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Abstract. Let � b e the graph of a H• older con tin uous function o v er a Swiss

c heese E con tained in the op en unit disk and ha ving the prop ert y that ev ery

Jensen measure for R ( E ) is trivial. W e sho w that if � lies in the b oundary of

the unit ball in C

2

, then R (�) = C (�). In the app endix w e giv e a geometric

in terpretation of a class of sets X on the sphere in tro duced b y R. Basener,

for whic h R ( X ) 6= C ( X ).

1. In tro duction

Let X b e a compact subset of C

n

. W e denote b y R

0

( X ) the algebra of all functions

P =Q where P and Q are p olynomials on C

n

and Q 6= 0 on X , and w e denote b y

R ( X ) the uniform closure of R

0

( X ) in the space C ( X ) of con tin uous functions on

X . W e are in terested in �nding conditions on X that imply that R ( X ) = C ( X ),

i.e., that eac h con tin uous function on X is the uniform limit of a sequence of

rational functions holomorphic in a neigh b orho o d of X .

W e denote b y h

r

( X ) the rationally con v ex h ull of X , de�ned as the set of

p oin ts y 2 C

n

suc h that ev ery p olynomial Q with Q ( y ) = 0 v anishes at some p oin t

of X . The follo wing is a necessary condition for the equalit y R ( X ) = C ( X ):

(1.1) h

r

( X ) = X :

If (1.1) holds, w e sa y that X is r ational ly c onvex . Rational con v exit y is in visible

when studying rational appro ximation on plane sets, since ev ery compact plane

set satis�es (1.1).

In this article w e shall b e concerned with the sp ecial case of this question when

X is a closed subset of the unit sphere @ B = f ( z ; w ) : j z j

2

+ j w j

2

= 1 g in C

2

. The

�rst result on this problem w as obtained b y Ric hard Basener [4 ] in 1972. Basener

constructed a family of rationally con v ex sets X

E

� @ B for whic h R ( X ) 6= C ( X ).

Let E b e a compact subset of the op en unit disk D � f z 2 C : j z j < 1 g . F or eac h
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z 2 D w e put




z

= f w 2 C : j z j

2

+ j w j

2

= 1 g :

De�nition 1.1. X

E

= f ( z ; w ) : z 2 E and w 2 


z

g .

De�nition 1.2. A Jensen me asur e for a p oin t z 2 E , relativ e to the algebra R ( E ),

is a probabilit y measure � on E suc h that

log j f ( z ) j �

Z

E

log j f j d� for all f 2 R ( E ) :

F or information on Jensen measures, see [6].

De�nition 1.3. The set E is of typ e ( � ) if for all z 2 E , the only Jensen measure

for z relativ e to R ( E ) is the p oin t mass �

z

.

Theorem 1.4 (Basener, [4]) . L et E b e a c omp act subset of the op en unit disk.

Assume that R ( E ) 6= C ( E ) , and that E is of typ e ( � ) . Then X

E

is r ational ly

c onvex and R ( X

E

) 6= C ( X

E

) .

In the con v erse direction, Basener sho w ed the follo wing (see section 3 of [5 ]): if X

E

is rationally con v ex, then E is of t yp e ( � ). W e note that if a compact plane set E

is of t yp e ( � ) and R ( E ) 6= C ( E ), then E has empt y in terior and the complemen t

of E is in�nitely connected. Sets E with prop ert y ( � ) satisfying R ( E ) 6= C ( E ) are

kno wn to exist; see the remarks on the \Swiss c heese" sets b elo w.

Corollary 1.5. L et E b e of typ e ( � ) . Then e ach close d subset Y of X

E

is r ational ly

c onvex.

Pr o of. Fix a p oin t x 2 C

2

n Y . If x lies outside X

E

, then there exists a p olynomial

P with P ( x ) = 0 and P 6= 0 on X

E

, hence P 6= 0 on Y . If x lies in X

E

, then x

b elongs to @ B n Y . It follo ws that there exists a linear function L with L ( x ) = 1

and j L j < 1 on @ B n f x g . Then L � 1 v anishes at x but not on Y .

This corollary pro vides us with a large collection of rationally con v ex subsets of

@ B on whic h to test the question: what is required of a subset Y of @ B , b ey ond

rational con v exit y , in order that the equalit y R ( Y ) = C ( Y ) ma y hold? W e mak e

the follo wing conjecture:

Conjecture : L et E b e a set of typ e ( � ) and let f b e a c ontinuous c omplex-value d

function de�ne d on E such that j f ( z ) j =

p

1 � j z j

2

for al l z 2 E . Denote by �

f

the gr aph of f in C

2

:

�

f

= f ( z ; f ( z )) : z 2 E g :

Then R (�

f

) = C (�

f

).

In Section 2 w e shall pro v e a sp ecial case of this conjecture in Theorem 2.1.

Swiss Cheeses : The classical example of a compact plane set E without in terior

suc h that R ( E ) 6= C ( E ) is the so-called \Swiss c heese" of S. Mergely an and A.
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Roth (see [6]). Fix a closed disk D

0

� D and c ho ose a coun table family of disjoin t

op en disks D

j

; j = 1 ; 2 ; : : : con tained in D

0

, in suc h a w a y that

E � D

0

n

1

[

j =1

D

j

has empt y in terior. W e assume that

P

1

1

r

j

< 1 , where r

j

is the radius of D

j

. It

follo ws that R ( E ) 6= C ( E ) (see [6]). McKissic k and others ha v e constructed Swiss

c heeses with prop ert y ( � ). A t the end of this article, in the App endix, w e sho w

that X

E

can b e regarded as a three-dimensional Swiss c heese.

2. Rational Appro ximation on Graphs in @ B

In our pap er [3], en titled \Rational Appro ximation on the Unit Sphere in C

2

," w e

treated cases of the conjecture stated in the In tro duction. T o obtain the equalit y

R ( X ) = C ( X ) for certain subsets X of @ B , w e imp osed on X a strengthening of

the rational con v exit y condition whic h w e called the \h ull-neigh b orho o d prop ert y"

(see Theorem 2.5 of [3 ]).

It turns out that for a graph �

f

in @ B , where f is a function de�ned on a set

of t yp e ( � ) and satisfying a mild regularit y condition, w e can disp ense with the

assumption of the h ull-neigh b orho o d condition. W e ha v e the follo wing:

Theorem 2.1. L et E b e a c omp act subset of the op en unit disk D of typ e ( � ) and

let f b e a c ontinuous function on D satisfying a H• older c ondition

j f ( z ) � f ( z

0

) j � M j z � z

0

j

�

for al l z ; z

0

2 D ;

wher e M and � ar e c onstants, 0 < � < 1 . Assume j f ( z ) j =

p

1 � j z j

2

for al l

z 2 D . L et �

f

denote the gr aph of f over E . Then R (�

f

) = C (�

f

) .

Before b eginning the pro of, w e giv e some preliminaries. Our pro of will b e based on

a transform of measures on @ B , giv en b y G. Henkin in 1977 in [7 ], whic h generalizes

the Cauc h y transform of measures on plane sets. Let � b e a complex measure on

@ B . In [7 ], Henkin de�ned the k ernel

(2.1) H ( � ; z ) =

�

1

z

2

� �

2

z

1

j 1 � h z ; � ij

2

on @ B � @ B n f z = � g , where h ; i denotes the standard Hermitian inner pro duct in

C

2

. Henkin's transform is the function

K

�

( � ) =

Z

@ B

H ( � ; z ) d� ( z ) :

Then K

�

2 L

1

( @ B ) and K

�

is smo oth on @ B n supp( � ). (see also [10]).

If � is orthogonal to p olynomials, Henkin sho w ed that

(2.2)

Z

� d� =

1

4 �

2

Z

@ B

K

�

@ � ^ ! ; where ! ( z ) = dz

1

^ dz

2
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for all � 2 C

1

( @ B ). It follo ws that if X is a closed subset of @ B and � is a measure

supp orted on X with � orthogonal to R ( X ), then (2.2) holds. In [9] H.P . Lee and

J.W ermer pro v ed that in this setting if X is rationally con v ex, then K

�

extends

from @ B n X to the in terior of B as a holomorphic function, again denoted K

�

, b y

abuse of language.

F or eac h a 2 C w e put as earlier




a

= f w 2 C : j a j

2

+ j w j

2

= 1 g

and w e put

�

a

= f ( a; w ) : j a j

2

+ j w j

2

< 1 g :

So �

a

is the disk on the complex line f z = a g b ounded b y the circle

f ( a; w ) : w 2 


a

g . F or eac h a , K

�

restricted to �

a

is analytic. Without loss of

generalit y w e shall assume E � D

0

� f z : j z j < 1 � �

0

g for some �

0

> 0.

In the pro of of Theorem 2.1 w e shall mak e use of the follo wing four results

in our pap er [3] (pro v ed as Lemma 2.3, Lemma 2.2, Lemma 2.6, and form ula (14)

of section 4 of that pap er, resp ectiv ely):

Lemma 2.2. L et � b e a me asur e on @ B and put X = supp( � ) . Then for al l a 2 D

and for al l w 2 


a

, we have

(2.3) j K

�

( a; w ) j �

4 k � k

dist

4

(( a; w ) ; X )

:

Here k � k denotes the total v ariation of the measure � . In the next lemma, m

3

refers to three-dimensional Hausdor� measure.

Lemma 2.3. L et X b e a r ational ly c onvex subset of @ B with m

3

( X ) = 0 . L et � b e

a me asur e on X with � ? R ( X ) . If the holomorphic extension of K

�

to B b elongs

to the Har dy sp ac e H

1

( B ) , then � � 0 .

Lemma 2.4. With the notations of the pr e c e ding L emma, assume that for some

s > 0 , the r estriction of K

�

to �

a

lies in H

s

(�

a

) for almost al l a 2 D

0

. Then

K

�

2 H

1

( B ) and so, by L emma 2.3, � � 0 .

Lemma 2.5. L et f and �

f

b e as in The or em 2.1. Fix a me asur e � ortho gonal to

R (�

f

) . Ther e exists a c onstant c , dep ending on only on � , such that for al l a 2 D

and for al l w 2 


a

, we have

(2.4) j w � f ( a ) j

2 =�

� c � dist

2

(( a; w ) ; �

f

) :

W e are no w ready to b egin the pro of of Theorem 2.1.

Lemma 2.6. L et f b e as in The or em 2.1 and let � b e a me asur e on �

f

ortho gonal

to R (�

f

) . Ther e exists a c onstant � dep ending only on � such that for al l a 2 D

0

,

setting r =

p

1 � j a j

2

, we have

(2.5)

Z

2 �

0

j K

�

( a; r e

i�

) j

�= 8

d� � �:
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Pr o of. Fix a 2 D

0

; � 2 [0 ; 2 � ] and put w = r e

i�

. By (2.4),

1

dist

4

(( a; w ) ; �

f

)

�

c

2

j w � f ( a ) j

4 =�

:

The estimate (2.3) then giv es

j K

�

( a; w ) j �

4 k � k c

2

j w � f ( a ) j

4 =�

and so

j K

�

( a; w ) j

�= 8

�

c

2

j w � f ( a ) j

1 = 2

;

where c

2

is a constan t dep ending only on � . Th us

Z

2 �

0

j K

�

( a; r e

i�

) j

�= 8

d� � c

2

Z

2 �

0

d�

j r e

i�

� f ( a ) j

1 = 2

:

W e write f ( a ) = r e

i�

0

. Then the righ t-hand side equals

c

2

Z

2 �

0

d�

r

1 = 2

j e

i�

� e

i�

0

j

1 = 2

�

c

2

r

1 = 2

Z

2 �

0

d�

j e

i�

� 1 j

1 = 2

:

Note that the in tegral on the righ t hand side of the last inequalit y is �nite. Also,

since j a j < 1 � �

0

, there exists r

0

> 0 suc h that r > r

0

for ev ery a 2 D

0

. So

j K

�

( a; w ) j

�= 8

�

c

2

r

1 = 2

0

Z

2 �

0

d�

j e

i�

� 1 j

1 = 2

:

Denoting this last expression b y � , w e get (2.5).

Lemma 2.7. Fix a 2 D

0

n E . Put r =

p

1 � j a j

2

. F or R < r we have

(2.6)

Z

2 �

0

j K

�

( a; R e

i�

) j

�= 8

d� � �;

wher e � is the c onstant in (2.5).

Pr o of. Since a lies outside E , �

a

is disjoin t from �

f

, so the restriction of K

�

to

�

a

extends con tin uously to �

a

. It is w ell kno wn that the function

R !

Z

2 �

0

j K

�

( a; R e

i�

) j

�= 8

d�

is monotonic on 0 < R < r and con tin uous on 0 � R � r . So (2.5) implies

(2.6).

Lemma 2.8. Fix a

0

in E . Fix R <

p

1 � j a

0

j

2

. Then

(2.7)

Z

2 �

0

j K

�

( a; R e

i�

) j

�= 8

d� � �;

wher e � is the c onstant in (2.5).
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Pr o of. Cho ose a sequence f a

n

g con v erging to a

0

suc h that a

n

2 D

0

n E for eac h

n . F or n large, then, R <

p

1 � j a

n

j

2

. By Lemma 2.7,

Z

2 �

0

j K

�

( a

n

; R e

i�

) j

�= 8

d� � �; n � 1 :

Also K

�

( a

n

; R e

i�

) ! K

�

( a

0

; R e

i�

) uniformly on 0 � � � 2 � as n ! 1 since K

�

is con tin uous on in t ( B ). By con tin uit y , then, w e get (2.7).

Lemmas 2.7 and 2.8 sa y that for all a

0

2 D

0

, K

�

restricted to �

a

0

lies in

H

�= 8

(�

a

0

). Lemma 2.4 then yields that � � 0. Since this holds for eac h � or-

thogonal to R (�

f

), w e conclude that R (�

f

) = C (�

f

), and so Theorem 2.1 is

pro v ed. �

App endix: Geometric In terpretation of the sets X

E

W e shall sho w that the sets X

E

lying in @ B can b e seen as three-dimensional

analogues of the Swiss c heese E in C . W e denote k -dimensional Hausdor� measure

b y m

k

.

The Swiss c heese E is constructed b y remo ving a coun table family of disjoin t

op en disks D

j

from a closed disk D

0

. The follo wing prop erties hold:

(i):

P

1

j =1

m

1

( @ D

j

) < 1 ;

(ii): m

2

( E ) > 0;

(iii): The measure dz restricted to the union of the circles @ D

j

(prop erly

orien ted) is �nite on E and is orthogonal to R ( E ).

It follo ws immediately from (iii) that R ( E ) 6= C ( E ).

Let us no w start with a family of disks D

j

in C as ab o v e and let us replace

eac h D

j

b y the op en solid torus T

j

= f ( z ; w ) 2 @ B : z 2 D

j

g ; j = 1 ; 2 ; : : : ; with

T

0

= f ( z ; w ) 2 @ B : z 2 D

0

g . Set

E

�

= T

0

n

1

[

j =1

T

j

:

Then E

�

is a compact subset of @ B with the follo wing prop erties:

(i�) :

P

1

j =1

m

2

( @ T

j

) < 1 ;

(ii�) : m

3

( E

�

) > 0;

(iii�) : The measure � = dz ^ dw restricted to the union of the b oundaries

@ T

j

(prop erly orien ted) is �nite on E

�

and is orthogonal to R ( E

�

).

Prop erties (i�) and (ii�) follo w immediately from F ubini's Theorem and prop erties

(i) and (ii) of the Swiss Cheese. As for (iii�), the �niteness of � = dz ^ dw follo ws

from assumption (i�) together with the follo wing assertion.

Claim: Let M b e a smo oth t w o (real) dimensional submanifold of C

2

, S a Borel

subset of M , and m

2

t w o-dimensional Hausdor� measure. Then

k � k ( S ) � m

2

( S ) :
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Here k � k denotes the total v ariation measure of � .

Pr o of. Iden tify C

2

with R

4

using co ordinates

z = x + iy ; w = u + iv :

W e ma y assume that near S , M is giv en parametrically , i.e., is the image of a

smo oth map � from a neigh b orho o d of the origin in R

2

to M . Using co ordinates

( � ; � ) in R

2

, let E

1

; E

2

b e the images of the tangen t v ectors @ =@ � and @ =@ � under

the di�eren tial of �, so

E

1

= ( x

�

; y

�

; u

�

; v

�

) ; E

2

= ( x

�

; y

�

; u

�

; v

�

)

as v ectors in R

4

, where subscripts denote partial deriv ativ es. It is standard that

the t w o-dimensional v olume form on M is giv en b y (the area of the parallelogram

spanned b y E

1

; E

2

):

dV =

p

det( g ) d� d� ;

where g is the 2 � 2 matrix with en tries g

ij

= E

i

� E

j

, i; j = 1 ; 2 and � is the usual

inner pro duct in R

4

. It is also w ell-kno wn that

m

2

( S ) =

Z

S

dV :

On the other hand, writing dx = x

�

d� + x

�

d� , etc., w e obtain

dz ^ dw = ( dx + idy ) ^ ( du + idv ) = ( A + iB ) d� ^ d� ;

where

A = x

�

u

�

� x

�

u

�

� y

�

v

�

+ y

�

v

�

and

B = x

�

v

�

� x

�

v

�

+ y

�

u

�

� y

�

u

�

:

T o establish the claim it su�ces to sho w that

(2.8) det( g ) � A

2

+ B

2

:

A calculation giv es

det( g ) � ( A

2

+ B

2

) = ( x

�

y

�

� x

�

y

�

+ v

�

u

�

� v

�

u

�

)

2

;

whic h establishes (2.8) and completes the pro of of the claim.

T o pro v e the assertion of (iii�) that dz ^ dw is orthogonal to R ( E

�

), w e argue as

follo ws: �x a rational function f = P =Q , where P ; Q are p olynomials with Q 6= 0

on E

�

. The set f Q = 0 g \ T

0

is con tained in

S

1

j =1

T

j

. By Heine-Borel, there exists

an in teger suc h that this set is con tained in

S

n

j =1

T

j

. W e put 


n

= T

0

n

S

n

j =1

T

j

.

Then f is holomorphic on 


n

. By Stok es' Theorem applied to the form f dz ^ dw

on 


n

, w e ha v e

Z

@ 


n

f dz ^ dw =

Z




n

�

@ f ^ dz ^ dw :

The righ t-hand side of this equation v anishes, since f is analytic on a neigh b orho o d

of 


0

. The left-hand side approac hes

R

E

�

f d� as n ! 1 . So

R

E

�

f d� = 0. Th us
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� is orthogonal to f . Since this holds for eac h f 2 R

0

( E

�

), w e ha v e � orthogonal

to R ( E

�

).

Finally , w e remark that R ( E

�

) 6= C ( E

�

) clearly follo ws from (iii�). It is clear

that E

�

coincides with X

E

, b y the de�nition of X

E

in the In tro duction. F or an

arbitrary Swiss c heese E , X

E

will not b e rationally con v ex.

There is a substan tial literature related to the appro ximation questions treated

in this article. The references b elo w list some of the relev an t pap ers, as w ell as those

pap ers sp eci�cally cited in this article.
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