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Abstra ct. W e consider the matrix Z

P

= Z

P

+ Z

t

P

, where the en tries of Z

P

are the

v alues of the zeta function of the �nite p oset P . W e giv e a com binatorial in terpreta-

tion of the determinan t of Z

P

and establish a recursiv e form ula for this determinan t

in the case in whic h P is a b o olean algebra.

x 1. Intr oduction

The theory of partially ordered sets (p osets) pla ys an imp ortan t role in en u-

merativ e com binatorics and b ey ond. F or example, the M• obius in v ersion form ula

for p osets generalizes sev eral fundamen tal theorems including the n um b er-theoretic

M• obius in v ersion theorem. F or a detailed review of p osets and M• obius in v ersion w e

refer the reader to [S1], c hapter 3, and [Sa]. Belo w w e pro vide a short exp osition

of the basic facts on the sub ject follo wing [S1].

A partially ordered set ( p oset ) P is a set whic h, b y abuse of notation, w e also call

P together with a binary relation, called a p artial or der and denoted � , satisfying:

(1) x � x for all x 2 P (re
exivit y).

(2) If x � y and y � x , then x = y (an tisymmetry).

(3) If x � y and y � z , then x � z (transitivit y).
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2 DETERMINANTS OF ZET A MA TRICES

Tw o elemen ts x and y are c omp ar able if x � y or y � x . Otherwise they are

inc omp ar able . W e write x < y to mean x � y and x 6= y .

De�nition. Let n 2 N . Consider the p oset P

n

of subsets of [ n ] under the inclusion

relation. This p oset is called a b o ole an algebr a of rank n . In [S1] it is denoted b y

2

[ n ]

.

The zeta function � of a p oset P is de�ned b y � ( x; y ) = 1 for all x � y in P .

The zeta function b elongs to the incidence algebra I ( P ) of P [S1]. If P is a lo cally

�nite p oset (i.e. ev ery in terv al in P is �nite), the zeta function � is in v ertible in

the algebra I ( P ). Its in v erse is called the M• obius function of P and is denoted b y

� . Note that one can de�ne � inductiv ely b y

� ( x; x ) = 1, for all x 2 P ;

� ( x; y ) = �

X

x � z <y

� ( x; z ) , for all x < y in P .

F or the remainder of the article, P will b e a p oset with n elemen ts and the

partial order denoted b y � . W e c ho ose a lab elling x

1

; x

2

; : : : ; x

n

of the elemen ts of

P suc h that x

i

< x

j

= ) i < j .

De�nition. The zeta matrix Z

P

of a p oset P is de�ned as the n � n matrix with

en tries

( Z

P

)

ij

=

�

1 if x

i

� x

j

0 otherwise

=

�

� ( x

i

; x

j

) if x

i

� x

j

0 otherwise

Observ e that, with the c hosen lab elling, the zeta matrix is unip oten t upp er

triangular. Its non-zero en tries are the v alues of the zeta function.

W e de�ne the matrix Z

P

b y Z

P

= Z

P

+ Z

t

P

. In Section x 2 w e giv e a com binatorial

in terpretation of the determinan t of Z

P

. The main theorem of the pap er ev aluates

the determinan t of Z

n

:= Z

P

n

when P

n

is the b o olean algebra of rank n . More

sp eci�cally , in Section x 3, w e pro v e the follo wing recursiv e form ula on n .

Main Theorem. If n � 3 is o dd, then det( Z

n

) = 0 . If n is even, then

det ( Z

n

) = 2

�

n

;

wher e �

2

= 2 , and �

n

= 4 �

n � 2

� 2 for n � 4 .

Consider also the matrix M

P

de�ned b y M

P

= M

P

+ M

t

P

, where M

P

= Z

� 1

P

.

The non-zero en tries of M

P

are the v alues of the M• obius function. W e refer to M

P

as the M• obius matrix of the p oset P . W e ha v e the follo wing theorem.
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Theorem 1. det( M

P

) = det( Z

P

) .

Pr oof. The theorem is a direct consequence of the follo wing lemma. �

Lemma 1. L et U b e an n � n matrix such that det( U ) = 1 and let V = U

� 1

.

Then, det ( U + U

t

) = det( V + V

t

) .

Pr oof. W e ha v e

V

t

+ V = ( U

� 1

)

t

+ U

� 1

= ( U

� 1

)

t

U U

� 1

+ ( U

t

)

� 1

U

t

U

� 1

= ( U

� 1

)

t

[ U + U

t

] U

� 1

:

Th us det( V + V

t

) = det(( U

� 1

)

t

) det( U + U

t

) det ( U

� 1

) and since det ( U ) = 1, w e

ha v e det( V + V

t

) = det( U + U

t

). �

The �rst author w ould lik e to thank Stev e Fisk for suggesting the recursion of

the Main Theorem. The Theorem w as conjectured b y Stev e Fisk in an unpublished

man uscript on orthogonal p olynomials on p osets.

x 2. Combina torial interpret a tion of det ( Z

P

)

In this section, w e discuss a com binatorial in terpretation of det ( Z

P

), giv en in

terms of the adjacency matrices of comparabilit y graphs. Sp eci�cally , consider a

p oset P as in the previous section with j P j = n . The matrix Y

P

= Z

P

� I

n

, in whic h

the diagonal en tries of Z

P

are replaced b y 0, can b e in terpreted as the adjacency

matrix of a dir e cte d gr aph (digraph) G

P

asso ciated to the strict order relation x < y

in P . The v ertices of G

P

are the elemen ts of P , and there is a directed edge from x

to y if and only if x < y . Elsewhere in the literature G

P

is called the c omp ar ability

gr aph of the p oset P . Similarly , the matrix Y

P

= Y

P

+ Y

t

P

is the adjacency matrix

of the directed graph D

P

in whic h there are edges in b oth directions b et w een eac h

pair of distinct comparable elemen ts x; y 2 P . Then w e ha v e

Z

P

= Z

P

+ Z

t

P

= Y

P

+ Y

t

P

+ 2 I

n

= Y

P

+ 2 I

n

;

and det( Z

P

) = det( Y

P

+ 2 I

n

) = � ( � 2) where � ( t ) is the c haracteristic p olynomial

� ( t ) = det( Y

P

� tI

n

) of the matrix Y

P

. W e will also call this the c haracteristic

p olynomial of the graph D

P

. The co e�cien ts of this c haracteristic p olynomial are

explicitly related to the n um b er of collections of disjoin t directed cycles in the graph

D

P

. F or further details w e refer the in terested reader to [C].

x 3. The Boolean algebra case

Let [ n ] = f 1 ; 2 ; : : : ; n g and consider the p oset P

n

= 2

[ n ]

of subsets of [ n ] under

the inclusion relation. Let Z

n

b e the matrix de�ned in x 1. The main result of the

pap er is the follo wing theorem.
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Theorem 2. If n � 3 is o dd, then det( Z

n

) = 0 . If n is even, then

det ( Z

n

) = 2

�

n

;

wher e �

2

= 2 , and �

n

= 4 �

n � 2

� 2 for n � 4 .

The pro of of the theorem will rely on sev eral lemmas. First, w e iden tify a

particularly useful lab elling of P

n

= 2

[ n ]

for our purp oses, and w e consider only

this lab elling for the remainder of the pap er. Eac h subset A 2 P

n

will b e enco ded

as a binary v ector v ( A ) of length n :

v ( A ) = ( v

n

; v

n � 1

; : : : ; v

1

)

where

v

i

=

�

1 if i 2 A;

0 if not.

F or example, in P

2

, v ( ; ) = 00, v ( f 1 g ) = 01, v ( f 2 g ) = 10 and v ( f 1 ; 2 g ) = 11.

Our lab elling of P

n

induces the usual n umerical ordering when w e in terpret v ( A )

as the binary expansion of an in teger m , with 0 � m � 2

n

� 1.

Using this lab elling yields an in teresting recursiv e structure in the matrices Z

n

.

Lemma 2. The matric es Z

n

and Z

n

have the fol lowing pr op erties.

(1) The entries of Z

n

ab ove the diagonal ar e the �rst 2

n

r ows in the Pasc al

triangle mo dulo 2.

(2) F or n � 2 , Z

n

and Z

n

have blo ck de c omp ositions:

Z

n

=

�

Z

n � 1

Z

n � 1

0 Z

n � 1

�

and Z

n

=

�

Z

n � 1

Z

n � 1

Z

t

n � 1

Z

n � 1

�

:

(This statement also holds with n = 1 if we take Z

0

= 2 , Z

0

= 1 .)

(3) The Z

n

matrix se quenc e c an b e gener ate d by a r e cursive pr o c e dur e as fol lows.

Given Z

n � 1

, to form Z

n

we r eplac e e ach entry 1 by a 2 � 2 blo ck

�

1 1

0 1

�

and e ach entry 0 by a 2 � 2 zer o matrix. F r om p art (2) , we get a similar

r e cursive pr o c e dur e for the Z

n

se quenc e.

Pr oof. These prop erties follo w directly from the de�nition of the matrices Z

n

and

Z

n

and the prop erties of the preferred lab elling on P

n

. �

T o ev aluate the determinan t det( Z

n

), w e follo w the general advice of [K] and

intr o duc e p ar ameters in the matrix en tries. Sp eci�cally , w e consider the matrix:

Z

n

( x; y ) = xZ

n

+ y Z

t

n

=

�

xZ

n � 1

+ y Z

t

n � 1

xZ

n � 1

y Z

t

n � 1

xZ

n � 1

+ y Z

t

n � 1

�
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Using the Maple computer algebra system, the determinan ts of the �rst few of these

matrices are found to b e:

(4)

n det ( Z

n

( x; y ))

1 x

2

+ xy + y

2

2 ( x + y )

2

( x

2

� xy + y

2

)

3 ( x � y )

2

( x

2

+ xy + y

2

)

3

4 ( x + y )

6

( x

2

� xy + y

2

)

5

5 ( x � y )

10

( x

2

+ xy + y

2

)

11

An in teresting recurrence explains the patterns eviden t in these examples.

Lemma 3. The determinants of the Z

n

( x; y ) matric es ar e r elate d by the fol lowing

r e curr enc e:

det( Z

n +2

( x; y )) = (det ( Z

n

( x; y ))

2

det( Z

n +1

( x; � y )) :

(Note that the right side involves b oth Z

n +1

and Z

n

and that y is ne gate d in the

se c ond factor.)

Pr oof. W e use part (2) of Lemma 2 t wice to form the follo wing blo c k decomp o-

sition of Z

n +2

( x; y ):

Z

n +2

( x; y ) =

0

B

@

xZ

n

+ y Z

t

n

xZ

n

xZ

n

xZ

n

y Z

t

n

xZ

n

+ y Z

t

n

0 xZ

n

y Z

t

n

0 xZ

n

+ y Z

t

n

xZ

n

y Z

t

n

y Z

t

n

y Z

t

n

xZ

n

+ y Z

t

n

1

C

A

(where eac h en try is a blo c k of size 2

n

� 2

n

). T o ev aluate the determinan t, w e

p erform blo c k-wise ro w and column op erations. T o simplify the notation, w e write

Z = Z

n

First subtract ro w 4 from eac h of the �rst three ro ws to obtain:

0

B

@

xZ xZ � y Z

t

xZ � y Z

t

� y Z

t

0 xZ � y Z

t

� y Z

t

0 � y Z

t

xZ � y Z

t

y Z

t

y Z

t

y Z

t

xZ + y Z

t

1

C

A

:

Subtract column 1 from eac h of the columns 2,3,4 to obtain:

0

B

@

xZ � y Z

t

� y Z

t

� xZ � y Z

t

0 xZ � y Z

t

� y Z

t

0 � y Z

t

xZ � y Z

t

y Z

t

0 0 xZ

1

C

A

:

Next, subtract column 2 from column 4:

0

B

@

xZ � y Z

t

� y Z

t

� xZ

0 xZ � y Z

t

� xZ � y Z

t

0 � y Z

t

xZ 0

y Z

t

0 0 xZ

1

C

A

:



6 DETERMINANTS OF ZET A MA TRICES

Add column 1 to column 4, then add ro w 4 in the resulting matrix to ro w 2:

Z

0

=

0

B

@

xZ � y Z

t

� y Z

t

0

y Z

t

xZ � y Z

t

0

0 � y Z

t

xZ 0

y Z

t

0 0 xZ + y Z

t

1

C

A

:

Expanding along the last column w e obtain

(5) det ( Z

n +2

( x; y )) = det ( Z

0

) = det( xZ + y Z

t

) det

0

@

xZ � y Z

t

� y Z

t

y Z

t

xZ � y Z

t

0 � y Z

t

xZ

1

A

:

The �rst factor on the righ t of (5) is det( Z

n

( x; y )). Con tin uing with the 3 � 3

matrix, subtract column 3 from column 2:

0

@

xZ 0 � y Z

t

y Z

t

xZ + y Z

t

� y Z

t

0 � xZ � y Z

t

xZ

1

A

;

then add ro w 3 to ro w 2:

0

@

xZ 0 � y Z

t

y Z

t

0 xZ � y Z

t

0 � xZ � y Z

t

xZ

1

A

:

Expanding along column 2, w e ha v e

det( Z

n +2

( x; y )) = det( Z

n

( x; y ))

2

det

�

xZ � y Z

t

y Z

t

xZ � y Z

t

�

= det( Z

n

( x; y ))

2

det

�

xZ � y Z

t

� y Z

t

xZ xZ � y Z

t

�

= det( Z

n

( x; y ))

2

det ( Z

n +1

( x; � y )) ;

as claimed. F or the last equalit y , w e p erform ro w and column in terc hanges to put

the �nal matrix sho wn in to the form:

�

xZ � y Z

t

xZ

� y Z

t

xZ � y Z

t

�

required for Z

n +1

( x; � y ). �

F rom the initial cases computed with Maple in (4) and the recurrence from

Lemma 3, w e see that there are nonnegativ e in tegers �

n

; �

n

suc h that

(6) det ( Z

n

( x; y )) = ( x + ( � 1)

n

y )

�

n

( x

2

� ( � 1)

n

xy + y

2

)

�

n

:

Moreo v er, the recurrence from Lemma 3 implies that

(7)

�

�

n +2

= 2 �

n

+ �

n +1

;

�

n +2

= 2 �

n

+ �

n +1

:

W e also ha v e the follo wing fact that is eviden t from (4):



DETERMINANTS OF ZET A MA TRICES 7

Lemma 4. F or al l n � 1 , �

n

= �

n

+ ( � 1)

n +1

.

Pr oof. This follo ws b y induction. The base cases come from the Maple com-

putations in (4) ab o v e: �

1

= 0 ; �

1

= 1, and �

2

= 2 ; �

2

= 1. F or the induction

step, assume that the claim of the lemma has b een pro v ed for all ` � k + 1. Then

subtracting the t w o recurrences from (7) sho ws that

�

k +2

� �

k +2

= 2( �

k

� �

k

)+ �

k +1

� �

k +1

= 2( � 1)

k +1

+( � 1)

k +2

= ( � 1)

k +1

= ( � 1)

k +3

: �

Pro of of Theorem 2: T o determine the determinan t of the original Z

n

= Z

n

(1 ; 1),

w e simply substitute x = y = 1 in (6). The factors of x � y sho w immediately that

det( Z

n

) = 0 if n is o dd. Moreo v er, when n is ev en w e ha v e det( Z

n

) = 2

�

n

. W e solv e

the �rst recurrence in (7) for �

n

b y the standard metho d for second order linear

recurrences with constan t co e�cien ts. The c haracteristic equation is r

2

� r � 2 = 0,

whose ro ots are r = 2 ; � 1. Hence �

n

= c

1

(2)

n

+ c

2

( � 1)

n

for some constan ts c

1

; c

2

.

The initial conditions �

1

= 0 ; �

2

= 2 sho w that c

1

= 1 = 3 ; c

2

= 2 = 3. Hence:

�

n

=

1

3

(2)

n

+

2

3

( � 1)

n

:

Hence if n , and therefore also n + 2, are ev en, w e ha v e

�

n +2

=

1

3

(2)

n +2

+

2

3

= 4

�

1

3

(2)

n

+

2

3

�

� 2 = 4 �

n

� 2 : �

Corollary 1. If n is even, then

det( Z

n

) = 2

2

n

+2

3

:
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