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Abstra ct. W e establish a simple inductiv e form ula for the trace T r

new

k

(�

0

(8) ; p ) of the p -th

Hec k e op erator on the space S

new

k

(�

0

(8)) of newforms of lev el 8 and w eigh t k in terms of

the v alues of

3

F

2

-h yp ergeometric functions o v er the �nite �eld F

p

. Using this form ula when

k = 6, w e pro v e a conjecture of Koik e relating T r

new

6

(�

0

(8) ; p ) to the v alues

6

F

5

(1)

p

and

4

F

3

(1)

p

. F urthermore, w e �nd new congruences b et w een T r

new

k

(�

0

(8) ; p ) and generalized

Ap � ery n um b ers.

1. Intr oduction and st a tement of resul ts

Let p b e an o dd prime, and let F

p

denote the �nite �eld with p elemen ts. F or an y

m ultiplicativ e c haracter � on F

�

p

, extend � to a c haracter on F

p

b y de�ning � (0) := 0. F or

t w o c haracters A and B on F

p

, w e de�ne the normalized Jacobi sum (

A

B

) b y

(1.1)

�

A

B

�

:=

B ( � 1)

p

J ( A; B ) =

B ( � 1)

p

X

x 2 F

p

A ( x ) B (1 � x ) ;

where B is the complex conjugate of the c haracter B .

Let n b e a p ositiv e in teger. F or c haracters A

0

; A

1

; : : : ; A

n

and B

1

; B

2

; : : : ; B

n

on F

p

, Greene

[8] de�ned the Gaussian hyp er ge ometric series over F

p

b y

(1.2)

n +1

F

n

�

A

0

; A

1

; : : : ; A

n

B

1

; : : : ; B

n

x

�

p

:=

p

p � 1

X

�

�

A

0

�

�

� �

A

1

�

B

1

�

�

� � �

�

A

n

�

B

n

�

�

� ( x ) ;

where the sum is tak en o v er all c haracters � on F

p

. Let " denote the trivial c haracter, and let

� denote the quadratic c haracter mo dulo p (the prime p will alw a ys b e clear from con text).

Sp ecializing to our purp oses, de�ne

(1.3)

n +1

F

n

( x ) :=

n +1

F

n

�

�; �; : : : ; �

"; : : : ; "

x

�

p

=

p

p � 1

X

�

�

��

�

�

n +1

� ( x ) :

T o emphasize the dep endence on p , w e will o ccasionally write

n +1

F

n

( x )

p

:=

n +1

F

n

( x ).

One imp ortan t role of Gaussian h yp ergeometric functions is that they pro vide form ulas

for the F ourier co e�cien ts of certain mo dular forms. F or example, if � 2 Q n f 0 ; 1 g and p is
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a prime of go o d reduction for the Legendre normal form elliptic curv e

E ( � ) : y

2

= x ( x � 1)( x � � ) ;

then � � ( � 1) p

2

F

1

( � )

p

is the p -th F ourier co e�cien t of the w eigh t 2 newform asso ciated to

E ( � ) b y the Shim ura-T aniy ama corresp ondence [11 ], [16]. Similarly , if

� 2

�

� 1 ; 4 ;

1

4

; � 8 ; �

1

8

; 64 ;

1

64

	

;

then, for all but �nitely man y primes p , it turns out that

3

F

2

( � )

p

is essen tially the p -th F ourier

co e�cien t of an explicit w eigh t 3 newform with complex m ultiplication that is asso ciated to

a certain singular K 3 surface X

�

(see Corollary 11.20 of [17]).

In view of these examples, it is natural to seek further form ulas for co e�cien ts of mo dular

forms in terms of Gaussian h yp ergeometric functions. Here w e address the problem of

obtaining a \Gaussian h yp ergeometric trace form ula" for the action of Hec k e op erators. F or

p ositiv e in tegers N and k , let S

k

(�

0

( N )) denote the space of cusp forms of w eigh t k on the

congruence subgroup �

0

( N ). Let S

new

k

(�

0

( N )) denote the subspace generated b y its lev el

N newforms. F urthermore, let T r

k

(�

0

( N ) ; p ) denote the trace of the Hec k e op erator T

p

on

S

k

(�

0

( N )), and similarly let T r

new

k

(�

0

( N ) ; p ) denote the trace of T

p

on S

new

k

(�

0

( N )).

The Eic hler-Selb erg trace form ula [9] giv es a precise description of T r

k

(�

0

( N ) ; p ); ho w-

ev er, the form ula is quite complicated (for example, see Theorem 2.2). Here w e giv e a simple

form ula, inductiv e in k , for T r

new

k

(�

0

(8) ; p ) in terms of the v alues

3

F

2

( � ). Moreo v er, Theo-

rem 1.1 b elo w pro vides a complete description of the traces of Hec k e op erators T

p

for cusp

forms on �

0

(8).

T o state this result, w e �rst �x notation. Let k � 2 b e ev en. If p � 1 (mo d 4), then w e

can uniquely write p = a

2

+ b

2

, where a and b are p ositiv e in tegers, and where a is o dd. Then

w e de�ne

(1.4) "

k

( p ) :=

(

1

2

(4 a

2

� p )

k

2

� 1

+

1

2

(4 b

2

� p )

k

2

� 1

if p � 1 (mo d 4),

� ( � p )

k

2

� 1

if p � 3 (mo d 4).

R emark. Using Theorem 4.3 (2), it is straigh tforw ard to v erify that

(1.5) "

k

( p ) = � ( � 1)

k

2

h

1

2

( p + p

2

3

F

2

(1))

k

2

� 1

+

1

2

( p � p

2

3

F

2

(1))

k

2

� 1

i

:

Also, for o dd primes p and k � 4, de�ne the function H

k

( p ) b y

(1.6) H

k

( p ) := p

k � 2

p � 1

X

� =2

� ( � � ) � (1 � � )

k

2

� 1

3

F

2

( � )

k

2

� 1

;

and set H

2

( p ) := � � ( � 1). Let [

n

j

] denote the trinomial co e�cien t de�ned b y the expansion

(1.7) (1 + x + x

� 1

)

n

=

n

X

j = � n

�

n

j

�

x

j

:

Theorem 1.1. If p is an o dd prime and k � 2 is even, then

T r

new

k

(�

0

(8) ; p ) = � H

k

( p ) � "

k

( p )

�

k

2

� 1

X

j =1

��

k

2

� 1

k

2

� j � 1

�

�

�

k

2

� 1

k

2

� j

��

p

j

T r

new

k � 2 j

(�

0

(8) ; p ) :
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R emark. As p oin ted out b y the referee, w e can repac k age Theorem 1.1 in terms of generating

functions. Moreo v er, if w e let c

j

( d ) denote the co e�cien t of x

j

in (1 � x )(1 + x + x

2

)

d

, then

Theorem 1.1 b ecomes the more compact

(1.8) "

k

( p ) + H

k

( p ) +

k

2

� 1

X

j =0

p

j

c

j

(

k

2

� 1) T r

new

k � 2 j

(�

0

(8) ; p ) = 0 :

It is also in teresting to consider the generating function

P

k

T r

new

k

(�

0

(8) ; p ) x

k

2

� 1

. W e can

m ultiply (1.8) b y x

k

2

� 1

and sum o v er k ; after reindexing the sum of traces w e obtain

X

k � 2 ev en

( "

k

( p ) + H

k

( p )) x

k

2

� 1

+

X

k � 2 ev en

1

X

j =0

p

j

c

j

(

k

2

+ j � 1) T r

new

k

(�

0

(8) ; p ) x

k

2

+ j � 1

= 0 :

The �rst sum is a geometric series. Using prop erties of the n um b ers c

j

( d ) (see [13, p. 316]),

w e then �nd that

E

k

( x ) +

p � 1

X

� =2

� ( � � )

1 � � (1 � � ) p

2

3

F

2

( � ) x

+ A ( px )

X

k � 2 ev en

T r

new

k

(�

0

(8) ; p )( xB ( px ))

k

2

� 1

= 0 ;

where

A ( x ) =

1 + x �

p

1 � 2 x � 3 x

2

2 x (1 + x )

; B ( x ) =

1 � x �

p

1 � 2 x � 3 x

2

2 x

2

;

and

E

k

( x ) =

(

1 = 2

1 � (4 a

2

� p ) x

+

1 = 2

1 � (4 b

2

� p ) x

if p � 1 (mo d 4),

�

1

1+ px

if p � 3 (mo d 4).

By setting

R ( x ) :=

x

1 + px + p

2

x

2

;

w e then observ e

(1.9)

X

k � 2 ev en

T r

new

k

(�

0

(8) ; p ) x

k

2

� 1

=

�

1 + px

1 + px + p

2

x

2

"

E

k

( R ( x )) +

p � 1

X

� =2

� ( � � )

1 � � (1 � � ) p

2

3

F

2

( � ) R ( x )

#

:

Th us

P

k

T r

new

k

(�

0

(8) ; p ) x

k

2

� 1

is a rational function. By computing the v alues of

3

F

2

( � )

explicit y , w e can compute this rational function for sp eci�c v alues of p . F or example, w e �nd

(1.10)

X

k � 2 ev en

T r

new

k

(�

0

(8) ; 3) x

k

2

� 1

= �

4 x

1 + 5 x + 15 x

2

+ 27 x

3

:

F or larger primes the rational functions b ecome more and more complicated.

R emark. It is reasonable to exp ect that there are generalizations of Theorem 1.1 for other

�

0

( N ), whic h will b e the sub ject of further study . Ho w ev er, there do es not app ear to b e a

simple w a y of obtaining a general result in whic h the c hoice of parameters in the relev an t

Gaussian h yp ergeometric functions are giv en a priori as a function of N . With the prop er

h yp ergeometric functions in hand, it seems lik ely that pro ofs of suc h generalizations w ould

follo w from argumen ts similar to the ones presen ted here.
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Theorem 1.1 has some immediate consequences. Here w e describ e sev eral applications. As

usual, let � ( z ) denote Dedekind's eta-function

(1.11) � ( z ) := q

1 = 24

1

Y

n =1

(1 � q

n

) ;

where q := e

2 � iz

. Let � (2 z )

4

� (4 z )

4

=

P

1

n =1

a ( n ) q

n

b e the unique newform in S

new

4

(�

0

(8)). If

p is an o dd prime, then Theorem 1.1 implies that

T r

new

4

(�

0

(8) ; p ) = a ( p ) = � H

4

( p ) � "

4

( p ) = � p � p

2

p � 1

X

� =2

� ( � � ) � (1 � � )

3

F

2

( � ) :

By Theorem 3.13 of [8] (see also Prop osition 4.1 (2)), w e ha v e p

2

P

p � 1

� =2

� ( � � ) � (1 � � )

3

F

2

( � ) =

p

3

4

F

3

(1), and so

(1.12) T r

new

4

(�

0

(8) ; p ) = a ( p ) = � p

3

4

F

3

(1) � p:

This form ula is the conclusion of Theorem 6 of [3 ], and is equiv alen t to the assertion that

the Calabi-Y au threefold giv en b y

x +

1

x

+ y +

1

y

+ z +

1

z

+ w +

1

w

= 0

is mo dular.

As another application, w e recall the follo wing conjecture of Koik e [12].

Conjecture (Koik e) . L et � ( z )

8

� (4 z )

4

+ 8 � (4 z )

12

=

P

1

n =1

b ( n ) q

n

b e the unique newform in

S

new

6

(�

0

(8)) . If p is an o dd prime, then

b ( p ) = � p

5

6

F

5

(1) + p

4

4

F

3

(1) + (1 � � ( � 1)) p

2

:

By com bining Theorem 1.1 with transformation la ws for Gaussian h yp ergeometric functions,

w e obtain the follo wing.

Corollary 1.2. Koike's Conje ctur e is true.

In addition to their relationship with co e�cien ts of mo dular forms, Gaussian h yp ergeomet-

ric functions ha v e also pla y ed imp ortan t roles in the pro ofs of \sup ercongruence" conjectures

of Beuk ers [5], [6] and Ro driguez-Villegas [19] (see [3], [14], [15 ]). F or primes p � 5, the fol-

lo wing congruence due to Mortenson [15] is t ypical

p � 1

X

n =0

(6 n )!

( n !)(2 n )!(3 n )!

� 2

� 4 n

3

� 3 n

� � ( � 1) (mo d p

2

) :

Other w orks b y Ahlgren [1], Koik e [11], and the second author [16] pro vide further examples

of p -adic results for com binatorial expressions whose pro ofs require these functions.

As an additional application, w e consider congruences of the t yp e originally considered b y

Beuk ers [5], [6]. If n is a p ositiv e in teger, then de�ne the Ap � ery numb er A ( n ) b y

(1.13) A ( n ) :=

n

X

j =0

�

n + j

j

�

2

�

n

j

�

2

:

These n um b ers pla y ed an imp ortan t role in Ap � ery's celebrated pro of of the irrationalit y of

� (3). In 1987, Beuk ers related these n um b ers to mo dular forms [6]; he pro v ed that if p is an
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o dd prime, then

(1.14) T r

new

4

(�

0

(8) ; p ) � A

�

p � 1

2

�

(mo d p ) :

He w en t on to conjecture that

T r

new

4

(�

0

(8) ; p ) � A

�

p � 1

2

�

(mo d p

2

) :

Using (1.12) , the Gross-Koblitz form ula for the p -adic Gamma-function, some p -adic analysis,

and the WZ metho d, Ahlgren and the second author [3] successfully pro v ed this conjecture.

Using Theorem 1.1, it is no w p ossible to obtain generalizations of suc h congruences. F or

brevit y , w e shall b e con ten t with congruences mo dulo primes p . T o state these results, for

in tegers m , ` , � , and n , de�ne the gener alize d Ap � ery numb er A ( m; `; � ; n ) b y

(1.15) A ( m; `; � ; n ) :=

n

X

j =0

�

n + j

j

�

m

�

n

j

�

`

�

j

:

Of course, w e ha v e that A ( n ) = A (2 ; 2 ; 1; n ).

Theorem 1.3. Supp ose that k � 4 is even, and that p is an o dd prime.

(1) If

k

2

� 2 (mo d p � 1) , then

T r

new

k

(�

0

(8) ; p ) � A

�

p � 1

2

�

(mo d p ) :

(2) If

k

2

� 3 (mo d p � 1) , then

T r

new

k

(�

0

(8) ; p ) � A

�

2 ; 4 ; 1;

p � 1

2

�

(mo d p ) :

In general, w e ha v e the follo wing.

Theorem 1.4. If k � 4 is even and p is an o dd prime, then

T r

new

k

(�

0

(8) ; p ) � �

(1 + ( � 1)

k

2

� 1

)

2

� A

�

1 ; 2 ; 1;

p � 1

2

�

k

2

� 1

�

p � 1

X

� =2

� ( � � ) � (1 � � )

k

2

� 1

A

�

1 ; 2 ; � ;

p � 1

2

�

k

2

� 1

(mo d p ) :

R emark. Mortenson has kindly p oin ted out that, as an immediate corollary to Theorem 1.3,

one has the follo wing. As in the statemen t of Koik e's conjecture, w e let

P

b ( n ) q

n

b e the

F ourier expansion of the unique newform in S

6

(�

0

(8)). Then for all o dd primes p ,

b ( p ) �

p � 1

X

n =0

(

1

2

)

6

n

( n !)

6

(mo d p ) ;

where as usual, ( a )

n

:= a ( a + 1) � � � ( a + n � 1) for n > 0 and ( a )

0

= 1. In fact, Mortenson

p oin ts out that this congruence app ears to hold mo dulo p

5

.
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In Section 2 w e recall a form ulation of the Eic hler-Selb erg trace form ula for the groups

�

0

(4) and �

0

(8), and w e state a form ula, whic h will b e pro v ed in Section 7, for the group

�

0

(2) (see Theorem 2.3). In Section 3 w e then in terpret these trace form ulas in terms of

the n um b ers of F

p

-p oin ts on certain classes of v arieties, and in Section 4 w e recall essen tial

facts regarding Gaussian h yp ergeometric functions. Assuming the truth of Theorem 2.3, in

Section 5 w e com bine all of these results to pro v e Theorem 1.1 and Corollary 1.2. In Section

6 w e pro v e Theorems 1.3 and 1.4. In Section 7, w e conclude with a pro of of Theorem 2.3.

2. Tra ce f ormulas

Fix a prime p � 3, and let k � 2 b e ev en. Using the v ersion of the Eic hler-Selb erg

trace form ula due to Hijik ata [9 , Thm. 2.2], w e will pro v e form ulas for T r

k

(�

0

( N ) ; p ) when

N = 2, 4, and 8. In the end, w e consider simpli�cations of Hijik ata's form ula that relate

T r

k

(�

0

( N ) ; p ) to the n um b er of p oin ts on certain v arieties o v er F

p

.

W e b egin b y �xing notation. W e will mak e sp ecial use of t w o families of elliptic curv es:

2

E

1

( � ) : y

2

= x ( x � 1)( x � � ) ;(2.1)

3

E

2

( � ) : y

2

= ( x � 1)( x

2

+ � ) :(2.2)

F or a prime p � 3 and � 2 F

p

, the traces of F rob enius

2

A

1

( p; � ) and

3

A

2

( p; � ) are

2

A

1

( p; � ) = p + 1 � j

2

E

1

( � )( F

p

) j ; � 6= 0 ; 1 ;(2.3)

3

A

2

( p; � ) = p + 1 � j

3

E

2

( � )( F

p

) j ; � 6= 0 ; � 1 :(2.4)

W e will rewrite the relev an t trace form ulas using these quan tities.

Let

(2.5) F

k

( x; y ) :=

x

k � 1

� y

k � 1

x � y

:

The relations x + y = s and xy = p uniquely de�ne a p olynomial G

k

( s; p ) = F

k

( x; y ).

Moreo v er, a straigh tforw ard induction giv es

(2.6) G

k

( s; p ) =

k

2

� 1

X

j =0

( � 1)

j

�

k � 2 � j

j

�

p

j

s

k � 2 j � 2

:

The p olynomial G

k

( s; p ), ev aluated at certain v alues of s , is a k ey part of Hijik ata's form ula

for T r

k

(�

0

( N ) ; p ) (e.g. see Theorem 2.2). An imp ortan t observ ation is that among the v arious

pieces of Hijik ata's form ula, for �xed lev el N , the only part that v aries with k is G

k

( s; p ).

Moreo v er, ev en the p oin ts s at whic h w e ev aluate G

k

( s; p ) dep end only on N and not on k .

The follo wing prop osition app ears in [2, Thms. 1{2], in the case of lev el 4, w eigh t 6, and

in [4 , Thms. 1{2], in the case of lev el 8, w eigh t 4. In fact, the form ulas b elo w hold for all

ev en k � 4 with exactly the same pro ofs.

Prop osition 2.1 ((1) Ahlgren [2]; (2) Ahlgren-Ono [4 ]) . If p is an o dd prime, and k � 4 is

even, then the fol lowing ar e true.

(1) T r

k

(�

0

(4) ; p ) = � 3 �

p � 1

X

� =2

G

k

(

2

A

1

( p; � ) ; p ) .

(2) T r

k

(�

0

(8) ; p ) = � 4 �

p � 2

X

� =2

G

k

(

2

A

1

( p; �

2

) ; p ) .
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W e set more notation. F or d < 0 and d � 0, 1 (mo d 4), let O ( d ) b e the order of

discriminan t d in the imaginary quadratic �eld Q (

p

d ). Let h ( O ( d )) = h ( d ) b e the class

n um b er of O ( d ), and ! ( O ( d )) = ! ( d ) =

1

2

jO ( d )

�

j . Finally , let h

�

( d ) = h ( d ) =! ( d ). Also,

recall the de�nition of the Kronec k er sym b ol for d ,

(2.7)

�

d

2

�

:=

8

>

<

>

:

0 if d � 0 (mo d 4),

1 if d � 1 (mo d 8),

� 1 if d � 5 (mo d 8).

Theorem 2.2 b elo w is Hijik ata's v ersion of the Eic hler-Selb erg trace form ula at lev el 2, whose

deriv ation from the general form ula is a straigh tforw ard calculation whic h w e omit.

Theorem 2.2 (Hijik ata [9, Thm. 2.2]) . L et p b e an o dd prime, and let k � 2 b e even.

T r

k

(�

0

(2) ; p ) = � 2 � � ( p )( � p )

k

2

� 1

�

X

0 <s< 2

p

p

s ev en

G

k

( s; p )

X

f j t

h

�

�

s

2

� 4 p

f

2

�

c ( s; f ) ;

wher e

� ( p ) =

8

>

<

>

:

1

2

h

�

( � 4 p ) if p � 1 (mo d 4) ,

3 h

�

( � p ) if p � 3 (mo d 8) ,

2 h

�

( � p ) if p � 7 (mo d 8) ,

and wher e if s

2

� 4 p = t

2

D , with D the discriminant of Q (

p

D ) , and if f j t ,

c ( s; f ) =

(

1 +

�

D

2

�

if ord

2

( f ) = ord

2

( t ) ,

2 if ord

2

( f ) < ord

2

( t ) .

As b efore, whenev er p � 1 (mo d 4), w e let a , b � 0, a o dd, b e de�ned b y the expression

p = a

2

+ b

2

. W e then de�ne

(2.8) �

k

( p ) :=

(

1

2

G

k

(2 a; p ) +

1

2

G

k

(2 b; p ) if p � 1 (mo d 4),

( � p )

k

2

� 1

if p � 3 (mo d 4).

The follo wing theorem pro vides the lev el 2 v ersion of Prop osition 2.1.

Theorem 2.3. F or a prime p � 3 and k � 4 even,

T r

k

(�

0

(2) ; p ) = � 2 � �

k

( p ) �

p � 2

X

� =1

G

k

(

3

A

2

( p; � ) ; p ) :

W e p ostp one the pro of of Theorem 2.3, whic h is self-con tained, un til Section 7.
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3. Counting points on v arieties o ver F

p

F or k � 4 ev en, de�ne three sequences of v arieties U

k

, V

k

, and W

k

, whic h are h yp ersurfaces

in a�ne k -space, b y

U

k

: y

2

=

k � 2

Y

i =1

( x

i

� 1)( x

2

i

+ � ) ;(3.1)

V

k

: y

2

=

k � 2

Y

i =1

x

i

( x

i

� 1)( x

i

� � ) ;(3.2)

W

k

: y

2

=

k � 2

Y

i =1

x

i

( x

i

� 1)( x

i

� �

2

) :(3.3)

One sees readily that U

k

, V

k

, and W

k

are constructed from families of elliptic curv es with sub-

groups of the form Z = 2 Z , Z = 2 Z � Z = 2 Z , and Z = 4 Z � Z = 2 Z resp ectiv ely . Geometrically , these

v arieties are essen tially of Kuga-Sato t yp e: for example, there is an easily de�ned surjectiv e

map on to V

k

from the ( k � 2)-th p o w er of the Legendre family , �b ered o v er the � -line. Th us

as in Birc h [7] and Ihara [10], for a prime p � 3 it is reasonable to exp ect that the n um b ers of

p oin ts in U

k

( F

p

), V

k

( F

p

), and W

k

( F

p

) are directly related to T r

k

(�

0

(2) ; p ), T r

k

(�

0

(4) ; p ), and

T r

k

(�

0

(8) ; p ) resp ectiv ely . W e mak e these assertions exact in Prop ositions 3.1, 3.2, and 3.3.

W e no w consider form ulas for j U

k

( F

p

) j , j V

k

( F

p

) j , and j W

k

( F

p

) j for primes p � 3. An exact

form ula for j W

4

( F

p

) j w as established b y Ahlgren and the second author [4 , Thm. 1], and

one for j V

6

( F

p

) j w as determined b y Ahlgren [2, Thm. 1]. Prop ositions 3.1{3.3 extend these

results to eac h of U

k

( F

p

), V

k

( F

p

), W

k

( F

p

) for arbitrary ev en k � 4.

Let C ( n ) =

1

n +1

(

2 n

n

) b e the n th Catalan n um b er, and let �

k

( p ) b e as in (2.8).

Prop osition 3.1. F or a prime p � 3 and k � 4 even,

j U

k

( F

p

) j = p

k � 1

+ 2 + C

�

k

2

� 1

�

p

k

2

� 1

( p + 1)

�

k

2

� 1

X

j =0

��

k � 2

j

�

�

�

k � 2

j � 1

��

p

j

(T r

k � 2 j

(�

0

(2) ; p ) + �

k � 2 j

( p ) + 2) :

R emark. It is w orth p oin ting out that the co e�cien ts

�

k � 2

j

�

�

�

k � 2

j � 1

�

are precisely the ones

needed to express x

k � 2

in terms of Cheb yshev p olynomials of the second kind.

Pr o of. First of all, w e ha v e

j U

k

( F

p

) j =

X

�;x

1

;::: ;x

k � 2

2 F

p

(

1 + �

 

k � 2

Y

i =1

( x

i

� 1)( x

2

i

+ � )

!)

= p

k � 1

+

p � 1

X

� =0

(

p � 1

X

x =0

�

�

( x � 1)( x

2

+ � )

�

)

k � 2

= p

k � 1

+ 2 +

p � 2

X

� =1

3

A

2

( p; � )

k � 2

:

(3.4)

W e will rewrite this expression in terms of the p olynomials G

k � 2 j

(

3

A

2

( p; � ) ; p ) for 0 � j �

k

2

� 1 using a com binatorial argumen t in v olving in v erse relations (see Riordan [18, Chs. 2{3]).
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One suc h in v erse pair [18, T able 2.3] is the follo wing:

(3.5) a

n

=

b

n

2

c

X

j =0

��

n

j

�

�

�

n

j � 1

� �

b

n � 2 j

and b

n

=

b

n

2

c

X

j =0

( � 1)

j

�

n � j

j

�

a

n � 2 j

:

W e ma y rearrange (2.6) to giv e

G

k

( s; p )

p

k

2

� 1

=

k

2

� 1

X

j =0

( � 1)

j

�

k � 2 � j

j

� �

s

p

p

�

k � 2 � 2 j

:

Setting n = k � 2, and using a

n

=

�

s

p

p

�

n

and b

n

=

G

n +2

( s;p )

p

n

2

in (3.5) , w e obtain

s

k � 2

=

k

2

� 1

X

j =0

��

k � 2

j

�

�

�

k � 2

j � 1

� �

p

j

G

k � 2 j

( s; p ) :

Substituting s =

3

A

2

( p; � ), the form ula in (3.4) therefore b ecomes

j U

k

( F

p

) j = p

k � 1

+ 2 +

k

2

� 1

X

j =0

��

k � 2

j

�

�

�

k � 2

j � 1

��

p

j

p � 2

X

� =1

G

k � 2 j

(

3

A

2

( p; � ) ; p )

= p

k � 1

+ 2 +

��

k � 2

k

2

� 1

�

�

�

k � 2

k

2

� 2

� �

p

k

2

� 1

( p � 2)

�

k

2

� 2

X

j =0

��

k � 2

j

�

�

�

k � 2

j � 1

��

p

j

�

T r

k � 2 j

(�

0

(2) ; p ) + �

k � 2 j

( p ) + 2

�

;

where for the second equalit y w e apply Theorem 2.3, when j �

k

2

� 2, and use that G

2

= 1,

when j =

k

2

� 1. Using standard facts ab out binomial co e�cien ts, w e see that

�

k � 2

k

2

� 1

�

�

�

k � 2

k

2

� 2

�

= C

�

k

2

� 1

�

:

Finally , w e adjust the sum to incorp orate a j =

k

2

� 1 term, whic h equals � 3 C

�

k

2

� 1

�

p

k

2

� 1

,

since T r

2

(�

0

(2) ; p ) = 0 and �

2

( p ) = 1, and obtain the desired equalit y . �

The deriv ations of the form ulas for j V

k

( F

p

) j and j W

k

( F

p

) j in the follo wing prop ositions are

essen tially the same as the pro of of Prop osition 3.1. The primary di�erences are that for

j V

k

( F

p

) j w e use Prop osition 2.1 (1) instead of Theorem 2.3, and that for j W

k

( F

p

) j w e use

Prop osition 2.1 (2). W e omit the remaining details.

Prop osition 3.2. F or a prime p � 3 and k � 4 even,

j V

k

( F

p

) j = p

k � 1

+ 2 + C

�

k

2

� 1

�

p

k

2

� 1

( p + 1)

�

k

2

� 1

X

j =0

��

k � 2

j

�

�

�

k � 2

j � 1

��

p

j

(T r

k � 2 j

(�

0

(4) ; p ) + 3) :
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Prop osition 3.3. F or a prime p � 3 and k � 4 even,

j W

k

( F

p

) j = p

k � 1

+ 3 + C

�

k

2

� 1

�

p

k

2

� 1

( p + 1)

�

k

2

� 1

X

j =0

��

k � 2

j

�

�

�

k � 2

j � 1

��

p

j

(T r

k � 2 j

(�

0

(8) ; p ) + 4) :

Com bining the n um b ers of F

p

-p oin ts on the v arieties U

k

, V

k

, and W

k

yields an am using

and useful relationship among the traces T r

new

k

(�

0

(8) ; p ). Sp eci�cally , w e put

(3.6) N

k

( p ) = �j U

k

( F

p

) j + 2 j V

k

( F

p

) j � j W

k

( F

p

) j ;

and obtain the follo wing theorem as an immediate consequence of Prop ositions 3.1{3.3.

Theorem 3.4. F or a prime p � 3 and k � 4 even,

N

k

( p ) = � 1 +

k

2

� 1

X

j =0

� �

k � 2

j

�

�

�

k � 2

j � 1

��

p

j

�

T r

new

k � 2 j

(�

0

(8) ; p ) + �

k � 2 j

( p )

�

:

4. Ga ussian hyper geometric functions

Gaussian h yp ergeometric functions o v er �nite �elds w ere de�ned b y Greene [8] as c haracter

sum analogues of the classical h yp ergeometric functions. The classical functions satisfy man y

in teresting prop erties, suc h as transformation and summation form ulas, and Greene sho w ed

that their �nite �eld analogues enjo y ed man y similar prop erties. Koik e [11 ] and the second

author [16 ] further explored the arithmetic prop erties of Gaussian h yp ergeometric functions,

including the n um b er-theoretic signi�cance of certain sp ecial v alues of these functions. W e

con tin ue this study b elo w in Section 5, pro ving Theorem 1.1 and Koik e's conjecture.

In this section, w e giv e sev eral prop erties of Gaussian h yp ergeometric functions whic h

w e shall require. Using prop erties of c haracters and of Jacobi sums, Greene pro v ed an

alternate form ula for the

2

F

1

function. Also, Greene [8, Thm. 3.13] sho w ed that a Gaussian

h yp ergeometric function can b e expressed as a sum of Gaussian h yp ergeometric functions

of lo w er degree. Sp ecializing these results to the case of

n +1

F

n

( � ) as de�ned ab o v e, w e ha v e

the follo wing prop osition.

Prop osition 4.1 (Greene [8]) . If n � 1 and � 2 F

p

, then the fol lowing hold.

(1)

2

F

1

( � ) =

" ( � ) � ( � 1)

p

X

x 2 F

p

� ( x ) � (1 � x ) � (1 � x� ) :

(2)

n +1

F

n

( � ) =

� ( � 1)

p

X

x 2 F

p

� ( x ) � (1 � x )

n

F

n � 1

( x� ) :

One of the transformation form ulas pro v ed b y Greene [8, Thm. 4.2] in v olv es the relation-

ship b et w een a Gaussian h yp ergeometric series ev aluated at � and at 1 =� . W e will ha v e need

of t w o sp ecial cases of this theorem, as giv en in the follo wing prop osition.

Prop osition 4.2 (Greene [8]) . If � 2 F

p

is nonzer o, then

(1)

2

F

1

( � ) = � ( � )

2

F

1

(

1

�

) .

(2)

3

F

2

( � ) = � ( � � )

3

F

2

(

1

�

) .
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W e will also ha v e need of the sp ecial v alues

2

F

1

( � 1) and

3

F

2

(1). Both parts of the follo wing

theorem app ear in [16]; part (1) is a sp ecial case of Theorem 2, and it is noted that part (2)

is a sp ecial case of a theorem of Ev ans.

Theorem 4.3 (Ono [16]) . L et p b e an o dd prime, and if p � 1 (mo d 4) , then write p = a

2

+ b

2

wher e a and b ar e p ositive inte gers, and wher e a is o dd. The fol lowing hold.

(1)

2

F

1

( � 1) =

8

<

:

0 if p � 3 (mo d 4) ;

2 a ( � 1)

a + b +1

2

p

if p � 1 (mo d 4) :

(2)

3

F

2

(1) =

8

<

:

0 if p � 3 (mo d 4) ;

4 a

2

� 2 p

p

2

if p � 1 (mo d 4) :

The follo wing theorem relates the v alues of

2

F

1

( � ) and

3

F

2

( � ) to the elliptic curv es

2

E

1

( � )

and

3

E

2

( � ) as de�ned in Section 2. W e note that part (2) is giv en in [3 ], as a sligh t refor-

m ulation of [16, Thm. 5].

Theorem 4.4 ((1) Koik e [11 ]; (2) Ono [16]) . L et p b e an o dd prime, and let

2

A

1

( p; � ) and

3

A

2

( p; � ) b e as given in (2.3) and (2.4) r esp e ctively. Then the fol lowing ar e true.

(1)

2

F

1

( � ) =

� � ( � 1)

2

A

1

( p; � )

p

if � 6= 0 ; 1 :

(2)

3

F

2

�

1 +

1

�

�

=

� ( � � ) (

3

A

2

( p; � )

2

� p )

p

2

if � 6= 0 ; � 1 :

As a consequence, with certain restrictions on � , the v alues

2

F

1

( � ) and

3

F

2

( � ) are explicitly

related to eac h other.

Corollary 4.5. If p is an o dd prime, then the fol lowing hold.

(1) p

2

2

F

1

( � )

2

= p

2

3

F

2

�

� 4 �

( � � 1)

2

�

+ p if � 6= 0 ; 1 ; � 1 :

(2) p

2

2

F

1

( � 1)

2

= p

2

3

F

2

(1) + (1 + � ( � 1)) p:

Pr o of. By Theorem 4.4 (1), if � 6= 0, 1, then p

2

2

F

1

( � )

2

=

2

A

1

( p; � )

2

. If � 6= � 1, then b y the

c hange of co ordinates x = � x

0

� � and y = �

3

2

y

0

,

2

E

1

( � ) is isomorphic to the � -quadratic

t wist of

3

E

2

( t ), where � = �

� +1

2

and t = �

( � � 1)

2

( � +1)

2

. (See also Lemma 7.1.) It follo ws that

j

2

E

1

( � )( F

p

) j = p + 1 � � ( � )

3

A

2

( p; t ) ;

hence

2

A

1

( p; � )

2

=

3

A

2

( p; t )

2

when � 6= 0 ; 1 ; � 1. No w applying Theorem 4.4 (2) giv es

p

2

2

F

1

( � )

2

= p

2

3

F

2

�

� 4 �

( � � 1)

2

�

+ p , if � 6= 0 ; 1 ; � 1, since � ( � t ) = 1 and 1 +

1

t

=

� 4 �

( � � 1)

2

.

In the case � = � 1, if p � 1 (mo d 4) w e write p = a

2

+ b

2

with a o dd. By Theorem 4.3

(1), w e ha v e

p

2

2

F

1

( � 1)

2

=

(

0 if p � 3 (mo d 4) ;

4 a

2

if p � 1 (mo d 4) :

De�ne g ( � ) := p

2

3

F

2

�

� 4 �

( � � 1)

2

�

+ p . By Theorem 4.3 (2), w e ha v e

g ( � 1) =

(

p if p � 3 (mo d 4) ;

4 a

2

� p if p � 1 (mo d 4) ;

and th us p

2

2

F

1

( � 1)

2

= g ( � 1) + � ( � 1) p = p

2

3

F

2

(1) + (1 + � ( � 1)) p . �
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5. Pr oofs of Theorem 1.1 and Cor ollar y 1.2

Here w e giv e the pro ofs of Theorem 1.1 and Corollary 1.2, the latter of whic h establishes

the truth of Koik e's conjecture. W e require the form ula for j U

k

( F

p

) j giv en in (3.4), and the

analogous facts ab out j V

k

( F

p

) j ; and j W

k

( F

p

) j as giv en b elo w. Their deriv ations are similar

to that of (3.4) .

j V

k

( F

p

) j = p

k � 1

+ 2 +

p � 1

X

� =2

2

A

1

( p; � )

k � 2

;(5.1)

j W

k

( F

p

) j = p

k � 1

+ 3 +

p � 1

X

� =2

2

A

1

( p; �

2

)

k � 2

= p

k � 1

+ 3 +

p � 1

X

� =2

(1 + � ( � ))

2

A

1

( p; � )

k � 2

:

(5.2)

Pr o of of The or em 1.1. W e �rst note that the case k = 2 is trivial, since T r

new

2

(�

0

(8) ; p ) = 0

and H

2

( p ) = � "

2

( p ). No w �x k � 4. W e require the follo wing expression for N

k

( p ) in terms

of the functions H

k

( p ), as de�ned in (3.6) and (1.6) resp ectiv ely .

Prop osition 5.1. L et p b e an o dd prime, and let k � 4 b e even. Then

(5.3) N

k

( p ) + 1 = �

k

2

� 1

X

j =0

�

k

2

� 1

j

�

p

j

H

k � 2 j

( p ) :

Pr o of. By com bining (3.4) (with � 7� !

1

� � 1

), (5.1) , and (5.2) , and then applying Theorem 4.4,

w e see that

N

k

( p ) + 1 = �

p � 1

X

� =2

3

A

2

�

p;

1

� � 1

�

k � 2

+

p � 1

X

� =2

(1 � � ( � ))

2

A

1

( p; � )

k � 2

= �

p � 1

X

� =2

�

p

2

� (1 � � )

3

F

2

( � ) + p

�

k

2

� 1

+

p � 1

X

� =2

(1 � � ( � ))

�

p

2

2

F

1

( � )

2

�

k

2

� 1

:

Using Corollary 4.5 on the second sum, w e express N

k

( p ) + 1 completely in terms of

3

F

2

-

functions. Then since (1 � � ( � 1))

�

p

2

3

F

2

(1) + (1 + � ( � 1)) p

�

k

2

� 1

= 0, w e ha v e

N

k

( p ) + 1 = �

p � 1

X

� =2

�

p

2

� (1 � � )

3

F

2

( � ) + p

�

k

2

� 1

+

p � 2

X

� =2

(1 � � ( � ))

�

p

2

3

F

2

�

� 4 �

( � � 1)

2

�

+ p

�

k

2

� 1

:
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T o simplify , note that

� 4 �

( � � 1)

2

= � if and only if � =

� � 2 � 2

p

1 � �

�

. Th us in the second sum, a

term con taining

3

F

2

( � ) app ears with m ultiplicit y 1 + � (1 � � ). Therefore,

N

k

( p ) + 1 = �

p � 1

X

� =2

�

p

2

� (1 � � )

3

F

2

( � ) + p

�

k

2

� 1

+

p � 1

X

� =2

(1 � � ( � � ))(1 + � (1 � � ))

�

p

2

3

F

2

( � ) + p

�

k

2

� 1

:

Expanding the

�

k

2

� 1

�

-th p o w ers using the binomial form ula, w e then see that (5.3) holds

b y applying the follo wing lemma. �

Lemma 5.2. If p is an o dd prime, then for any inte ger n � 0 the fol lowing ar e true.

(1)

p � 1

X

� =2

(1 � � ( � � ))

3

F

2

( � )

2 n +1

= 0 :

(2)

p � 1

X

� =2

� (1 � � )(1 � � ( � � ))

3

F

2

( � )

2 n

= 0 :

Pr o of. W e pro v e only part (1). (The pro of of part (2) is analogous.) W e ha v e

p � 1

X

� =2

(1 � � ( � � ))

3

F

2

( � )

2 n +1

=

p � 1

X

� =2

3

F

2

( � )

2 n +1

�

p � 1

X

� =2

� ( � � )

3

F

2

�

1

�

�

2 n +1

;

b y splitting the sum and taking � 7� !

1

�

in the second piece. Then using Prop osition 4.2 (2)

on the second piece, w e obtain

p � 1

X

� =2

(1 � � ( � � ))

3

F

2

( � )

2 n +1

=

p � 1

X

� =2

3

F

2

( � )

2 n +1

�

p � 1

X

� =2

� ( � � )

2 n +2

3

F

2

( � )

2 n +1

= 0 :

�

Next w e in v ert the equation from Prop osition 5.1, obtaining an expression for H

k

( p ) in

terms of N

k

( p ) (hence in terms of the trace on spaces of newforms). Recall the de�nition of

�

k

( p ) in (2.8), and let 


k

( p ) := � ( � p )

k

2

� 1

( � ( � 1) � 1).

Prop osition 5.3. L et p b e an o dd prime, and let k � 2 b e even. Then

(5.4) H

k

( p ) = 


k

( p ) �

k

2

� 1

X

` =0

��

k

2

� 1

k

2

� ` � 1

�

�

�

k

2

� 1

k

2

� `

��

p

`

�

T r

new

k � 2 `

(�

0

(8) ; p ) + �

k � 2 `

( p )

�

:

Pr o of. De�ning N

2

( p ) := � ( � 1) � 1 means that (5.3) holds for all k � 2. W e mak e use of

another in v erse pair [18, T able 2.1] giv en b y

(5.5) a

n

=

n

X

j =0

�

n

j

�

b

n � j

; and b

n

=

n

X

j =0

( � 1)

j

�

n

j

�

a

n � j

:
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Dividing through b y p

k

2

, (5.3) b ecomes

�

N

k

( p ) + 1

p

k

2

=

k

2

� 1

X

j =0

�

k

2

� 1

j

�

H

k � 2 j

( p )

p

k

2

� j

:

Setting n =

k

2

� 1, and using a

n

= �

N

2 n +2

( p )+1

p

n +1

and b

n

=

H

2 n +2

( p )

p

n +1

in (5.5) , w e obtain

H

k

( p ) = �

k

2

� 1

X

j =0

( � 1)

j

�

k

2

� 1

j

�

p

j

( N

k � 2 j

( p ) + 1) :

Therefore b y Theorem 3.4 and our de�nition of N

2

( p ), w e obtain

H

k

( p ) = 


k

( p ) �

k

2

� 1

X

j =0

( � 1)

j

�

k

2

� 1

j

�

p

j

(
k

2

� 1 � j

X

i =0

� �

k � 2 j � 2

i

�

�

�

k � 2 j � 2

i � 1

��

� p

i

�

T r

new

k � 2( i + j )

(�

0

(8) ; p ) + �

k � 2( j + i )

( p )

�

)

;

No w setting ` = i + j giv es

(5.6) H

k

( p ) = 


k

( p ) �

k

2

� 1

X

j =0

k

2

� 1

X

` = j

( � 1)

j

�

k

2

� 1

j

� � �

k � 2 j � 2

` � j

�

�

�

k � 2 j � 2

` � j � 1

��

� p

`

�

T r

new

k � 2 `

(�

0

(8) ; p ) + �

k � 2 `

( p )

�

:

W e ma y adjust the sum on ` to range o v er 0 � ` �

k

2

� 1, since the binomial co e�cien ts

dep enden t on ` will all b e zero if ` < j . W e then obtain (5.4) b y applying the fact that

(5.7)

�

n

m

�

=

n

X

j =0

( � 1)

j

�

n

j

� �

2 n � 2 j

n � m � j

�

:

�

The pro of of Theorem 1.1 is then complete b y applying the follo wing lemma. �

Lemma 5.4. L et p b e an o dd prime, and k a p ositive even inte ger. Then

"

k

( p ) = � 


k

( p ) +

k

2

� 1

X

` =0

��

k

2

� 1

k

2

� ` � 1

�

�

�

k

2

� 1

k

2

� `

� �

p

`

�

k � 2 `

( p ) :

Pr o of. If p � 3 (mo d 4), the pro of reduces to sho wing that

k

2

� 1

X

` =0

� �

k

2

� 1

k

2

� ` � 1

�

�

�

k

2

� 1

k

2

� `

� �

( � 1)

`

= 1 :

This follo ws from the easily pro v en fact that for an y n � 0,

n

X

` =0

��

n

n � `

�

�

�

n

n � ` + 1

��

( � 1)

`

=

2 n

X

` =0

( � 1)

`

�

n

n � `

�

:
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If p � 1 (mo d 4), then w e m ust sho w that

(5.8)

k

2

� 1

X

` =0

��

k

2

� 1

k

2

� ` � 1

�

�

�

k

2

� 1

k

2

� `

��

p

`

( G

k � 2 `

(2 a; p ) + G

k � 2 `

(2 b; p ))

= (4 a

2

� p )

k

2

� 1

+ (4 b

2

� p )

k

2

� 1

:

Using the de�nition of G

k � 2 `

( s; p ), w e see that the left-hand side of (5.8) equals

k

2

� 1

X

` =0

k

2

� ` � 1

X

i =0

( � 1)

i

p

i + `

�

k � 2 � i � 2 `

i

�

�

� �

k

2

� 1

k

2

� ` � 1

�

�

�

k

2

� 1

k

2

� `

��

�

(2 a )

k � 2 � 2( ` + i )

+ (2 b )

k � 2 � 2( ` + i )

�

:

Setting j = ` + i , and noting that

�

k � 2 � j � `

j � `

�

= 0 if ` > j , this expression b ecomes

k

2

� 1

X

j =0

( � 1)

j

p

j

(
k

2

� 1

X

` =0

( � 1)

`

�

k � 2 � j � `

j � `

� ��

k

2

� 1

k

2

� ` � 1

�

�

�

k

2

� 1

k

2

� `

� �

)

�

�

(2 a )

k � 2 � 2 j

+ (2 b )

k � 2 � 2 j

�

:

Expanding the righ t-hand-side of (5.8) using the binomial theorem, and comparing it with

the ab o v e expression, w e see that the pro of of (5.8) reduces to sho wing the follo wing equalit y

for ev ery j with 0 � j �

k

2

� 1.

(5.9)

�

k

2

� 1

j

�

=

k

2

� 1

X

` =0

( � 1)

`

�

k � 2 � j � `

j � `

� ��

k

2

� 1

k

2

� ` � 1

�

�

�

k

2

� 1

k

2

� `

��

:

W e pro v e (5.9) using a third in v erse relation. In [18 , T able 2.2] (mo dulo notation), w e ha v e

the pair

(5.10)

a

j

=

j

X

` =0

��

p + q ` � `

j � `

�

+ q

�

p + q ` � `

j � ` � 1

��

b

`

;

b

j

=

j

X

` =0

( � 1)

` + j

�

p + q j � `

j � `

�

a

`

;

where p and q are in teger parameters. Using (5.7), w e ma y write

�

n

n � j

�

�

�

n

n � j + 1

�

=

n

X

` =0

( � 1)

`

�

n

`

� ��

2 n � 2 `

j � `

�

�

�

2 n � 2 `

j � ` � 1

��

:

Cho osing p = 2 n and q = � 1, and noting that

�

2 n � 2 `

j � `

�

= 0 =

�

2 n � 2 `

j � ` � 1

�

whenev er ` > j , w e

see that this agrees with the �rst equation in the pair (5.10) , with a

j

= [

n

n � j

] � [

n

n � j +1

] and

b

j

= ( � 1)

j

(

n

j

). In v erting the pair then giv es

( � 1)

j

�

n

j

�

=

j

X

` =0

( � 1)

` + j

�

2 n � j � `

j � `

� ��

n

n � `

�

�

�

n

n � ` + 1

� �

:
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Setting n =

k

2

� 1 and simplifying then giv es (5.9) . �

W e no w establish the truth of Koik e's Conjecture, using the k = 6 case of Theorem 1.1.

Pr o of of Cor ol lary 1.2. Setting k = 6 in Theorem 1.1 giv es

T r

new

6

(�

0

(8) ; p ) = � H

6

( p ) � "

6

( p ) � p T r

new

4

(�

0

(8) ; p )

= � p

4

p � 1

X

� =1

� ( � � )

3

F

2

( � )

2

+ p

4

4

F

3

(1) + (1 � � ( � 1)) p

2

;

where in the second equalit y , w e apply (1.5) and (1.12). The pro of therefore reduces to

establishing the follo wing form ula:

(5.11) p

5

6

F

5

(1) = p

4

p � 1

X

� =1

� ( � � )

3

F

2

( � )

2

:

Applying Prop osition 4.1 (2) t wice to

6

F

5

(1) giv es

p

5

6

F

5

(1) = p

3

p � 1

X

x =1

p � 1

X

� =1

� ( x ) � (1 � x ) � ( � ) � (1 � � )

4

F

3

( x� ) :

Applying the c hange of v ariables � 7� !

�

x

, follo w ed b y x 7� ! x� then yields

p

5

6

F

5

(1) = p

3

p � 1

X

� =1

� ( � )

4

F

3

( � ) � p

"

� ( � 1)

p

p � 1

X

x =1

� ( x ) � (1 � x ) � (1 � x� )

#

= p

4

p � 1

X

� =1

� ( � )

4

F

3

( � )

2

F

1

( � ) ;

where the second equalit y follo ws b y Prop osition 4.1 (1). No w applying Prop osition 4.1 (2)

to

4

F

3

( � ), w e see that

p

5

6

F

5

(1) = � ( � 1) p

3

p � 1

X

�

1

=1

p � 1

X

�

2

=1

� ( �

1

�

2

) � (1 � �

2

)

3

F

2

( �

1

�

2

)

2

F

1

( �

1

) :

Making the c hange of v ariables �

1

�

2

7� ! � and using the in v ersion for

2

F

1

�

1

�

1

�

giv en in

Prop osition 4.2 (1), w e obtain

p

5

6

F

5

(1) = � ( � 1) p

3

p � 1

X

� =1

3

F

2

( � )

p � 1

X

�

1

=1

� ( � ) � ( �

1

� � )

2

F

1

�

1

�

1

�

:

No w putting �

1

7� !

1

�

1

, w e see that

p

5

6

F

5

(1) = � ( � 1) p

3

p � 1

X

� =1

3

F

2

( � )

"

p � 1

X

�

1

=1

� ( ��

1

) � (1 � ��

1

)

2

F

1

( �

1

)

#

:

By Prop osition 4.1, the inner sum equals � ( � 1) p

3

F

2

�

1

�

�

. Finally , using the in v ersion for

3

F

2

�

1

�

1

�

giv en in Prop osition 4.2, w e obtain (5.11), th us completing the pro of. �
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6. Congr uences f or T r

new

k

(�

0

(8) ; p ) modulo p

Here w e pro v e Theorems 1.3 and 1.4 using Theorem 1.1, as w ell as kno wn facts concerning

the v alues of Gaussian h yp ergeometric functions mo dulo p . W e state some facts that w e

require (for example, see [11 ] or [16, Sect. 5]).

Prop osition 6.1. Supp ose that p is an o dd prime.

(1) If 1 � � � p � 1 , then

p

2

3

F

2

( � ) � A

�

1 ; 2 ; � ;

p � 1

2

�

(mo d p ) :

(2) We have

p

5

6

F

5

(1) � � A

�

2 ; 4 ; 1;

p � 1

2

�

(mo d p ) :

Pr o of of The or em 1.3. By Theorem 1.1 and the de�nition of H

k

( p ) and "

k

( p ), if

k

2

� 2

(mo d p � 1), then

T r

new

k

(�

0

(8) ; p ) � � H

k

( p ) � "

k

( p ) (mo d p )

� � H

4

( p ) � "

4

( p ) (mo d p )

= T r

new

4

(�

0

(8) ; p ) :

Theorem 1.3 (1) follo ws from (1.14) .

Similarly , if

k

2

� 3 (mo d p � 1), then

T r

new

k

(�

0

(8) ; p ) � � H

k

( p ) � "

k

( p ) � � H

6

( p ) � "

6

( p ) (mo d p )

� T r

new

6

(�

0

(8) ; p ) (mo d p ) :

By Corollary 1.2, it then follo ws that

T r

new

k

(�

0

(8) ; p ) � � p

5

6

F

5

(1) (mo d p ) :

Theorem 1.3 (2) no w follo ws immediately from Prop osition 6.1 (2). �

Pr o of of The or em 1.4. By Theorem 1.1, it follo ws that

T r

new

k

(�

0

(8) ; p ) � � H

k

( p ) � "

k

( p ) (mo d p ) :

In view of Prop osition 6.1 (1), it su�ces to sho w that

(6.1) "

k

( p ) �

(1 + ( � 1)

k

2

� 1

)

2

�

�

p

2

3

F

2

(1)

�

k

2

� 1

(mo d p ) :

Using (1.5) , it follo ws that

"

k

( p ) �

1

2

� ( � 1)

k

2

�

1 + ( � 1)

k

2

� 1

��

p

2

3

F

2

(1)

�

k

2

� 1

(mo d p ) :

If p � 1 (mo d 4), this pro v es (6.1) . If p � 3 (mo d 4), then p

2

3

F

2

(1) = 0 b y Theorem 4.3

(2). Therefore, (6.1) is also true in these cases. This completes the pro of. �
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7. The f amil y

3

E

2

( � ) and the level 2 tra ce f ormula

W e dev ote this section to the pro of of Theorem 2.3. The pro of follo ws similar lines to

the ones in [2], [4], of the form ulas in Prop osition 2.1. Ho w ev er, there are sev eral di�erences

whic h require explanation. Before w orking out the pro of, w e go o v er some facts and lemmas

ab out the family of elliptic curv es

3

E

2

( � ) : y

2

= ( x � 1)( x

2

+ � ).

Let K b e an y �eld of c haracteristic 6= 2, and consider the family

3

E

2

( � ) to b e de�ned o v er

K . Its j -in v arian t is

j (

3

E

2

( � )) =

64(3 � � 1)

3

� ( � + 1)

2

:

Th us if j 6= 0 or 1728, then there are precisely three v alues of � 2 K so that j (

3

E

2

( � )) = j .

Moreo v er, only j (

3

E

2

(

1

3

)) = 0, and only j (

3

E

2

( �

1

9

)) = j (

3

E

2

( 1 )) = 1728 (so if c har ( K ) = 3,

j (

3

E

2

( � )) is nev er 0 (= 1728) for � 2 K ).

If E =K is an elliptic curv e, a K -quadr atic twist of E is a quadratic t wist of E b y some

D 2 K .

Lemma 7.1. L et E =K b e an el liptic curve with a K -r ational p oint of or der 2 in Weierstr ass

form E : y

2

= x

3

+ 2 � x

2

+ 
 x , with � , 
 2 K and � 6= 0 . Then ther e is a � 2 K so that E

is isomorphic over K to a K -quadr atic twist of

3

E

2

( � ) .

Pr o of. The c hange of co ordinates x = � x

0

� � , y = �

3

2

y

0

, giv es the curv e

3

E

2

( � ), where

� =


 � �

2

�

2

. Th us E is isomorphic o v er K to the � -quadratic t wist of

3

E

2

( � ). �

R emark. Lemma 7.1 co v ers all isomorphism classes of elliptic curv es E =K , except when

j ( E ) = 1728.

Lemma 7.2. Supp ose that c har ( K ) 6= 3 . L et �

1

2 K n f 0 ; � 1 ; �

1

9

g and �

2

2 K n f 0 ; � 1 g . If

3

E

2

( �

1

)

�

=

3

E

2

( �

2

) over K , then �

2

2 K (

p

� �

1

) .

Pr o of. An y isomorphism

3

E

2

( �

2

)

�

=

3

E

2

( �

1

) o v er K is giv en b y a c hange of W eierstrass

co ordinates, x

1

= u

2

x

2

+ r , y

1

= u

3

y

2

. Let �

�

=

� 1 � 3

p

� �

1

1+9 �

1

. Then brute force computation

yields the follo wing p ossibilities:

�

2

= �

1

; u = � 1 ; r = 0;

�

2

= �

� 5 + 3 �

1

� 8 �

�

+ 24 �

1

�

�

3(1 + 9 �

1

)

; u = �

p

2 �

�

; r =

1

3

�

2

3

�

�

:

In the second line, there are four p ossibilities: t w o c hoices of �

�

and t w o p ossible signs on u .

In an y case, the lemma follo ws immediately . �

W e also app eal to the follo wing theorem of Sc ho of, sp ecialized to our purp oses. F or a

prime p , let I

p

denote the set of all isomorphism classes of elliptic curv es o v er F

p

, and de�ne

I ( s; p ) := fC 2 I

p

j 8 E 2 C ; j E ( F

p

) j = p + 1 � s g ;(7.1)

I

2

( s; p ) := fC 2 I ( s; p ) j 8 E 2 C ; E ( F

p

)[2]

�

=

Z = 2 Z � Z = 2 Z g :(7.2)

If E = F

p

is an elliptic curv e with j E ( F

p

) j = p + 1 � s , then w e write [ E ] for its class in I ( s; p ).

Also, if C 2 I

p

, w e let C

t w

2 I

p

b e the class of quadratic t wists of curv es in C b y non-squares
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in F

p

. If the j -in v arian t of curv es in a class C is not 1728, then C 6= C

t w

. Also, for d the

discriminan t of an order O in an imaginary quadratic �eld, de�ne the sum of class n um b ers

(7.3) H ( d ) :=

X

O �O

0

�O

max

h ( O

0

) :

Theorem 7.3 (Sc ho of [20, (4.5){(4.9)]) . If p is an o dd prime, and s is an even inte ger with

0 � s < 2

p

p , then

j I ( s; p ) j =

(

2 H ( s

2

� 4 p ) if s 6= 0 ,

H ( � 4 p ) if s = 0 .

If additional ly s � p + 1 (mo d 4) , then

j I

2

( s; p ) j =

(

2 H

�

s

2

� 4 p

4

�

if s 6= 0 ,

h ( � p ) if s = 0 .

W e will need the follo wing lemma on relations b et w een class n um b ers.

Lemma 7.4 ([9, Lem. 2.3]) . L et O b e an or der of discriminant d in an imaginary quadr atic

�eld, and let O

0

� O b e an or der with [ O : O

0

] = f . Then

h

�

( O

0

) = h

�

( O ) � f

Y

` j f

` prime

�

1 �

�

d

`

�

1

`

�

:

Finally , in the pro of of Theorem 2.3 w e will mak e frequen t use of the follo wing easily

pro v en lemma.

Lemma 7.5. L et D b e a fundamental discriminant of an imaginary quadr atic �eld. If p is

an o dd prime and s

2

� 4 p = t

2

D , then the fol lowing hold.

(1) If s � p + 1 (mo d 4) , then t is even.

(2) If s � p � 1 (mo d 4) , then t is o dd and D � 0 (mo d 4) .

Pr o of of The or em 2.3. Fix s ev en with 0 � s < 2

p

p , and write s

2

� 4 p = t

2

D as in the

statemen t of Theorem 2.2. De�ne

(7.4) L ( s; p ) := f � j 1 � � � p � 2 ;

3

A

2

( p; � ) = � s g :

W e handle the case p = 3 �rst. The only v alues of s to consider are 0 and 2, and one simply

c hec ks that

j L (0 ; 3) j = 0 and j L (2 ; 3) j = 1 :

It is then a routine matter to c hec k that the p = 3 case follo ws directly from Theorem 2.2.

F or the remainder of the pro of, w e will assume that p � 5.

The elemen ts of I ( s; p ) can b e paired up b y quadratic t wists so that

I ( s; p ) = fC

1

; : : : ; C

h

; C

t w

1

; : : : ; C

t w

h

g :

W e de�ne

e

I ( s; p ) := fC

1

[ C

t w

1

; : : : ; C

h

[ C

t w

h

g ;(7.5)

e

I

2

( s; p ) := fC [ C

t w

j C 2 I

2

( s; p ) g :(7.6)
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Ultimately w e w an t to relate j L ( s; p ) j , j

e

I ( s; p ) j , and j

e

I

2

( s; p ) j . T o do this w e de�ne

(7.7)

F : L ( s; p ) � !

e

I ( s; p ) ;

� 7� ! [

3

E

2

( � )] [ [

3

E

2

( � )]

t w

and follo w with some analysis of its prop erties.

The case to consider no w is when s 6= 0. Under this assumption w e will sho w that

(7.8) j L ( s; p ) j =

X

f j t

h

�

�

s

2

� 4 p

f

2

�

c ( s; f ) �

(

1

2

if �

1

9

2 L ( s; p ),

0 otherwise.

When s 6= 0, w e ha v e �

1

9

2 L ( s; p ) if and only if p � 1 (mo d 4) with s = 2 a or s = 2 b . W e

can therefore use (7.8) to matc h up terms in Theorem 2.2 with those in the statemen t of

Theorem 2.3:

X

0 <s< 2

p

p

s ev en

G

k

( s; p )

X

f j t

h

�

�

s

2

� 4 p

f

2

�

c ( s; f )

=

p � 2

X

� =1

G

k

(

3

A

2

( p; � ) ; p ) +

(

1

2

G

k

(2 a; p ) +

1

2

G

k

(2 b; p ) ; if p � 1 (mo d 4),

0 if p � 3 (mo d 4).

The main argumen t b ehind (7.8) is con tained in the case where s 6= 0 and also

1

3

, �

1

9

=2

L ( s; p ). W e will w ork out this case �rst and then consider the remaining details. F or s ev en

with 0 < s < 2

p

p , w e will sho w that

(7.9) j L ( s; p ) j = j

e

I ( s; p ) j + 2 j

e

I

2

( s; p ) j :

No w b y Lemma 7.1, the function F is surjectiv e. Since

1

3

, �

1

9

=2 L ( s; p ), it follo ws from

Lemma 7.2 that F is 3-to-1 at � 2 L ( s; p ) if and only if

p

� � 2 F

p

, whic h holds if and only

if

3

E

2

( � )( F

p

)[2]

�

=

Z = 2 Z � Z = 2 Z . F or all other v alues of � , F is 1-to-1. Th us (7.9) holds.

Moreo v er, if s � p � 1 (mo d 4), then j

e

I

2

( s; p ) j = 0 and also, b y Lemma 7.5, t is o dd and

D � 0 (mo d 4). Th us

(7.10) j L ( s; p ) j = j

e

I ( s; p ) j = H ( s

2

� 4 p ) =

X

f j t

h

�

�

s

2

� 4 p

f

2

�

;

where the second equalit y follo ws from Theorem 7.3 and the third from the assumption that

1

3

, �

1

9

=2 L ( s; p ) (so h

�

s

2

� 4 p

f

2

�

= h

�

�

s

2

� 4 p

f

2

�

for all f in consideration). The result then agrees

with (7.8) . On the other hand, if s � p + 1 (mo d 4), then t is ev en b y Lemma 7.5, and so

b y Theorem 7.3,

(7.11) j L ( s; p ) j = j

e

I ( s; p ) j + 2 j

e

I

2

( s; p ) j = H ( s

2

� 4 p ) + 2 H

�

s

2

� 4 p

4

�

=

X

f j t

h

�

�

s

2

� 4 p

f

2

�

+ 2

X

f j

t

2

h

�

�

s

2

� 4 p

4 f

2

�

;
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where the last equalit y follo ws b ecause

1

3

, �

1

9

=2 L ( s; p ). F rom Lemma 7.4 it follo ws that

(7.12) j L ( s; p ) j =

X

f j t

h

�

�

s

2

� 4 p

f

2

�

+

X

f j

t

4

h

�

�

s

2

� 4 p

f

2

�

+

1

1 �

�

D

2

�

1

2

�

X

f j

t

2

f -

t

4

h

�

�

s

2

� 4 p

f

2

�

:

No w applying Lemma 7.4 again, w e �nd

(7.13) j L ( s; p ) j =

�

1 +

�

D

2

��

X

f j t

f -

t

2

h

�

�

s

2

� 4 p

f

2

�

+ 2

X

f j

t

2

h

�

�

s

2

� 4 p

f

2

�

;

whic h v eri�es (7.8) .

The next case to consider is

1

3

2 L ( s; p ), where still s 6= 0. Then p � 1 (mo d 3) and

D = � 3, from whic h it follo ws that t is ev en. Again b y Lemma 7.1, F is surjectiv e. Also

�

1

3

2 F

� 2

p

, and so [

3

E

2

(

1

3

)] [ [

3

E

2

(

1

3

)]

t w

2

e

I

2

( s; p ). Since F is only 1-to-1 at � =

1

3

and not

3-to-1, w e �nd

(7.14) j L ( s; p ) j = j

e

I ( s; p ) j + 2 j

e

I

2

( s; p ) j � 2 :

The argumen t then follo ws the same lines as in (7.11) {(7.13) , except that when f = t , w e

ha v e h

�

s

2

� 4 p

f

2

�

= h ( � 3) = 1 = 3 h

�

( � 3). Th us from this fact and from (7.14) w e mo dify

(7.11) sligh tly:

j L ( s; p ) j = � 2 +

�

X

f j t

h

�

�

s

2

� 4 p

f

2

� �

+

2

3

+

�

2

X

f j

t

2

h

�

�

s

2

� 4 p

4 f

2

��

+

4

3

:

Then (7.8) follo ws precisely as in (7.12) and (7.13) .

No w supp ose �

1

9

2 L ( s; p ), where still s 6= 0. Then p � 1 (mo d 4) and D = � 4. There

are 4 isomorphism classes of curv es o v er F

p

with j -in v arian t 1728 [21, Prop. X.5.4], eac h

quartic t wists of eac h other. As elsewhere, write p = a

2

+ b

2

, with a , b > 0 and a o dd, and

then it follo ws that s = 2 a or s = 2 b . W e ha v e

(7.15) [

3

E

2

( �

1

9

)] [ [

3

E

2

( �

1

9

)]

t w

2

e

I (2 a; p ) :

so if s = 2 a the map F : L (2 a; p ) !

e

I (2 a; p ) is surjectiv e but fails to b e 3-to-1 at �

1

9

.

Therefore,

j L (2 a; p ) j = j

e

I (2 a; p ) j + 2 j

e

I

2

(2 a; p ) j � 2 :

Since 2 b 6� p + 1 (mo d 4), w e ha v e j

e

I

2

(2 b; p ) j = 0. F urthermore b y (7.15) , F misses the class

pair of j -in v arian t 1728 in

e

I (2 b; p ), and so

j L (2 b; p ) j = j

e

I (2 b; p ) j � 1 :

Since h ( � 4) = 1 = 2 h

�

( � 4), w e �nd the presen t v ersions of (7.10) and (7.11) to b e

j L (2 a; p ) j = � 2 +

�

X

f j t

h

�

�

s

2

� 4 p

f

2

��

+

1

2

+

�

2

X

f j

t

2

h

�

�

s

2

� 4 p

4 f

2

��

+ 1 ;

j L (2 b; p ) j = � 1 +

�

X

f j t

h

�

�

s

2

� 4 p

f

2

��

+

1

2

:

The rest of (7.8) follo ws exactly as in (7.12) and (7.13) , whic h concludes the case s 6= 0.
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Finally w e supp ose s = 0. W e observ e that G

k

(0 ; p ) = ( � p )

k

2

� 1

, so to conclude the pro of

of the theorem, w e need to v erify that

(7.16) j L (0 ; p ) j = � ( p ) �

(

0 if p � 1 (mo d 4),

1 if p � 3 (mo d 4).

The main reason for the discrepancy mo dulo 4 is that �

1

9

2 L (0 ; p ) if and only if p � 3

(mo d 4). As b efore w e consider the v arious cases.

If p � 1 (mo d 4), then �

1

9

=2 L (0 ; p ), so b y Lemma 7.1, F is surjectiv e. Since 4 - ( p + 1),

it follo ws from Lemma 7.2 that F is 1-to-1,

j L (0 ; p ) j = j

e

I (0 ; p ) j =

1

2

H ( � 4 p ) =

1

2

h

�

( � 4 p ) = � ( p ) ;

where the second equalit y follo ws from Theorem 7.3.

If p � 3 (mo d 4), w e note that �

1

9

2 L (0 ; p ). Also

1

3

2 L (0 ; p ) if and only if p � 2

(mo d 3), in whic h case �

1

3

=2 F

� 2

p

, and so regardless [

3

E

2

(

1

3

)] =2 I

2

(0 ; p ). Th us the function

F is surjectiv e (Lemma 7.1) but fails to b e 3-to-1 at �

1

9

, so as in previous cases,

j L (0 ; p ) j = j

e

I (0 ; p ) j + 2 j

e

I

2

(0 ; p ) j � 2 :

Ho w ev er, no w there is a sligh t di�erence from the other cases. W e note that in fact

[

3

E

2

( �

1

9

)] = [

3

E

2

( �

1

9

)]

t w

since p � 3 (mo d 4) [21, Prop. X.5.4]. Otherwise, for C 2 I (0 ; p )

with C 6= [

3

E

2

( �

1

9

)], w e ha v e C 6= C

t w

. F or this reason,

j

e

I

2

(0 ; p ) j =

1

2

j I

2

(0 ; p ) j +

1

2

:

Then com bining these equations with Theorem 7.3 and Lemma 7.4,

j L (0 ; p ) j = j

e

I (0 ; p ) j + 2 j

e

I

2

(0 ; p ) j � 2

=

1

2

H ( � 4 p ) + h ( � p ) � 1

=

1

2

h

�

( � 4 p ) +

1

2

h

�

( � p ) + h

�

( � p ) � 1

=

3

2

h

�

( � p ) +

�

3

2

if p � 3 (mo d 8)

1

2

if p � 7 (mo d 8)

�

� h

�

( � p ) ;

whic h agrees with (7.16). �
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