@ D

~

� ( �

1

)

d�

1

1 � �

1

z

1

� f ( �

1

) z

2

+

Z

D

@

~

�

@ �

1

d �

1

^ d�

1

1 � �

1

z

1

� f ( �

1

) z

2

;

wher e

~

� ( �

1

) = � ( �

1

; f ( �

1

)) .

Pr oof. Use prop erties (i) and (iii) of the Henkin k ernel to write

z

2

X G ( z ) = z

2

Z

�

f

� ( � )(1 � h � ; z i )

� 2

! ( � )

= z

2

Z

D

~

� ( �

1

)

d�

1

^ ( @ f =@ �

1

) d �

1

(1 � �

1

z

1

� f ( �

1

) z

2

)

2

=

Z

D

~

� ( �

1

)

@

@ �

1

�

1

1 � �

1

z

1

� f ( �

1

) z

2

�

d�

1

^ d �

1



12 JOHN T. ANDERSON AND JOHN WERMER

Rewrite the latter in tegral and use Stok es' Theorem to obtain

z

2

X G ( z ) = �

Z

D

d

 

~

� ( �

1

) d�

1

1 � �

1

z

1

� f ( �

1

) z

2

!

+

Z

D

@

~

�

@ �

1

�

d �

1

^ d�

1

1 � �

1

z

1

� f ( �

1

) z

2

= �

Z

@ D

~

� ( �

1

) d�

1

1 � �

1

z

1

� f ( �

1

) z

2

+

Z

D

@

~

�

@ �

1

�

d �

1

^ d�

1

1 � �

1

z

1

� f ( �

1

) z

2

:

W e no w restrict our atten tion to graphs of the follo wing form. Fix r

0

; r

1

with

0 < r

0

< r

1

< 1 and let D b e the ann ulus f � 2 C : r

0

< j � j < r

1

g . F or � 2 D set

(6.1) f ( � ) =

p

1 � j � j

2

B (

�

j � j

)

where B is a (�xed) �nite Blasc hk e pro duct:

B ( � ) =

n

Y

j =1

� � �

j

1 � ��

j

�

with j �

j

j < 1 ; j = 1 ; : : : ; n . Denote b y �

f

the graph f ( �; f ( � )) : � 2 D g ; note that

since j B ( � ) j = 1 when j � j = 1, �

f

� S .

Theorem 6.2 . Assume f has the form (6.1) . Then for any c omp act subset K

of �

f

; A ( K ) = C ( K ) .

Pr oof. F or t 2 R set f

t

( � ) = f ( � ) e

it

. W e consider �rst the in tegral

G

t

=

Z

�

f

t

�

1

H ( � ; z ) ! ( � )

Lemma 6.3 . F or z 2 S n �

f

t

,

z

2

X G

t

( z ) = 2 � i

�

r

2

0

1 � b

t

( r

0

) z

2

�

r

2

1

1 � b

t

( r

1

) z

2

+ 2

Z

r

1

r

0

r dr

1 � b

t

( r ) z

2

�

wher e

b

t

( r ) =

p

1 � r

2

� e

it

B (0) :

Pr oof. According to Lemma 6.1,

(6.2) z

2

X G

t

( z ) = �

Z

@ D

�

1

d�

1

1 � �

1

z

1

� f

t

( �

1

) z

2

+

Z

D

d �

1

^ d�

1

1 � �

1

z

1

� f

t

( �

1

) z

2

:

W rite the �rst in tegral on the righ t-hand side of (6.2) as I

r

1

( z ) � I

r

0

( z ), where

I

r

( z ) = i

Z

2 �

0

r

2

d�

1 � r e

i�

z

1

�

p

1 � r

2

B ( e

i�

) e

it

z

2

=

Z

j � j =1

r

2

d�

� (1 � r � z

1

�

p

1 � r

2

B ( � ) e

it

z

2

)

:

It is easy to c hec k that (1 � r � z

1

�

p

1 � r

2

B ( � ) z

2

)

� 1

is holomorphic for j � j � 1

and con tin uous for j � j � 1 for �xed z 2 S n �

f

t

. Cauc h y's in tegral form ula then

giv es

(6.3) I

r

( z ) =

2 � ir

2

1 �

p

1 � r

2

B (0) e

it

z

2

=

2 � ir

2

1 � b

t

( r ) z

2

:
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The second in tegral on the righ t-hand side of (6.2) can b e ev aluated as follo ws:

write �

1

= r e

i�

, then

Z

D

d �

1

^ d�

1

1 � �

1

z

1

� f

t

( �

1

) z

2

= 2

Z

r

1

r

0

�

Z

2 �

0

id�

1 � r e

i�

z

1

�

p

1 � r

2

B ( e

i�

) e

it

z

2

�

r dr

= 2

Z

r

1

r

0

 

Z

j � j =1

d�

� (1 � r � z

1

�

p

1 � r

2

B ( � ) e

it

z

2

!

r dr :

It is easy to c hec k that the function (1 � r � z

1

�

p

1 � r

2

B ( � ) e

it

z

2

) is non v anishing

for j � j � 1, if z 2 B and so the Cauc h y in tegral form ula giv es

Z

D

d �

1

^ d�

1

1 � �

1

z

1

� f

t

( �

1

) z

2

= 2

Z

r

1

r

0

2 � i

1 �

p

1 � r

2

B (0) e

it

z

2

r dr = 4 � i

Z

r

1

r

0

r dr

1 � b

t

( r ) z

2

:

Again b y con tin uit y this result holds also for z 2 S n �

f

t

. Com bining (6.2), (6.3)and

the last displa y ed equation giv es the form ula of Lemma 6.3.

W e next pro ceed to construct a certain function M

t

suc h that X M

t

= X G

t

on

S n �

t

. By Lemma 6.3,

1

2 � i

X G

t

( z ) =

1

z

2

r

2

0

1 � b

t

( r

0

) z

2

�

1

z

2

r

2

1

1 � b

t

( r

1

) z

2

+ 2

Z

r

1

r

0

r dr

z

2

(1 � b

t

( r ) z

2

)

= r

2

0

�

1

z

2

+

b

t

( r

0

)

1 � b

t

( r

0

) z

2

�

� r

2

1

�

1

z

2

+

b

t

( r

1

)

1 � b

t

( r

1

) z

2

�

� 2

Z

r

1

r

0

�

1

z

2

+

b

t

( r )

1 � b

t

( r ) z

2

�

r dr :

and so

1

2 � i

X G

t

( z ) =

r

2

0

b

t

( r

0

)

1 � b

t

( r

0

) z

2

�

r

2

1

b

t

( r

1

)

1 � b

t

( r

1

) z

2

+ 2

Z

r

1

r

0

b

t

( r )

1 � b

t

( r ) z

2

r dr :

Note that

X

�

1

z

1

log(1 � b

t

( r ) z

2

)

�

=

b

t

( r )

1 � b

t

( r ) z

2

;

and so if w e set

M

t

( z ) =

2 � i

z

1

�

r

2

0

log(1 � b

t

( r

0

) z

2

) � r

2

1

log(1 � b

t

( r

1

) z

2

) + 2

Z

r

1

r

0

log (1 � b

t

( r ) z

2

) r dr

�

w e ha v e

(6.4) X M

t

= X G

t

on S n �

f

t

.

Giv en a compact subset K of �

f

, for �xed � > 0 w e de�ne a neigh b orho o d 


�

of K in S b y




�

= f ( �

1

; �

2

) : �

1

2 D ; �

2

= f ( �

1

) e

it

; j t j < � g :

Note that f 


�

g

�> 0

forms a decreasing family of domains with in tersection �

f

, and

that

@ 


�

= �

f

�

[ �

f

� �

[ B

�

where

B

�

= f ( �; f ( � ) e

it

) : � 2 @ D ; j t j < � g :
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Set

F

�

( z ) =

Z

@ 


�

�

1

H ( � ; z ) ! ( � ) :

Then for z 2 


�

,

F

�

( z ) =

Z

�

f

�

�

1

H ( � ; z ) ! ( � ) �

Z

�

f

� �

�

1

H ( � ; z ) ! ( � ) +

Z

B

�

�

1

H ( � ; z ) ! ( � )

= G

�

( z ) � G

� �

( z ) +

Z

B

�

�

1

H ( � ; z ) ! ( � )

= M

�

( z ) � M

� �

( z ) + h

�

( z ) +

Z

B

�

�

1

H ( � ; z ) ! ( � ) ;

where h

�

= G

�

� M

�

� ( G

� �

� M

� �

) 2 C R (


�

), b y (6.4), and so

(6.5) F

�

( z ) � h

�

( z ) = M

�

( z ) � M

� �

( z ) +

Z

B

�

�

1

H ( � ; z ) ! ( � ) :

Since the t w o-dimensional measure of B

�

tends to zero with epsilon it follo ws that

(cf. the end of section 5)

lim

� ! 0

+

Z

B

�

�

1

H ( � ; z ) ! ( � ) = 0

uniformly on K . Moreo v er, an examination of the de�nition of M

t

sho ws that

lim

� ! 0

+
M

�

� M

� �

= 0 uniformly on K . It follo ws b y (6.5) that

lim

� ! 0

+

k F

�

� h

�

k

K

= 0 :

By Corollary 3.2, � ( � ) = �

1

2 C R ( K ). Since �

2

6= 0 on K , w e conclude that (see

the remarks at the end of section 3) A ( K ) = C ( K ), and the pro of of Theorem 6.2

is complete.
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