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1 In tro duction

Informally, a surfaceof revolution is a 2-dimensionalRiemannianmanifold �
equipped with an isometric circle action. Surfacesof revolution are among
the simplest objects in di�erential geometry; the metric is determined by
a single function of one real variable, hencecan be speci�ed by solving an
ordinary di�erential equation.

A function x : � → R is an \orbit parameter" if each level set of x
is a single orbit. Given an orbit parameter, a \pro�le" for � is a function
that determinesthe lengths of the orbits. For example,when the graph of a
function ξ is revolved about an axis in R 3, the \obvious" orbit parameter is
a Cartesiancoordinate x alongthe axis of revolution, and ξ itself is a pro�le.

This note constructs surfacesof revolution from an elementary, intrinsic
orbit parameterand pro�le function. The point of departure is a theoremof
Archimedes,whoseproof is nowadays an easycalculusexercise.Let S ⊂ R 3

be the unit sphere,regardedasa surfaceof revolution by �xing an arbitrary
diameter. A \zone" of S is a subsetboundedby two planesperpendicular to
the diameter,and the \height" of a zoneis the distancebetweenits bounding
planes.

Theorem 1.1 A zone of height h on the unit sphere has area 2πh; in par-

ticular, the area depends only on the height of the zone.

To reformulate, let x be a Cartesian coordinate along the diameter, and
let O be the equator {x = 0}. Each p ∈ S lies on a unique circle Op

perpendicular to the diameter; let 2πτ be the oriented area bounded by
O andOp. Theorem1.1assertsthat the extrinsic position x and the intrinsic
coordinate τ are the same orbit parameter.
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Of course,distancealongthe axisof rotation doesnot correspondsonicely
with zonal areaon a generalsurfaceof revolution, but in someways area is
a \b etter" parameter. With a judicious choiceof pro�le function, the Gauss-
ian curvature becomesextremely simple. The resulting description makesit
easyto study and classifysurfacesof revolution that have speci�ed Gaussian
curvature. The motivation comesfrom symplecticand K•ahler geometry, but
the idea and methods are elementary.

2 Abstract Surfaces of Revolution

Identify the circle S1 with the multiplicativ e group of complex numbers of
norm 1, and let P1 = C ∪ {∞} be the Riemann sphere,equipped with the
S1-action inducedby multiplication on C. In this note, an abstract surface of

revolution is a pair � = (D, g) consistingof a connected,S1-invariant domain
D ⊂ P1 and an S1-invariant metric g, possibly with conical singularities at
the �xed points.

General Metrics in Coordinates

There are two \natural" coordinate systemson an abstract surfaceof revo-
lution: isothermal parameters adapted to the circle action, and action-angle

coordinates. While each highlights aspects of the metric geometry, their in-
terplay is synergistic,and naturally suggeststhe \correct" choiceof pro�le.

Isothermal Parameters

A coordinate system(x, y) is said to be isothermal for the metric g if there
exists a (locally de�ned) function ψ = ψ(x, y) such that

g = e (dx2 + dy2).

On a surfaceof revolution, existenceof isothermal parametersis elementary.
To wit, chooselocal coordinates (r, θ) in which @

@� generatesthe S1 action.
Becausethe metric is invariant under the circle action, the components of g
do not depend on θ. Fix a point w0 ∈ D and considerthe curve through w0

that is everywhereg-orthogonal to the S1 orbits. Let s be a real coordinate
along this curve, and usethe circle action to extend s to all of D; in (s, θ),
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the metric has the form

g = e 1 (s) ds2 + e 2 (s) dθ2.

Now solve the di�erential equatione 1 (s)s0(t)2 = e 2 (s) for the function s, and
set ψ = ψ2 ◦ s. In (t, θ), the metric has the form

(2.1) g = e (t )
�
dt2 + dθ2

�
.

The Area Form and Action-Angle Coordinates

By (2.1), the areaelement of g is the 2-form

dA = e (t ) dt ∧ dθ.

Writing dτ for the exact 1-form e (t ) dt, the areaform is

(2.2) dA = dτ ∧ dθ.

The function τ , unique up to an additive constant, is a function of t alone,
i.e., is constant on the orbits of the S1 action.

A zone of � is a connectedregionboundedby two orbits. Equation (2.2)
immediately implies that the zone{τ0 ≤ τ ≤ τ1} has area 2π(τ1 − τ0) for
all τ0 and τ1. In symplectic geometry, an S1-invariant function with this
property is called a moment map of the circle action, and (τ, θ) are called
action-angle variables. Archimedes'theoremassertsthat for the unit sphere
in R 3, projection to a diameter is a moment map for the circle action that
revolvesthe sphereabout that diameter.

Introducing the function ϕ(τ ) = e (t ) , the metric g is given by

(2.3) ϕ(τ )
�
dt2 + dθ2) =

1
ϕ(τ )

dτ 2 + ϕ(τ ) dθ2.

The function ϕ is henceforthcalled the momentum profile of the metric.
Equation (2.3) implies that the length element alongan orbit is

p
ϕ(τ ) dθ,

sothe length of an orbit is 2π
p
ϕ(τ ). Similarly, the arc length element along

a generatorof the surfaceis

(2.4) ds =
p
ϕ(τ ) dt =

dτ
p
ϕ(τ )

.
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The geometry (in almost the literal senseof \earth measurement") of
the metric is depicted in Figure 2.1. Fix an orbit O and de�ne a function
τ : D → R by letting 2πτ (p) be the oriented area of the zonebounded by
O and the orbit through p. Let I ⊂ R be the image of τ , and de�ne the
non-negative function ϕ : I → R so that 2π

p
ϕ(τ ) is the length of the orbit

through p.

Area = 2πτ

O

Length = 2π
p
ϕ(τ )

p

Figure 2.1: A metric in terms of zonal area.

Constructing the Metric

In P1, the points 0 and∞, which are �xed by the S1-action, are exceptional.
If D contains �xed points of the circle action, then geometricproperties of
the metric, such as completenessor smooth extendibility, must be studied
separatelythere. Until further notice, it is assumedthat �xed points in D (if
any) havebeenremoved. The domainD on which the metric livesis therefore
a subsetof the punctured complexline C � . The isothermalcoordinates(t, θ)
are hereafter identi�ed with the global complexcoordinate w = exp(t + iθ).

Figure 2.1 expressesgeometric data|the moment map τ and the mo-
mentum pro�le ϕ|in terms of the components of the metric in isothermal
coordinates adapted to the circle action. In order to work analytically with
surfacesof revolution, it is desirableto reversethis development. Clearly g
can be recovered from τ and ϕ; remarkably, ϕ aloneis enough.

To avoid �xed points, consideran open interval I = (α, β). A momentum

profile is a positive function ϕ : I → R, of classC2 on a neighborhood of the
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closure. Given a momentum pro�le ϕ, the aim is to construct a surfaceof
revolution � = (D, g' ) and a function τ : D → I such that

(i) Each level set of τ is an orbit of the circle action.

(ii) The areaof the zone{τ0 ≤ τ ≤ τ1} is 2π (τ1 − τ0) for all τ0, τ1 ∈ I.

(iii) The length of the orbit {τ = τ0} is 2π
p
ϕ(τ0) for α < τ0 < β.

Begin by �xing τ0 ∈ I arbitrarily and setting

(2.5) a :=
Z �

� 0

dx

ϕ(x)
, b :=

Z �

� 0

dx

ϕ(x)
.

Because1/ϕ > 0 on (α, β), the equation

(2.6) t =
Z � (t )

� 0

dx

ϕ(x)

de�nes an increasing,di�erentiable function τ : (a, b) → (α, β). The metric
and area form, which a priori depend on τ0, are given by

g' = ϕ(τ ) (dt2 + dθ2), dA = ϕ(τ ) dt ∧ dθ

on the annulus D = {et+ i� ∈ C � | a < t < b}.
Di�eren tiating (2.6) with respect to t, τ 0 = ϕ(τ ), so dA = dτ ∧ dθ.

Properties (i){(iii) follow immediately. The function s : (a, b) → R de�ned
by

(2.7) s(t) =
Z � (t )

� 0

dx
p
ϕ(x)

givesthe geodesicdistancealong a generatorof � by (2.4).
To seethat the isometry classof g' doesnot depend on τ0, introducethe

function

(2.8) u(t) =
Z � (t )

� 0

x dx

ϕ(x)
.

Becauseτ 0 = ϕ(τ ), successive di�erentiation gives

u0 = τ, u00(t) = τ 0 = ϕ(τ ),
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or u00(t) = e (t ) in the notation of (2.1). Varying τ0 changesu by an additive
constant, which has no e�ect on e (t ) = u00(t). As a function of t, τ is the
inverseof a de�nite integral; changing the lower limit of integration in (2.5)
causesthe interval (a, b) to be translated, which doesnot alter the conformal
type of the annulus D. Geometrically, a choice of τ0 �xes the orbit O in
Figure 2.1.

Similar considerationsshow that the metric associated to the \translated"
pro�le τ 7→ ϕ(τ − τ0) is isometric to g' for every τ0 ∈ R, as is the metric
associated to the \re
ected" pro�le τ 7→ ϕ(−τ ). Speci�cally, a translational
changeof variable in (2.8) changesu by an addeda�ne function of t, while
re
ecting reversesthe orientation of the t axis. Neither a�ects the isometry
classof the resulting metric. It is thereforeharmlessto assume,asconvenient,
that 0 ∈ I = (α, β) or (if I 6= R) that α = 0.

The Gaussian Curv ature

In isothermalcoordinates(x, y), the Gaussiancurvature of g = e (dx2 + dy2)
is given by the well-known formula

K = −1
2e

�  (ψxx + ψyy).

On a surfaceof revolution, the conformal factor ψ is independent of θ, sothe
Gaussiancurvature simpli�es to

(2.9) K = −1
2e

�  (t )ψ00(t).

To computeK in terms of τ , �rst note that the equationdτ = ϕ(τ ) dt implies
e�  (t ) @

@t = @
@� and @

@t = ϕ(τ ) @
@� as vector �elds on D. Sinceψ(t) = logϕ(τ ),

substituting in (2.9) gives

(2.10) K = −1
2

@
@�

�
ϕ @

@� (logϕ)
�

= −1
2ϕ

00(τ ).

This striking formula is perhapsthe greatestadvantage of \momentum" co-
ordinates over more familiar coordinates usedin elementary di�erential ge-
ometry.

Remark 2.1 It is a pleasant, instructive exerciseto write out the Laplace-
Beltrami operator of g' in terms of ϕ. The resulting formula facilitates the
explicit study of spectral geometry, seefor example[3] and [7]. 2
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Completeness and Extendibilit y

Each end of the momentum interval I = (α, β) corresponds to a topological
end of �. Consider the \virtual" level set {τ = β}, which corresponds to
the orbit {t = b} in P 1. If ϕ(β) > 0, then the metric extendsto a metric
with a larger open momentum interval, so if β < ∞ we may as well assume
ϕ(β) = 0. Geometrically this meansthe orbits \close up" at the end, though
the virtual orbit may be at �nite or in�nite distance. If the orbit {τ = β}
is at �nite distance, it must be a �xed point (not a circle), so b = ∞. The
geometriccoordinates τ (area) and s (arc length), and the complex-analytic
coordinate t, behave surprisingly independently at endsof �, seeSection3.

If β = ∞, then the metric is completeat the corresponding end i�
Z 1

� 0

dx
p
ϕ(x)

diverges.For a rational pro�le ϕ, the integral divergesi� ϕ grows no faster
than quadratically as τ → ∞. Analogousobservations hold if α = −∞.

Supposeβ is �nite, and that ϕ(β) = 0 but ϕ0(β) 6= 0. Equation (2.6)
implies that t is unbounded near {τ = β}, which meansthe end contains
a �xed point of the circle action.1 Assumewithout loss of generality that
β = 0, and consider the zone {−ε ≤ τ ≤ 0} ⊂ D, whoseboundary has
length 2π

p
ϕ(−ε). Let s be the geodesicdistancefrom the �xed point to the

boundary. The cone angle φ at the �xed point is de�ned to be

φ = lim
" ! 0+

2π
p
ϕ(−ε)
s

,

and the metric extendssmoothly i� φ = 2π. l'H ôpital's rule gives

(2.11) φ = −ϕ0(β)π,

so the metric is smooth i� ϕ0(β) = −2. By symmetry, if −∞ < α and the
end {τ = α} is at �nite distance, then the metric extendssmoothly to the
�xed point i� ϕ0(α) = 2.

In the remaining case,ϕ and ϕ0 both vanish at β. By assumption, the
pro�le hasa C2 extensionto a neighborhood of β, soTaylor's theoremimplies

ϕ(τ ) =
ϕ00(β)

2
(τ − β)2 + o(τ − β)2

1Alternativ ely, (2.7) implies the distance to the end is �nite, so the end is a puncture
as noted previously.
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near β. This in turn implies that the arc length integral divergesnear β, so
the end is complete.

The respective possibilities,with β = ∞ or 1, are depicted in Figure 2.2.

0.0 0.5 1.0

0.25

0.50

0.75 ϕ1(τ ) = 2τ

ϕ2(τ ) = 2τ (1 − τ )

ϕ3(τ ) = 2τ (1 − τ )2

Figure 2.2: Momentum pro�les inducing smooth, completemetrics.

Conical Singularities and the Gauss-Bonnet Theorem

At a smooth point of �, the curvature form is K dA, the Gaussiancurvature
times the areaform. If v is an isolatedconicalsingularity, the angular defect

at v is 2π−φ, and the curvature form at v is de�ned to be the angular defect
times the δ-function supported at v. Equation (2.11) yields the following
observation.

Prop osition 2.2 If ϕ = 0 and ϕ0 6= 0 at a finite endpoint of the momentum

interval, then the angular defect at the corresponding end of � is
�
2−|ϕ0|

�
π.

In action-anglecoordinates, the Gauss-Bonnettheoremfor compactsur-
facesof revolution is the fundamental theoremof calculus. After scalingand
translating we may assumethe momentum interval is [−β, β]. By (2.10) and
Proposition 2.2, the total curvature of � is

Z

�
K dA =

�
2 + ϕ0(β)

�
π +

�
2− ϕ0(−β)

�
π + 2π

Z �

� �
−1

2ϕ
00= 4π.
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The Kazdan-Warner integrability condition [5] has a similar interpretation:
The Gaussiancurvature K = κ(τ ) is the secondderivative of a function that
vanishesat τ = ±β.

Classical Surfaces of Revolution

Not every abstract surfaceof revolution embeds in R 3, even if the image is
not assumedto be rotationally symmetric: A famoustheoremof Hilbert as-
sertsthat the hyperbolic planecannot even be immersedisometrically in R 3.
There is, however, an elementary criterion for embedability, assumingthe
imageis a classicalsurfaceof revolution:

Prop osition 2.3 Let � be the abstract surface of revolution associated to a

momentum profile ϕ. A portion of � embeds in R 3 as a surface of revolution

iff |ϕ0| ≤ 2 on the corresponding part of the momentum interval.

Pro of Let ξ be a positive function, and let � be the abstract surface
obtained by revolving the graph of ξ about the x-axis in R 3. The pro�le
gives the length squaredof @

@� , namely ϕ(τ ) = ξ(x)2. Di�eren tiating with
respect to x,

ϕ0(τ ) · τ 0(x) = 2ξ(x) · ξ0(x).

Equating the areaelements in the classicaland momentum descriptions,

dτ = ξ(x)
p

1 + ξ0(x)2 dx.

Combining theseobservations,

ϕ0(τ ) =
2ξ0(x)

p
1 + ξ0(x)2

, or ξ0(x) =
ϕ0(τ )

p
4− ϕ0(τ )2

.

This implies |ϕ0(τ )| ≤ 2, with equality i� |ξ0(x)| = ∞.

Several examplesare depicted in Section3.

Summary

The treatment above focusedprimarily on the metric away from �xed points,
and implicitly usedproperties of the pro�le at endpoints of the momentum
interval. For the record, here is a preciseaccount.
De�nition 2.4 Let I ⊂ R be an interval. A momentum profile is a function
of classC2 on a neighborhood of I that is positive on the interior of I.
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Theorem 2.5 Let ϕ : I → R be a momentum profile. There exists an

abstract surface of revolution (D, g' ), unique up to isometry, such that

• The image of the moment map τ : D → R is I.

• The orbit {τ = τ0} has length 2π
p
ϕ(τ0) for all τ0 ∈ I.

The Gaussian curvature of g' is K = −1
2ϕ

00(τ ) wherever the metric is smooth,

and the angular defect at a fixed point is (2− |ϕ0|)π. The metric is complete

at an end {τ = β} iff one of the following holds:

(Infinite-area end) |β| = ∞ and

Z �

� 0

dx
p
ϕ(x)

diverges.

(Smooth extension) β is finite, ϕ(β) = 0, and |ϕ0(β)| = 2.

(Finite-area end) β is finite, ϕ(β) = 0, and ϕ0(β) = 0.

3 Metrics of Speci�ed Curv ature

In momentum coordinates,specifying the Gaussiancurvature of a metric in
terms of zonal area is a matter of integrating twice. The construction is
thereforewell-adaptedto exhibiting a variety of interesting metrics.

Constan t Curv ature

Theorem 2.5 and Proposition 2.3 give a simple classi�cation of surfacesof
revolution that have constant Gaussiancurvature, together with an easy
characterization of when the abstract surfaceembeds in R 3 as a surfaceof
revolution. Many surfacesof constant negative curvature (such as the pseu-
dosphere)are seento be portions of complete abstract surfacesof revolution.

Smooth, complete metrics

A metric of constant Gaussiancurvature correspondsto a quadratic pro�le ϕ,
and the metric is smooth and completei�

• ϕ ≥ 0 on R, or

• |ϕ0(β)| = 2 at some(henceeach) root of ϕ.

10



Table 3.1 lists smooth, complete surfacesof revolution that have con-
stant Gaussiancurvature. Most of thesemetrics embed only partially in R 3

assurfacesof revolution, and no zoneof the Poincar�e metric (on the disk �)
embedsasa surfaceof revolution. The pseudosphereis the zonein the punc-
tured disk � � corresponding to the momentum interval (0, 1/c2). In the last
column, the annulus is determinedup to conformal equivalenceby the ratio
of the inner and outer radii. Each metric is scaledto have curvature ±c2 or
0, metrics are grouped by the sign of their curvature, and the momentum
pro�les are translated to have α = 0 when possible. For each integrand in
Table 3.1, the integrals in equation (2.6) are elementary, and the t integrals
can be inverted explicitly.

P1 C C � � � � Annulus

ϕ(τ ) 2τ − c2τ2 2τ λ2 2τ + c2τ2 c2τ2 λ2 + c2τ2

τ ∈ [0, 2c� 2] [0,∞) R [0,∞) (0,∞) (−∞,∞)

t ∈ [−∞,∞] [−∞,∞) R [−∞, 0) (−∞, 0)
�
− �

c� ,
�
c�

�

Table 3.1: Smooth, complete,constant-curvature surfacesof revolution.

Other examples

Every quadratic polynomial that is positive somewheregivesrise to a surface
of constant Gaussiancurvature via the momentum construction, though with
exactly one exception (the round sphere) the resulting metric is singular
and/or not embedable in R 3. There is a pleasant correspondencebetween
quadratic pro�les and the \standard zoo" presented in elementary di�erential
geometry. Figures 3.1 and 3.2 depict the negative curvature case;positive
curvature is similar.

A remarkable family arisesfrom quadratic pro�les ϕ(τ ) = λ2 − τ 2 with
λ > 1. Thesemetrics on P 1 seemto have unit curvature, yet their diameter
is at least πλ2 > π, in seemingcontradiction with Myers' theorem. The
discrepancyis resolved by (2.11): The conicalsingularitiesat the �xed points
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I

I I

I I I

Figure 3.1: Quadratic momentum pro�les; the heavy portion of each de�nes
a metric that embedsin R 3 asa surfaceof revolution, seeFigure 3.2.

carry negative curvature. Viewing these examplesas surfacesin R 3, the
explanation is di�erent: The portion that embedsis not complete.

Area, distance, and orbit length

An abstract surfaceof revolution is said to have bounded orbits if the pro�le
is a boundedfunction. If a surfacehasboundedorbits, and if an end of the
surfacehas �nite length, then the end also has �nite area. Inversely, if the
orbits are not boundedat an end of in�nite length, then the end necessarily
has in�nite area. Remarkably, these are the only generalconclusionsthat
can be drawn about abstract surfacesof revolution; the intuition furnished
by surfacesof revolution in R 3 can be misleading! Two examplesillustrate
what can happen:

• The data I = [0,∞), ϕ(τ ) = 2τ + τ 3 de�ne a metric of in�nite areaon
the disk, in which the distanceto the edgeof the disk is �nite.

• The data I = [0, 1), ϕ(τ ) = 2τ/(1 − τ ) give a metric on the disk with
unboundedorbits but having �nite area.
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I

I I

I I I

Figure 3.2: The geometricpro�les that correspond to the momentum pro�les
in Figure 3.1. Each generatesa surfaceof constant curvature −1.

Neither metric is complete,and neither can be extendednon-trivially .

Extremal Metrics

The Calabi energy of a metric g is the integral of the squareof the Gaussian
curvature,

E(g) =
Z

�
K2 dA.

A metric is extremal in the senseof Calabi if the metric is critical for the
energyamongall smooth metrics of �xed area.

The Calabi energy for metrics with conical singularities

The spaceof surfacesof revolution of area4π is identi�ed with the spaceof
momentum pro�les ϕ : [−1, 1] → R. Assumefrom now on that pro�les are
of classC4 and vanish at ±1. The Gaussiancurvature is K = − 1

2ϕ
00(τ ) for

τ ∈ (−1, 1), while the curvature form is the distribution

K dA = π
h�

2 + ϕ0(1)
�
δ(1) +

�
2− ϕ0(−1)

�
δ(� 1)

i
− 1

2ϕ
00(τ ) dA
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The Calabi energyis the integral of K2 dA over �:

(3.1) E(g' ) =
π

2

�
−ϕ00(1)

�
2 + ϕ0(1)

�
− ϕ00(−1)

�
2− ϕ0(−1)

�
+

Z 1

� 1
(ϕ00)2

�
.

Di�eren tiating with respect to ϕ and integrating by parts twice yields

(3.2)
2
π

_E(g' ) = −2
�

_ϕ00(1) + _ϕ00(−1)
�

+ (ϕ00_ϕ0− ϕ0 _ϕ00)
�
�
�
1

� 1
+ 2

Z 1

� 1
ϕ(4) _ϕ

For variations supported in (−1, 1), the boundary term contributes nothing.
Consequently, g' is extremal only if ϕ is a cubic polynomial. When g' is
smooth and the variation is tangent to the spaceof smooth metrics, the
samecondition is alsosu�cien t for extremality.

Remark 3.1 The Euler-Lagrangeequation(due to Calabi [2]) for a smooth
extremal metric on a compact holomorphic manifold is simple and striking:
The scalar curvature of the metric is a holomorphy potential|a function
whose gradient is a holomorphic vector �eld. To seehow this condition
is related to ϕ being cubic, observe �rst that ϕ is cubic i� the Gaussian
curvature (a.k.a. the scalar curvature, since � is a complex curve) is an
a�ne function of τ . But the complexgradient of τ is the holomorphicvector
�eld w @

@w . Conversely, a�ne functionsof τ arethe only S1-invariant functions
with this property, for if f (τ ) is a holomorphy potential on P 1, then f 0(τ ) is
a global holomorphicfunction, henceconstant. 2

Calabi [2] showed that the round metric is the only smooth extremal
metric of area 4π. This fact is easily recovered for surfacesof revolution.
Smoothnessmeans |ϕ0| = 2 at each endpoint of the momentum interval.
Assumewithout lossof generality that the endpoints are ±1. If the pro�le
is not quadratic, there exists β > 1 such that ϕ(τ ) = c(1 − τ 2)(β − τ ), and
this implies |ϕ0(−1)| 6= |ϕ0(1)|, so the metric is not smooth.

Equation (3.2) contains an additional condition for extremality,

(3.3) −2
�

_ϕ00(1) + _ϕ00(−1)
�

+ (ϕ00_ϕ0− ϕ0 _ϕ00)
�
�
�
1

� 1
= 0 for all _ϕ,

which says the energysupported at the �xed points is constant in�nitesimally ,
a condition on the domain of the energyfunctional as much as a restriction
on ϕ. Without someconstraint on the spaceof metrics, (3.3) is not satis�ed,
even for the round metric. Indeed,the family of pro�les ϕ(τ ) = c(1−τ 2), with
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c > 0, determinesa family of metrics for which the curvature concentrates
at the �xed points as c→ 0, and the energydoesnot achieve its in�m um.

Two natural constraints on the variation are:

• The energycarried by each end is �xed, so (3.3) holds by �at.

• The coneanglesare �xed, i.e., _ϕ0 vanishesat the endpoints.

If the energycarried by each end is �xed, then every cubic polynomial

ϕ(τ ) = c(1 + τ )(1 − τ )(β − τ )

with β ≥ 1 and c > 0 givesrise to a critical metric. Among theseis a unique
smooth metric, corresponding to the pro�le ϕ(τ ) = 1

2(1 + τ )(1 − τ )2. The
metric g' is de�ned on C andhasarea4π. Because|ϕ0(τ )| ≤ 2 for −1 ≤ τ < 1
(with equality i� τ = −1), the surface(C , g' ) embeds isometrically in R 3,
as a \teardrop" of radius 4

3
p

3
and with an in�nitely long tail.

−1.0 −0.5 0.0 0.5 1.0

ϕ(τ ) = 1
2(1 + τ )(1 − τ )2

τ

Figure 3.3: A cubic momentum pro�le de�ning a smooth metric.

0 1 2 3 4 5

y = ξ(x)
x

Figure 3.4: The embeddedgeometricpro�le.
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Under the weaker restriction that the variation �xes cone angles, the
round metric is critical, but is the only such metric. Indeed, (3.3) becomes

−2
�

_ϕ00(1) + _ϕ00(−1)
�
− (ϕ0 _ϕ00)

�
�
�
1

� 1
= 0 for all _ϕ.

Sinceϕ is cubic, there exist constants ai such that ϕ0(τ ) = a1 + 2a2τ + 3a3τ
2.

The metric closesup at both ends,so
R1

� 1ϕ
0 = 0, or a1 + a3 = 0. A short

calculation shows that

(a3 + a2 + 1) _ϕ00(1) + (−a3 + a2 + 1) _ϕ00(−1) = 0 for all _ϕ.

Consequently, a3 = a2 + 1 = 0; this meansϕ is a quadratic polynomial with
leading coe�cien t −1 that vanishesat ±1, so g' is the round metric.

History and Ac kno wledgemen ts

Though the momentum construction arisesnaturally in symplectic geome-
try, the author �rst encountered versionsof it in the di�erential geometry
literature. An instanceof the integral transform (2.6) appearsin a remark of
Calabi [1]. The construction as treated in this note perhapsowesits biggest
debt to a paper of Koiso and Sakane [6], in which momentum coordinates
are usedto construct positive Einstein-K•ahler metrics. The paper [4] is in
part an attempt to framevariousdi�erential-geometric constructionsin \mo-
mentum" language,while simultaneously unifying and generalizingexisting
results. The present note is intendedto bring the \�bre metric" portion of [4]
to a wider audience.

It is a pleasureto thank Michael A. Singer and John Bland for many
illuminating discussions.

References

[1] E. Calabi: Métriques Kähleriennes et fibrés holomorphes, Annales Sci-
enti�ques de l' �EcoleNormale Sup�erieure12 (1979), 268{294.

[2] E. Calabi: Extremal Kähler metrics, in Seminarson di�erential geom-
etry (S. T. Yau, ed.), Annals of Math. Studies, Princeton Univ. Press,
1982,259{290.

16



[3] M. Engman: Trace formulæ for S1 invariant Green’s operators on S2,
Manuscripta Math., 93 (1997), 357{368.

[4] A. D. Hwang and M. A. Singer: A momentum construction for circle-

invariant Kähler metrics, (2001), to appear in Trans. AMS.

[5] J. Kazdan and F. Warner: Curvature Functions for Compact 2-

Manifolds, Ann. Math. 99 (1974), 14-47.

[6] N. Koiso and Y. Sakane: Non-homogeneous Kähler-Einstein metrics on

compact complex manifolds in Curvature and topology of Riemannian
manifolds,SpringerLectureNotesin Mathematics1201, 1986,165{179.

[7] I. A. Taimanov: Surfaces of revolution in terms of solitons, Ann. Global
Analysis and Geom.,15, No. 5, Oct. 1997,419{435.

Andrew D. Hwang
Dept. of Ma thema tics and Computer Science
College of the Hol y Cr oss
Wor cester, MA, 01610-2395
ahwang@mathcs.holycross.edu

17


