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Abstra ct. In 1977 G. Henkin in tro duced an in tegral form ula for solving

@

b

f = � where � is a measure, on the b oundary of a smo oth strictly con-

v ex domain. This result is closely related to a \Cauc h y-Green" form ula on

the sphere (see Chen and Sha w [ 3 ]). W e giv e a direct elemen tary pro of of the

Cauc h y-Green Theorem on the unit sphere and deriv e Henkin's solution of the

�

@

b

equation from this. W e also giv e an application to an appro ximation result.

1. In tro duction

Let 
 b e a domain in the plane, with smo oth b oundary �. The classical

Cauc h y-Green form ula states that for an y � 2 C

1

( 
 ) and z 2 
,

(1.1) � ( z ) =

1

2 � i

Z

�

� ( � )

� � z

d� �

1

2 � i

Z




@ �

@

�

�

d

�

� ^ d�

� � z

Note that the �rst term on the righ t of (1.1) is a holomorphic function � of z in

the domain 
. In fact, � extends con tin uously to 
, and hence de�nes an elemen t

of the algebra A ( 
 ) consisting of functions holomorphic in 
 and con tin uous on 
.

Of course, if � 2 A ( 
), (1.1) reduces to the Cauc h y in tegral form ula and � = � .

The represen tation (1.1) has man y applications in complex analysis. In the

theory of appro ximation of con tin uous functions on a compact set K � C b y

rational functions with p oles o� K , one is led b y considerations of dualit y to examine

measures supp orted on K . The Cauc h y transform of suc h a measure � is de�ned

b y

(1.2) ^� ( z ) =

Z

K

d� ( � )

� � z

The in tegral de�ning ^� con v erges absolutely for almost all z 2 C . Using (1.1), one

can easily sho w that for an y smo oth compactly supp orted function � ,

(1.3)

Z

K

� ( z ) d� ( z ) =

1

2 � i

Z

C

@ �

@ �z

^� ( z ) d �z ^ dz

That is, ^� satis�es the equation

(1.4)

@ ^�

@ �z

= � � �
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in the sense of distributions, and hence de�nes a holomorphic function on C n K .

The Cauc h y transform is a k ey to ol in rational appro ximation theory in the plane.

W e ha v e b een motiv ated b y problems of rational appro ximation for subsets of

the b oundary S of the unit ball in C

2

. It is p osible to do a kind of function theory

on S analogous to the theory of analytic functions in the plane. The op erator @ =@ �z

is replaced b y the tangen tial Cauc h y-Riemann op erator

(1.5) X = z

2

@

@ �z

1

� z

1

@

@ �z

2

:

X is w ell-de�ned on C

1

( S ) and for an y relativ ely op en subset 
 of S , annihilates

the restrictions to 
 of functions holomorphic in a neigh b orho o d of 
 in C

2

. The

solutions to X � = 0 on 
 are kno wn as CR functions on 
. A go o d general reference

for the theory of CR functions is the b o ok [ 2 ].

One w ould lik e an analogue of the Cauc h y transform for measures on S . Giv en

a measure � on S , G. Henkin in 1977 [ 4 ] constructed a function K

�

, summable

with resp ect to three-dimensional Hausdor� measure d� on S , satisfying

(1.6)

�

@

b

K

�

= � 2 �

2

�

in the sense of distributions, i.e.,

(1.7)

Z

S

� ( z ) d� ( z ) =

1

2 �

2

Z

S

K

�

X � d� ( z )

for all smo oth � , pro vided that � satis�es the necessary condition that

R

S

P d� = 0

for all p olynomials P . Note that (1.7) implies that K

�

is a CR function (in the

sense of distributions) o� the supp ort of � .

In attempting to use and understand Henkin's construction in the study of

rational appro ximation on subsets of S , w e w ere led to the analogue of the Cauc h y-

Green form ula (1.1) that w e presen t b elo w. It pla ys the same role with resp ect

to Henkin's form ula (1.6) as the classical Cauc h y-Green form ula on the plane do es

to equation (1.4). The resulting form ula, whic h is con tained in our Theorems 2.1

and 3.1 b elo w, is not new. It is giv en in a more general setting in Chen and Sha w

([ 3 ], see the remarks follo wing Corollary 11.3.5) as a consequence of the theory of

Henkin for solving the

�

@

b

equation on the b oundary of a strictly con v ex domain in

C

n

. Our approac h to establishing this Cauc h y-Green form ula on the sphere in C

2

is direct and elemen tary , and leads immediately to the prop ert y (1.6) of Henkin's

transform K

�

.

Let A ( B ) denote the algebra of functions holomorphic in the op en unit ball

B of C

2

and con tin uous on its closure. W e seek a k ernel H ( � ; z ), de�ned for

( � ; z ) 2 S � S , suc h that for all � 2 C

1

( S ), there exists � 2 A ( B ) with

(1.8) � ( z ) = �( z ) + c

Z

S

H ( � ; z ) @ � ( � ) ^ ! ( � )

for all z 2 S , where ! ( � ) = d�

1

^ d�

2

,

�

@ � = ( @ �=@ �z

1

) d �z

1

+ ( @ �=@ �z

2

) d �z

2

, and c is a

univ ersal constan t. W e call (1.8) a \Cauc h y-Green form ula for S ". W e will demand

that H ha v e the follo wing prop erties:
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a: H ( � ; z ) is con tin uous on S � S n f z = � g ;

b: F or all unitary transformations U of determinan t 1, H ( U � ; U z ) = H ( � ; z );

c:

R

S

j H ( � ; e

1

) j d� ( � ) < 1 , where e

1

= (1 ; 0), and d� is three-dimensional

Hausdor� measure

1

on S .

Prop erties (b) and (c) together with the unitary in v ariance of d� imply that H is

uniformly summable with resp ect to d� , i.e., there exists a constan t C so that

(1.9)

Z

S

j H ( � ; z ) j d� ( � ) � C ; 8 z 2 S

They also imply that the in tegral

(1.10) K ( z ) �

Z

S

H ( � ; z ) @ � ( � ) ^ ! ( � )

app earing in (1.8) is �nite for all z 2 S , since @ � ^ ! is absolutely con tin uous with

resp ect to d� . A routine calculation giv es

(1.11) @ � ^ ! = 2( X � ) d�

on S , where X is the op erator in (1.5), for smo oth � . W e can sa y more ab out K :

Lemma 1.1 . If H satis�es pr op erties (a), (b) and (c), then K is c ontinuous on

S .

Pr oof. Fix z 2 S . F or � > 0, put S

�

( z ) = S n fj z � � j � � g and S

0

�

=

S \ fj z � � j � � g . Let

K

�

( z ) =

Z

S

�

( z )

H ( � ; z ) @ � ( � ) ^ ! ( � )

Then K

�

is con tin uous on S , b y prop ert y (a) of H . F or all z 2 S , b y (1.11),

j K ( z ) � K

�

( z ) j =

�

�

�

�

�

Z

S

0

�

( z )

H ( � ; z ) @ � ( � ) ^ ! ( � )

�

�

�

�

�

� M

Z

S

0

�

( z )

j H ( � ; z ) j d� ( � )

where M is a constan t indep enden t of z and � . Let e

1

= (1 ; 0) and c ho ose a

unitary transformation U of C

2

with U e

1

= z ; then U ( S

0

�

( e

1

)) = S

0

�

( z ). Then using

prop ert y (b),

Z

S

0

�

( z )

j H ( � ; z ) j d� ( � ) =

Z

S

0

�

( e

1

)

j H ( U � ; U e

1

) j d� ( U � ) =

Z

S

0

�

( e

1

)

j H ( � ; e

1

) j d� ( � )

Since

R

S

j H ( � ; e

1

) j d� ( � ) is �nite b y assumption (c),

lim

� ! 0

Z

S

0

�

( e

1

)

j H ( � ; e

1

) j d� ( � ) = 0

It follo ws that K

�

! K uniformly on S , and so K is con tin uous, as claimed.

W e sa y that a measure � on S is orthogonal to p olynomials if

(1.12)

Z

S

P d� = 0 ; 8 holomorphic p olynomials P

Giv en an y measure � on S , de�ne

(1.13) K

�

( � ) =

Z

S

H ( � ; z ) d� ( z ) ; � 2 S

1

d� is not normalized; � ( S ) = 2 �

2

.
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Lemma 1.2 . A kernel H ( � ; z ) satisfying (a), (b) and (c) satis�es (1.8) if and

only if for e ach me asur e � on S ortho gonal to p olynomials

(1.14)

Z

S

� d� = c

Z

S

K

�

@ � ^ !

for al l � 2 C

1

( S ) .

Pr oof. Supp ose �rst that H ( � ; z ) satis�es (a), (b), (c) and (1.8). Let � b e a

measure on S orthogonal to p olynomials. Fix � 2 C

1

( S ), and let � 2 A ( B ) b e as

in (1.8). Since p olynomials are dense in A ( B ),

R

S

� d� = 0. Hence b y (1.8),

Z

S

� ( z ) d� ( z ) =

Z

S

�

c

Z

S

H ( � ; z ) @ � ( � ) ^ ! ( � )

�

d� ( z )

=

Z

S

�

c

Z

S

H ( � ; z ) d� ( z )

�

@ � ( � ) ^ ! ( � )

= c

Z

S

K

�

( � ) @ � ( � ) ^ ! ( � )

so that (1.14) holds. The application of F ubini's theorem is justi�ed b y (1.9).

Next, supp ose that (1.14) holds, for H satisfying (a), (b) and (c). Cho ose a

measure � on S orthogonal to p olynomials. Fix a function � 2 C

1

( S ), and de�ne

�( z ) = � ( z ) � c

Z

S

H ( � ; z ) @ � ( � ) ^ ! ( � )

By Lemma 1.1, � is con tin uous on S , and

Z

S

�( z ) d� ( z ) =

Z

S

� ( z ) d� ( z ) � c

Z

S

�

Z

S

H ( � ; z ) d� ( z )

�

@ � ^ ! ( � )

=

Z

S

� ( z ) d� ( z ) � c

Z

S

K

�

( � ) @ � ( � ) ^ ! ( � )

= 0

b y (1.14). Since this holds for all � orthogonal to p olynomials, � 2 A ( B ), and so

(1.8) follo ws.

In 1977, in [ 4 ] G. Henkin in tro duced the k ernel

(1.15) H ( � ; z ) =

�

�

1

�z

2

�

�

�

2

�z

1

j 1 � < z ; � > j

2

; � ; z 2 S

where <; > denotes the Hermitian inner pro duct < z ; � > = z

1

�

�

1

+ z

2

�

�

2

, and pro v ed

the form ula (1.14) using this k ernel. It is easy to c hec k that H satis�es prop erties

(a), (b) and (c) ab o v e. F orm ula (1.14) on S is actually v ery sp ecial case of a class

of general in tegral form ulae on smo oth con v ex domains established in [ 4 ]. In her

thesis [ 5 ], H.P . Lee ga v e an elemen tary pro of of Henkin's form ula for S ; the pap er

[ 8 ] of V arop oulous also con tains an exp osition of Henkin's results on the sphere.

F or applications of Henkin's form ula to rational appro ximation, see the pap er [ 6 ]

of Lee and W ermer.

In this pap er, w e shall

1. giv e a direct pro of of (1.8), using Henkin's k ernel (1.15);

2. giv e a form ula for �, in terms of � ;

3. deduce an appro ximation result (Theorem 4.1) from (1.8).
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1.1. Ac kno wledgmen t. The �rst author wishes to thank Joseph Cima for

helpful con v ersations on the results in section 3.

2. A Cauc h y-Green F orm ula using Henkin's Kernel

With H as in (1.15) and � 2 C

1

( S ) as in section 1 put

K ( z ) =

Z

S

H ( � ; z ) @ � ( � ) ^ ! ( � )

F or a 2 in t( 4 ), put r =

p

1 � j a j

2

and denote b y 


a

the circle z

2

= r � , j � j = 1 in

the z

2

-plane.

Lemma 2.1 . Fix a 2 4 . F or n = 0 ; 1 ; 2 ; : : : we have, putting z = ( a; z

2

) ,

(2.1)

Z




a

K ( z ) z

n

2

dz

2

= 4 �

2

Z




a

� ( z ) z

n

2

dz

2

Pr oof.

Z




a

K ( a; z

2

) z

n

2

dz

2

=

Z




a

�

Z

S

�

�

1

�z

2

�

�

�

2

�a

j 1 � a

�

�

1

� z

2

�

�

2

j

2

@ � ( � ) ^ ! ( � )

�

z

n

2

dz

2

=

Z

S

 

Z

j � j =1

(

�

�

1

r �� �

�

�

2

�a ) r

n +1

�

n

d�

(1 � a

�

�

1

� r �

�

�

2

)(1 � �a�

1

� r �� �

2

)

!

@ � ( � ) ^ ! ( � )

W e denote the inner in tegral b y I ( � ). Multiplying b oth n umerator and denom-

inator of the in tegrand b y � , w e get

I ( � ) =

Z

j � j =1

(

�

�

1

r �

�

�

2

�a� ) r

n +1

�

n

d�

r

�

�

2

h

1 � a

�

�

1

r

�

�

2

� �

i

(1 � �a�

1

)

h

� �

r �

2

1 � �a�

1

i

Let

�

1

=

1 � a

�

�

1

r

�

�

2

; and �

2

=

r �

2

1 � �a�

1

Note that �

1

�

2

= 1. W e ha v e

j r �

2

j

2

� j 1 � �a�

1

j

2

= (1 � j a j

2

)(1 � j �

1

j

2

) � j 1 � �a�

1

j

2

= 1 � j a j

2

� j �

1

j

2

+ j a j

2

jj �

1

j

2

� 1 � j �a j

2

j �

1

j

2

+ �a�

1

+ a

�

�

1

= � ( j a j

2

+ j �

1

j

2

� �a�

1

� a

�

�

1

)

= �j a � �

1

j

2
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It follo ws that j r �

2

j

2

< j 1 � �a �

1

j

2

unless a = �

1

, and so j �

2

j < 1, and j �

1

j > 1,

for �

1

6= a . The Residue Theorem giv es

1

2 � i

I ( � ) =

2

4

�

�

1

r �

�

�

2

�a�

2

r

�

�

2

(

1 � a

�

�

1

r

�

�

2

� �

2

)(1 � �a�

1

)

3

5

r

n +1

�

n

2

=

2

4

�

�

1

r �

�

�

2

�a (

r �

2

1 � �a�

1

)

r

�

�

2

(

1 � a

�

�

1

r

�

�

2

�

r �

2

1 � �a�

1

)(1 � �a �

1

)

3

5

r

n +1

�

n

2

=

2

4

(1 � �a�

1

)

�

�

1

r � (

�

�

2

�a ) r �

2

r

�

�

2

(

j 1 � �a�

1

j

2

r

�

�

2

� r �

2

)(1 � �a�

1

)

3

5

r

n +1

�

n

2

=

�

�

�

1

r � �a j �

1

j

2

r � �a j �

2

j

2

r

j 1 � �a �

1

j

2

� r

2

j �

2

j

2

�

r

n +1

�

n

2

1 � �a�

1

=

�

(

�

�

1

� �a ) r

j �

1

� a j

2

�

r

n +1

�

n

2

1 � �a�

1

=

�

r

�

1

� a

�

r

n +1

�

r �

2

1 � �a�

1

�

n

�

1

1 � �a�

1

�

=

r

2 n +2

�

n

2

(1 � �a�

1

)

n +1

�

1

�

1

� a

�

Th us

(2.2) I ( � ) = 2 � i �

r

2 n +2

�

n

2

(1 � �a�

1

)

n +1

�

1

�

1

� a

�

Let S

�

b e the part of S lying o v er the region

fj �

1

� a j � � g \ fj �

1

j � 1 g

in the �

1

-plane. Let T

�

denote the b oundary of S

�

. W e claim that

(2.3)

Z




a

K ( z ) z

n

2

dz

2

= � lim

� ! 0

�

Z

T

�

� ( � ) I ( � ) ! ( � )

�

T o establish the claim, note that

Z




a

K ( z ) z

n

2

dz

2

=

Z

S

@ � ^ ! � I

= lim

� ! 0

Z

S

�

@ � ^ ! � I

= lim

� ! 0

Z

S

�

d ( � ! I )

since I is holomorphic on S

�

for � > 0. By Stok es' Theorem, the latter in tegral

equals

�

Z

T

�

� ! I

pro ving the claim.

Note that T

�

is the torus

�

1

= a + �e

i�

; �

2

=

p

1 � j �

1

j

2

e

i 

; 0 � � ;  � 2 � :
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On T

�

w e ha v e the follo wing relations:

� ( � ) = � ( a; r e

i 

) + O ( � );

�

n

2

(1 � �a�

1

)

n +1

=

r

n

e

in 

(1 � j a j

2

)

n +1

+ O ( � ) =

r

n

e

in 

r

2 n +2

+ O ( � );

d�

1

= i�e

i�

d� ; d

�

�

1

= � i�e

� i�

d� ;

d�

2

=

� �

1

d

�

�

1

�

�

�

1

d�

1

2

p

1 � j �

1

j

2

e

i 

+ i

p

1 � j �

1

j

2

e

i 

d = ir e

i 

d + O ( � );

1

�

1

� a

=

1

�e

i�

:

Using this information together with (2.2) and (2.3) w e obtain

Z




a

K ( z ) z

n

2

= lim

� ! 0

�

� 2 � i

Z

T

�

� ( � ) r

2 n +2

�

n

2

(1 � �a�

1

)

n +1

1

( �

1

� a )

d�

1

^ d�

2

�

F or �xed � , w e rewrite the expression in brac k ets as

� 2 � i

Z

T

�

� ( a; r e

i 

) r

n

e

in 

id� ^ ir e

i 

d + O ( � )

Letting � go to zero w e obtain

Z




a

K ( z ) z

n

2

dz

2

= 2 �

Z

2 �

0

d�

Z

2 �

0

� ( a; r e

i 

)( r e

i 

)

n

( ir e

i 

) d 

= 4 �

2

Z




a

� ( z ) z

n

2

dz

2

This completes the pro of of (2.1) and Lemma 2.1.

Next, w e de�ne an op erator T on C

1

( S ) as follo ws:

(2.4) ( T � )( z ) = 4 �

2

� ( z ) � K ( z ) ; for z 2 S; � 2 C

1

( S )

Letting X denote the tangen tial Cauc h y-Riemann op erator on S as in section 1,

using (1.11) w e can write

T � = 4 �

2

� �

Z

S

H ( � ; z ) ( X � )( � ) d� ( � )

Lemma 2.2 . Fix � 2 C

1

( S ) . L et L b e a c omplex line in C

2

. Then the r estric-

tion of T ( � ) to L \ S extends analytic al ly to L \ B .

Pr oof. Lemma 2.1 giv es us, for eac h a 2 in t( 4 ), that

(2.5)

Z




a

( T � )( z ) z

n

2

dz

2

= 0 ; n = 0 ; 1 ; 2 ; : : :

Note that 


a

= L

a

\ S , where L

a

is the line f z

1

= a g . Then (2.5) implies

that T � extends analytically to the disk L

a

\ B . Using the unitary in v ariance of

H ; � ; and X , it is not hard to c hec k that for all � 2 C

1

( S ),

(2.6) ( T � ) � U = T ( � � U )

Fix a complex line L . Let N denote the complex line passing through the origin

whic h is orthogonal to L , and let z

0

denote the in tersection p oin t N \ L . W rite

L = f z

0

+ � t j t 2 C g for some unit v ector � . If U is a unitary transformation with

U e

2

= � , where e

2

= (0 ; 1) then U maps the line f z

2

= 0 g to N , and maps some

p oin t ( a; 0) to z

0

. Then U (( a; 0) + t (0 ; 1)) = z

0

+ t� , for all t 2 C . So U maps
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the line L

a

to L and maps the disk L

a

\ B to L \ B . By (2.6), T � j

L \ S

extends

analytically to the disk L \ B if and only if ( T � ) � U j

L

a

\ S

extends to L

a

\ B . This

last is true b y (2.5), as w e ha v e noted earlier, and so the pro of is complete.

By Lemma 1.1, since H satis�es prop erties (a), (b) and (c) of section 1, K

and th us T � are con tin uous on S . By Lemma 2.2, T � has the \one-dimensional

extension prop ert y" as de�ned b y Stout in [ 7 ], p. 105. A theorem of Agrano vskii

and V al'skii [ 1 ] then giv es that T � lies in the ball algebra A ( B ). Putting � = T ( � ),

w e ha v e arriv ed at

Theorem 2.3 . L et � 2 C

1

( S ) . Then ther e exists � 2 A ( B ) such that

4 �

2

� ( z ) = �( z ) +

Z

S

H ( � ; z ) @ � ( � ) ^ ! ( � )

wher e H is Henkin 's kernel

H ( � ; z ) =

�

�

1

�z

2

�

�

�

2

�z

1

j 1 � < z ; � > j

2

3. The Cauc h y-Green form ula and the Cauc h y transform

In this section w e iden tify the ball algebra function � app earing in Theorem

2.3 as a certain principal v alue of the Cauc h y transform of � . The Cauc h y k ernel

for B is

C ( z ; � ) =

1

(1 � < z ; � > )

2

F or z 2 S w e set

N

�

( z ) = f � 2 S : j < � ; z > j > 1 � � g

and w e denote the b oundary of N

�

( z ) b y �

�

( z ).

Theorem 3.1 . Fix � 2 C

1

( S ) . If � is as in The or em 2.3, then for z 2 S ,

�( z ) = 2 lim

� ! 0

Z

S n N

�

( z )

� ( � ) C ( z ; � ) d� ( � )

Remark 3.2 . Since C ( z ; � ) =2 L

1

( d� ), it is not immediate that the limit in

Theorem 3.1 exists.

Pr oof. As in sections 1 and 2, set

K ( z ) =

Z

S

H ( � ; z ) @ � ( � ) ^ ! ( � ) = lim

� ! 0

Z

S n N

�

( z )

H ( � ; z ) @ � ( � ) ^ ! ( � )

F or � > 0 �xed,

Z

S n N

�

( z )

H ( � ; z ) @ � ( � ) ^ ! ( � ) =

Z

S n N

�

( z )

d [ H ( � ; z ) � ( � ) ^ ! ( � )]

�

Z

S n N

�

( z )

[ @ H ( � ; z )] ^ � ( � ) ^ ! ( � )

=

Z

�

�

( z )

H ( � ; z ) @ � ( � ) ^ ! ( � )

� 2

Z

S n N

�

( z )

( X H )( � ; z ) � ( � ) d� ( � )
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2

9

b y Stok es' theorem, if �

�

( z ) is orien ted as the b oundary of S n N

�

( z ). W e ha v e also

used equation (1.11) from section 1. A computation sho ws (di�eren tiation is in the

� v ariable)

( X H )( � ; z ) = � C ( z ; � )

so that

K ( z ) = lim

� ! 0

"

Z

�

�

( z )

H ( � ; z ) � ( � ) ^ ! ( � ) � 2

Z

S n N

�

( z )

C ( � ; z ) � ( � ) d� ( � )

#

Since

�( z ) = 4 �

2

� ( z ) � K ( z )

b y Theorem 2.3, the pro of will b e complete if w e can sho w that

(3.1) lim

� ! 0

Z

�

�

( z )

H ( � ; z ) � ( � ) ^ ! ( � ) = 4 �

2

� ( z )

T o establish (3.1), c ho ose a unitary map U with U e

1

= z . Then for �xed � > 0,

Z

�

�

( z )

H ( � ; z ) � ( � ) ^ ! ( � ) =

Z

�

�

( e

1

)

H ( � ; e

1

) ( � � U )( � ) ^ ! ( � )

The torus �

�

( e

1

) = f � : j �

1

j = 1 � � g , orien ted as the b oundary of S n N

�

( e

1

), is

parametrized b y

�

1

= (1 � � ) e

i�

1

; �

2

= r

�

e

i�

2

; 0 � �

1

; �

2

� 2 �

where

r

�

=

p

1 � (1 � � )

2

Then on �

�

( e

1

),

! ( � ) = d�

1

^ d�

2

= � (1 � � ) r

�

e

i�

1

e

i�

2

d�

1

^ d�

2

;

( � � U )( � ) = ( � � U )( e

i�

1

; 0) + O ( � ) ;

and

H ( � ; e

1

) =

� r

�

e

� i�

2

j 1 � (1 � � ) e

i�

1

j

2

whic h giv es

Z

�

�

( z )

H ( � ; z ) � ( � ) ^ ! ( � ) =

Z

�

�

( e

1

)

H ( � ; e

1

) ( � � U )( � ) ^ ! ( � )

=

Z

2 �

0

Z

2 �

0

(1 � � ) r

2

�

e

i�

1

( � � U )( e

i�

1

; 0)

j 1 � (1 � � ) e

i�

1

j

2

d�

1

d�

2

+ I

�

(3.2)

where

j I

�

j � C

Z

2 �

0

Z

2 �

0

r

2

�

j 1 � (1 � � ) e

i�

1

j

2

d�

1

d�

2

for some C > 0. An application of the P oisson in tegral form ula sho ws that the �rst

in tegral in (3.2) con v erges to 4 �

2

( � � U )( e

1

) = 4 �

2

� ( z ) as � ! 0, while lim

� ! 0

I

�

= 0.

This completes the pro of.
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4. An Appro ximation Theorem

Fix � 2 C

1

( S ). The quan tit y

dist( �; A ( B )) = inf fk � � g k : g 2 A ( B ) g

where k � k is the uniform norm on S measures ho w closely � can b e appro ximated

b y p olynomials on S .

Theorem 4.1 . Ther e exists C > 0 so that for al l � 2 C

1

( S ) ,

dist ( �; A ( B )) � C k X � k

Pr oof. Let k H k

1

denote the L

1

� d� norm of Henkin's k ernel H ( � ; z ) (whic h

is indep enden t of z 2 S ). By the represen tation in Theorem 2.3, there exists

� 2 A ( B ) so that for z 2 S ,

j 4 �

2

� ( z ) � �( z ) j =

�

�

�

�

Z

S

H ( � ; z ) @ � ( � ) ^ ! ( � )

�

�

�

�

= 2

�

�

�

�

Z

S

H ( � ; z )( X � )( � ) d� ( � )

�

�

�

�

� 2 k H k

1

k X � k

from whic h the result follo ws.
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