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Abstra ct. W e in v estigate the com binatorial prop er-

ties of the traces of the n -th Hec k e op erators on the

spaces of w eigh t 2 k cusp forms of lev el N . W e establish

examples in whic h these traces are expressed in terms

of classical ob jects in en umerativ e com binatorics (e.g.

tilings and Motzkin paths). W e establish in general that

Hec k e traces are explicit rational linear com binations of

v alues of Gegen bauer (a.k.a. ultraspherical) p olynomi-

als. These results arise from \pac k aging" the Hec k e

traces in to p o w er series in w eigh t asp ect. These gener-

ating functions are easily computed using the Eic hler-

Selb erg trace form ula.

1. Intr oduction and st a tement of resul ts

Throughout, let k b e a p ositiv e in teger, and let S

2 k

(�

0

( N ))

(resp. S

new

2 k

(�

0

( N ))) denote the space generated b y the w eigh t

2 k cusp forms (resp. newforms) on the congruence subgroup

�

0

( N ) (see [9], [10 ] for bac kground on mo dular forms). F or

p ositiv e in tegers n and N whic h are coprime, de�ne the in te-

gers T r

2 k

(�

0

( N ) ; n ) and T r

new

2 k

(�

0

( N ) ; n ) b y

(1.1) T r

new

2 k

(�

0

( N ) ; n ) := trace of the n -th Hec k e op-

erator on S

new

2 k

(�

0

( N )),

(1.2) T r

2 k

(�

0

( N ) ; n ) := trace of the n -th Hec k e op-

erator on S

2 k

(�

0

( N )).

Recen t w orks (for example, see [1], [5], [11], [12 ]) ha v e pro v en

congruences b et w een suc h traces and com binatorial n um b ers

suc h as the Ap � ery n um b ers

A ( n ) :=

n

X

j =0

�

n + j

j

�

2

�

n

j

�

2

:
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F or example, Ahlgren and the second author [1] con�rmed a

conjecture of Beuk ers that

T r

new

4

(�

0

(8) ; p ) � A

�

p � 1

2

�

(mo d p

2

)

for ev ery o dd prime p . Man y more suc h congruences for traces

are obtained b y the authors in [5].

In view of these congruences, it is natural to in v estigate the

instrinsic com binatorial prop erties of these traces. In the n -

asp ect (i.e. where 2 k and N are �xed), one do es not exp ect to

�nd a simple com binatorial description of these traces. Ho w-

ev er, in the w eigh t asp ect these traces are indeed com binato-

rial n um b ers. W e b egin b y presen ting four examples of this

phenomenon.

There are man y instances where these traces are com bina-

torial n um b ers analogous to the Ap � ery n um b ers. F or example,

w e establish the follo wing fact.

Theorem 1.1. If k � 2 , then

T r

2 k

(�

0

(7) ; 2) = � 2 �

k � 1

X

r =0

�

k + r � 1

2 r

�

� ( � 2)

k � r � 1

:

Theorem 1.1 pro vides a com binatorial form ula for the trace

of T

2

on the space of cusp forms for the congruence subgroup

�

0

(7). Suc h form ulas are often closely connected to h yp erge-

ometric functions. First w e recall the traditional notation for

these functions. If n is a p ositiv e in teger, then de�ne ( a )

n

b y

(1.3) ( a )

n

:= a ( a + 1)( a + 2) � � � ( a + n � 1) :

If n = 0, then let ( a )

n

:= 1. Gauss'

2

F

1

h yp ergeometric

functions are de�ned b y

(1.4)

2

F

1

�

a; b

c

x

�

:=

1

X

n =0

( a )

n

( b )

n

( c )

n

n !

� x

n

:

W e establish the follo wing form ula in v olving

2

F

1

functions

(whic h are Gegen bauer p olynomials).

Theorem 1.2. If k � 3 , then

T r

2 k

(�

0

(17) ; 3) = � 2 + 3( � 2)

k � 1

�

2

F

1

�

(2 � k ) = 2 ; (3 � k ) = 2

2 � k

�

�

�

9

�

+ ( � 2)

k

�

2

F

1

�

(1 � k ) = 2 ; (2 � k ) = 2

1 � k

�

�

�

9

�

:

In general w e shall see that, apart from certain simple sum-

mands, Hec k e traces are almost alw a ys sums of suc h

2

F

1

ev al-

uations.

In view of the com binatorial form ulas in Theorems 1.1 and

1.2, it is natural to w onder whether these traces are connected

to classical topics in en umerativ e com binatorics. The next

t w o examples con�rm this sp eculation.
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If n is a non-negativ e in teger, then let

(1.5) T ( n ) := # f tilings of a 3 � n rectangle using

1 � 1 and 2 � 2 tiles g .

F or example, here are the �v e tilings when n = 3.

Figure 1. Square tilings of 3 � 3 rectangles

It turns out that T r

12

(�

0

(3) ; 2) = 6 � T (3) = 30, an example

of the follo wing more general result.

Theorem 1.3. If k � 3 , then

T r

2 k

(�

0

(3) ; 2) = 6( � 1)

k

� T ( k � 3) :

As another example, w e consider Motzkin paths. An el-

evate d Motzkin p ath of length n is a lattice path whic h lies

strictly ab o v e the x -axis, apart from its endp oin ts (0 ; 0) and

( n; 0), with steps of the form (1 ; 1), (1 ; � 1) and (1 ; 0). If

n � 2, then let

(1.6) M

a

( n ) := sum of areas b ounded b y length n

elev ated Motzkin paths and the x -

axis.

F or example, here are the four elev ated Motzkin paths of

length 5:

0 1 2 3 4 5 0 1 2 3 4 5

0 1 2 3 4 5 0 1 2 3 4 5

Figure 2. Motzkin paths of length 5
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Therefore, M

a

(5) = 20. It turns out that T r

12

(�

0

(4) ; 3) =

12 � M

a

(5) = 240. This form ula also generalizes to other

w eigh ts, as giv en in the follo wing result.

Theorem 1.4. If k � 3 , then

T r

2 k

(�

0

(4) ; 3) = 12( � 1)

k

� M

a

( k � 1) :

The four theorems ab o v e are sp ecial cases of a general the-

orem concerning the com binatorial prop erties of the traces of

Hec k e op erators in w eigh t asp ect. T o illustrate this general

phenomenon, consider the cusp forms in S

2 k

(�

0

( N

3

)) giv en

b y

(1.7) F

new

2 k

( N ; z ) :=

1

X

n =1

gcd ( N ;n )=1

T r

new

2 k

(�

0

( N ) ; n ) q

n

(note that q := e

2 � iz

throughout). By A tkin-Lehner theory ,

suc h a cusp form is essen tially (and often exactly) the sum of

the newforms in the space S

new

2 k

(�

0

( N )).

T o study the co e�cien ts of these cusp forms, it is con v e-

nien t to emplo y the Eic hler-Selb erg trace form ula (for exam-

ple, see [3], [4], [8], [13]). Although these form ulas are quite

formidable at �rst glance, w e mak e some elemen tary observ a-

tions whic h rev eal some surprisingly simple prop erties leading

to results suc h as the theorems ab o v e.

F or the group �

0

(8), consider the forms F

new

2 k

(8; z ):

(1.8)

F

new

4

(8; z ) = q � 4 q

3

� 2 q

5

+24 q

7

+ � � �

F

new

6

(8; z ) = q +20 q

3

� 74 q

5

� 24 q

7

+ � � �

F

new

8

(8; z ) = 2 q � 40 q

3

+348 q

5

� 1680 q

7

+ � � �

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

F or general N , w e use these co e�cien ts, group ed b y column,

to de�ne the p o w er series

(1.9) R

new

(�

0

( N ) ; n ; x ) :=

1

X

k =1

T r

new

2 k

(�

0

( N ) ; n ) x

k � 1

:

Similarly , w e consider the p o w er series

(1.10) R (�

0

( N ) ; n ; x ) :=

1

X

k =1

T r

2 k

(�

0

( N ) ; n ) x

k � 1

:

F or the forms in (1.8), calculations suggest that these series

are rational functions. In particular, for lev els 3 ; 5 ; and 7,
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calculations suggest the follo wing form ulas:

R

new

(�

0

(8) ; 3; x ) = � 4 x + 20 x

2

� 40 x

3

+ 8 x

4

+ 20 x

5

+ � � �

=

� 4 x

27 x

3

+ 15 x

2

+ 5 x + 1

;

R

new

(�

0

(8) ; 5; x ) = � 2 x � 74 x

2

+ 348 x

3

� � � �

=

� 50 x

3

� 84 x

2

� 2 x

3125 x

5

+ 625 x

4

+ 70 x

3

+ 14 x

2

+ 5 x + 1

;

R

new

(�

0

(8) ; 7; x ) = 24 x � 24 x

2

� 1680 x

3

+ � � �

=

168 x

2

+ 24 x

2401 x

4

+ 392 x

3

+ 78 x

2

+ 8 x + 1

:

These form ulas pro v e to b e correct, and indeed more is true.

F or generating functions of traces in general, w e pro v e the

follo wing result.

Theorem 1.5. If N is a p ositive inte ger, and if n � 2 is

prime to N , then R

new

(�

0

( N ) ; n ; x ) and R (�

0

( N ) ; n ; x ) ar e

b oth r ational functions in Q ( x ) . Mor e over, their p oles ar e al l

simple and ar e algebr aic numb ers of de gr e e � 2 over Q .

In Section 3, w e obtain Theorem 3.3, a result describ-

ing a basis of rational functions whic h are summands for

R (�

0

( N ) ; n ; x ). By the A tkin-Lehner theory of newforms,

Theorem 1.5 follo ws as an immediate corollary . The most

complicated rational functions app earing in Theorem 3.3 are

of the form

nx + 1

n

2

x

2

+ (2 n � s

2

) x + 1

:

Using the w ell kno wn generating functions for the Gegen bauer

(a.k.a. ultraspherical) p olynomials C

( � )

n

( r )

(1 � 2 r x + x

2

)

� �

=

1

X

n =0

C

( � )

n

( r ) x

n

(for example, see (6.4.10) of [2 ]), and the fact that

C

( � )

n

( r ) =

( � )

n

n !

(2 r )

n

�

2

F

1

�

� n= 2 ; (1 � n ) = 2

1 � n � �

1

r

2

�

(for example, see (6.4.12) of [2]), it is not di�cult to deduce

that

(1.11)

nx + 1

n

2

x

2

+ (2 n � s

2

) x + 1

= 1 + nx

+

1

X

m =1

( s

2

� 2 n )

m

2

F

1

�

� m= 2 ; (1 � m ) = 2

� m

�

�

�

4 n

2

(2 n � s

2

)

2

�

x

m

+ n

1

X

m =1

( s

2

� 2 n )

m

2

F

1

�

� m= 2 ; (1 � m ) = 2

� m

�

�

�

4 n

2

(2 n � s

2

)

2

�

x

m +1

:
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Consequen tly , it follo ws in general that Hec k e traces are es-

sen tially simple sums of v alues of Gegen bauer p olynomials as

in Theorem 1.2.

Theorem 3.3, whic h is not di�cult to pro v e, follo ws from an

analysis of the in trinsic com binatorial structure of the Eic hler-

Selb erg trace form ula for Hec k e op erators. In Section 2, w e

recall a form ulation of this result, and w e mak e some k ey

observ ations. In the last section, w e deriv e Theorems 1.1

through 1.4.

Ac kno wledgemen ts. The authors are grateful to the ref-

eree of [5], whose commen ts inspired them to lo ok for the

connections obtained in the presen t pap er. The authors also

thank Jerem y Rouse for pro ducing Figures 1 and 2.

2. The Eichler-Selber g Tra ce f ormula

Our metho ds in v olv e reform ulating the Eic hler-Selb erg trace

form ula for T r

2 k

(�

0

( N ) ; n ) (see [3], [4 ], [13]). W e utilize the

v ersion of this trace form ula due to Hijik ata (see [7], [8]). Fix

throughout p ositiv e in tegers k , N , and n . Let

E = f s 2 Z j s

2

� 4 n < 0 g ;(2.1)

H = f s 2 Z j 9 t 2 Z

+

; s

2

� 4 n = t

2

g ;(2.2)

P = f s 2 Z j s

2

� 4 n = 0 g :(2.3)

Decomp ose E in to the disjoin t union E = E

0

[ E

00

, where

s 2 E

0

(resp. s 2 E

00

) if the discriminan t of Q (

p

s

2

� 4 n ) is 1

mo dulo 4 (resp. 0 mo dulo 4). F or eac h s 2 E [ H [ P , de�ne

the non-negativ e in teger t = t ( s ) b y

(2.4) s

2

� 4 n =

8

>

>

>

<

>

>

>

:

mt

2

if s 2 E

0

, and m is a fund. disc.

4 mt

2

if s 2 E

00

, and 4 m is a fund. disc.

t

2

if s 2 H ,

0 if s 2 P .

Then de�ne sets of in tegers

(2.5) F ( s ) :=

(

f f 2 Z

+

j f divides t ( s ) g if s 2 E [ H ,

f 1 g if s 2 P .

F urthermore, for s 2 E [ H [ P , de�ne y and �y to b e the

ro ots of X

2

� sX + n = 0, and accordingly let

(2.6) a ( s; k ; n ) :=

8

>

>

>

>

>

<

>

>

>

>

>

:

1

2

�

y

2 k � 1

� �y

2 k � 1

y � �y

if s 2 E ,

min fj y j ; j �y jg

2 k � 1

j y � �y j

if s 2 H ,

1

4

j y j n

k � 1

if s 2 P .
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Finally , let

(2.7) � ( k ; n ) :=

(

Q

p j n

1 � p

ord

p

( n )+1

1 � p

if k = 1,

0 otherwise;

and if n is a p erfect square,

(2.8) � ( k ; N ; n ) :=

1

12

(2 k � 1) n

k � 1

N

Y

` j N

(1 + 1 =` );

otherwise � ( k ; N ; n ) := 0.

Theorem 2.1 (Hijik ata [7, Thm. 0.1]) . If N and n ar e p osi-

tive c oprime inte gers, and k � 1 , then

T r

2 k

(�

0

( N ) ; n ) = � ( k ; n ) + � ( k ; N ; n )

�

X

s 2 E [ H [ P

a ( s; k ; n )

X

f 2 F ( s )

b ( s; f ; n ) c ( s; f ; N ; n ) ;

wher e b ( s; f ; n ) , c ( s; f ; N ; n ) ar e r ational numb ers dep ending

only on s , f , N , and n , and ar e given explicitly (se e [7, x 0] ,

[8, x 2] ).

R emark. The n um b ers b ( s; f ; n ) in the statemen t of the theo-

rem are giv en in terms of class n um b ers of orders of imaginary

quadratic �elds if s 2 E and in terms of Euler's � -function if

s 2 H . The n um b ers c ( s; f ; N ; n ) are calculated b y coun ting

solutions to certain congruences. In b oth cases the n um b ers

can b e calculated explicitly , but for brevit y w e do not rep eat

their de�nitions here. The main observ ation is that their v al-

ues are indep enden t of the w eigh t 2 k .

3. Pr oof of Theorem 1.5

Throughout this section w e �x coprime p ositiv e in tegers n

and N , and w e recall the de�nition of the generating function

R (�

0

( N ) ; n ; x ) =

1

X

k =1

T r

2 k

(�

0

( N ) ; n ) x

k � 1

from (1.10) . In this section w e explore the com binatorics of

the v ariation of T r

2 k

(�

0

( N ) ; n ) in k . By the A tkin-Lehner the-

ory of newforms, R

new

(�

0

( N ) ; n ; x ) is an in tegral linear com-

bination of R (�

0

( M ) ; n ; x ), where M j N . Hence it su�ces

to examine R (�

0

( N ) ; n ; x ). In particular, in Theorem 3.3, a

more precise v ersion of Theorem 1.5, w e determine an explicit

form ula for R (�

0

( N ) ; n ; x ).

Con tin uing with the notation of Section 2, w e �rst mak e

the follo wing observ ation ab out the co e�cien ts a ( s; k ; n ) for

s 2 E .

Prop osition 3.1. If s 2 E , then

a ( s; k ; n ) =

1

2

k � 1

X

j =0

( � 1)

j

�

2 k � 2 � j

j

�

n

j

s

2 k � 2 j � 2

:
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Pr o of. F rom (2.6), when s 2 E ,

(3.1) a ( s; k ; n ) =

1

2

�

y

2 k � 1

� �y

2 k � 1

y � �y

=

1

2

2 k � 2

X

j =0

y

j

�y

2 k � 2 � j

:

This sum can b e expressed in terms of p o w ers of y �y and y + �y ,

using the relation

(3.2) y

m

+ � y

m

=

b m= 2 c

X

j =0

( � 1)

j

m

m � j

�

m � j

j

�

( y �y )

j

( y + � y )

m � 2 j

:

Then a straigh tforw ard induction, in conjunction with the

relations y + �y = s and y �y = n , yields the desired expression.

�

W e no w determine the generating function for the p o w er

series with co e�cien ts a ( s; k ; n ), for s 2 E .

Lemma 3.2. If s 2 Z and s

2

� 4 n < 0 , then

1

X

k =1

a ( s; k ; n ) x

k � 1

=

1

2

�

nx + 1

n

2

x

2

+ (2 n � s

2

) x + 1

:

Pr o of. The pro of follo ws from Prop osition 3.1 and from

(3.3)

1

X

j =1

( � 1)

j

�

2 k + j

j

�

x

j

=

1

(1 + x )

2 k +1

;

whic h is simply the binomial theorem. More sp eci�cally , w e

ha v e

1

X

k =1

a ( s; k ; n ) x

k � 1

=

1

2

1

X

k =1

k � 1

X

j =0

( � 1)

j

�

2 k � 2 � j

j

�

n

j

s

2 k � 2 j � 2

x

k � 1

;

=

1

2

1

X

k =0

1

X

j =0

( � 1)

j

�

2 k + j

j

�

n

j

s

2 k

x

k + j

;

=

1

2

1

X

k =0

s

2 k

x

k

( nx + 1)

2 k +1

;

where the �rst equalit y follo ws from Prop osition 3.1, the sec-

ond after reindexing the sums, and the third from (3.3). �

No w let

(3.4) S ( N ; n ) :=

(

N

12

Q

` j N

(1 + 1 =` ) if n a p erfect square,

0 otherwise;

and

(3.5)

� ( N ; n ) :=

(

p

n

2

c ( 2

p

n; 1 ; N ; n ) if n a p erfect square,

0 otherwise,

where c ( 2

p

n; 1 ; N ; n ) is de�ned as in [7, x 0].
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Theorem 3.3. If N and n ar e c oprime p ositive inte gers, then

R (�

0

( N ) ; n ; x ) = � (1 ; n ) + S ( N ; n )

nx + 1

( nx � 1)

2

+

� ( N ; n )

nx � 1

+

X

d j n

d<

p

n

2 d

2

n � d

2

X

f j (

n

d

� d )

b

�

n

d

+ d; f ; n

�

c

�

n

d

+ d; f ; N ; n

�

d

2

x � 1

�

1

2

X

s 2 Z

s

2

� 4 n< 0

X

f j t ( s )

b ( s; f ; n ) c ( s; f ; N ; n )

nx + 1

n

2

x

2

+ (2 n � s

2

) x + 1

:

Pr o of. W e pro ceed b y using the trace form ula from Theo-

rem 2.1. The �rst and second terms in the prop osed for-

m ula for R (�

0

( N ) ; n ; x ) follo w easily from (2.7) and (2.8) .

The third term arises from the terms in the trace form ula

corresp onding to s 2 P . (W e mak e use of the fact that

b ( s; 1 ; n ) = 1 as in [7, x 0].) The sum on divisors d of n with

d <

p

n corresp onds to the terms in the trace form ula com-

ing from s 2 H . Finally , using Lemma 3.2, the last sum

corresp onds to the sum on s 2 E in the trace form ula. �

R emark. By taking n = 1, Theorem 3.3 pro vides generat-

ing functions for dimensions of spaces of mo dular forms. F or

example,

1

X

k =1

dim S

2 k

(�

0

(25)) x

k � 1

=

x

3

+ 4 x

2

+ 5 x

( x + 1)( x � 1)

2

= 5 x + 9 x

2

+ 15 x

3

+ � � � :

4. Combina torial Theorems

Here w e pro v e Theorems 1.1 through 1.4. These results

follo w from an analysis of the generating functions describ ed

in Theorem 3.3. Using this result, it is straigh tforw ard to

v erify the follo wing prop osition.

Prop osition 4.1. With the notation as in (1.10) , we have

R (�

0

(3) ; 2; x ) =

2 x

x � 1

+

2 x

2 x + 1

= � 6 x

2

+ 6 x

3

� 18 x

4

+ � � � ;

R (�

0

(7) ; 2; x ) = 3 +

2

x � 1

�

2 x + 1

4 x

2

+ 3 x + 1

= � x � x

2

� 9 x

3

+ � � � ;

R (�

0

(4) ; 3; x ) = 4 +

3

x � 1

�

1

3 x + 1

= � 12 x

2

+ 24 x

3

� � � � ;

R (�

0

(17) ; 3; x ) = 4 +

2

x � 1

�

6 x + 2

9 x

2

+ 2 x + 1

= � 4 x + 20 x

2

� 28 x

3

� � � � :
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Pr o of of The or em 1.1. By Prop osition 4.1, w e ha v e that

R (�

0

(7) ; 2; x ) = 3 +

2

x � 1

�

2 x + 1

4 x

2

+ 3 x + 1

= 1 � 2

1

X

n =1

x

n

�

2 x + 1

4 x

2

+ 3 x + 1

:

T o pro v e the theorem, it su�ces to sho w that

a ( n ) =

n

X

j =0

�

n + j

2 j

�

( � 2)

n � j

;

where the in tegers a ( n ) are de�ned b y

2 x + 1

4 x

2

+ 3 x + 1

=

1

X

n =0

a ( n ) x

n

= 1 � x � x

2

+ 7 x

3

� � � � :

This is a straigh tforw ard calculation in v olving recurrence re-

lations. �

Pr o of of The or em 1.2. By Prop osition 4.1, w e ha v e

R (�

0

(17) ; 3; x ) = 4 +

2

x � 1

�

6 x + 2

9 x

2

+ 2 x + 1

= 2 � 2

1

X

n =1

x

n

�

6 x + 2

9 x

2

+ 2 x + 1

:

The theorem follo ws from (1.11). �

Pr o of of The or em 1.3. By Prop osition 4.1, w e ha v e

R (�

0

(3) ; 2; x ) =

2 x

x � 1

+

2 x

2 x + 1

=

6 x

2

2 x

2

� x � 1

:

By replacing x b y � x , w e obtain the kno wn recurrence for

6 T ( n ) (see Theorem 1 of [6]). �

Pr o of of The or em 1.4. By Prop osition 4.1, w e ha v e

R (�

0

(4) ; 3; x ) = 4 +

3

x � 1

�

1

3 x + 1

=

12 x

2

3 x

2

� 2 x � 1

:

By replacing x b y � x , w e obtain the kno wn recurrence for

12 M

a

( n ) (see Prop ositions 1 and 2 of [14 ]). �

In view of the results presen ted here, it is natural to revisit

the prop erties of the Hec k e op erators from a purely com bi-

natorial p ersp ectiv e. F or example, it is natural to ask the

follo wing question.

Question. A r e ther e dir e ct c ombinatorial pr o ofs of The or ems

1.1 thr ough 1.4 using the the ory of mo dular symb ols?



THE COMBINA TORICS OF TRA CES OF HECKE OPERA TORS 11

References

[1] S. Ahlgren and K. Ono, A Gaussian hyp er ge ometric series evalu-

ation and Ap � ery numb er c ongruenc es , J. reine angew. Math. 518

(2000), 187{212.

[2] G. E. Andrews, R. Ask ey and R. Ro y , Sp e cial functions , Cam bridge

Univ. Press, Cam bridge, 1999.

[3] M. Eic hler, Eine V er al lgemeinerung der A b elschen Inte gr ale , Math.

Z. 67 (1957), 267{298.

[4] M. Eic hler, The b asis pr oblem for mo dular forms and tr ac es of the

He cke op er ators , Mo dular F unctions of One V ariable I, pp. 75{151.

Lecture Notes in Math., V ol. 320, Springer, Berlin, 1973.

[5] S. F rec hette, K. Ono, and M. P apanik olas, Gaussian hyp er ge ometric

functions and tr ac es of He cke op er ators , In t. Math. Res. Not., to

app ear.

[6] S. Heubac h, Tiling an m -by- n ar e a with squar es of size up to k -by- k

( m � 5), Congr. Numer. 140 (1999), 43{64.

[7] H. Hijik ata, Explicit formula of the tr ac es of He cke op er ators for

�

0

( N ), J. Math. So c. Japan 26 (1974), 56{82.

[8] H. Hijik ata, A. K. Pizer, and T. R. Shemansk e, The b asis pr oblem

for mo dular forms on �

0

( N ), Mem. Amer. Math. So c. 82 (1989),

vi+159.

[9] S. Lang, Intr o duction to mo dular forms , Springer-V erlag, Berlin,

1976.

[10] T. Miy ak e, Mo dular forms , Springer-V erlag, Berlin, 1989.

[11] E. Mortenson, Sup er c ongruenc es b etwe en trunc ate d

2

F

1

hyp er ge o-

metric functions and their Gaussian analo gs , T rans. Amer. Math.

So c. 355 (2003), 987{1007.

[12] E. Mortenson, Sup er c ongruenc es for trunc ate d

n +1

F

n

hyp er ge omet-

ric series with applic ations to c ertain weight thr e e newforms , Pro c.

Amer. Math. So c., to app ear.

[13] A. Selb erg, Harmonic analysis and disc ontinuous gr oups in we akly

symmetric R iemannian sp ac es with applic ations to Dirichlet series ,

J. Indian Math. So c. (N.S.) 20 (1956), 47{87.

[14] R. Sulank e, Bije ctive r e curr enc es for Motzkin p aths , Adv. in Appl.

Math. 27 (2001), 627{640.

Dep ar tment of Ma thema tics and Computer Science, Col-

lege of the Hol y Cr oss, W or cester, MA 01610

E-mail addr ess : sfrechet@mathcs.h ol ycr os s.e du

Dep ar tment of Ma thema tics, University of Wisconsin, Madi-

son, WI 53706

E-mail addr ess : ono@math.wisc.edu

Dep ar tment of Ma thema tics, Texas A&M University, Col-

lege St a tion, TX 77843

E-mail addr ess : map@math.tamu.edu


