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Abstra ct. Let � b e a cuspidal automorphic represen tation of GL(2 ; A

K

). Supp ose there exists a single

non-v anishing n

th

order t wist of the L -series asso ciated to � at the cen ter of the critical strip. W e use the

metho d of m ultiple Diric hlet series to establish that there exist in�nitely man y suc h non-v anishing n

th

order

t wists of the L -series of the represen tation at the cen ter.

1. Intr oduction and St a tement of the Main Resul t

Let E b e an elliptic curv e de�ned o v er a n um b er �eld K : The b eha vior of the rank of the L -rational

p oin ts E ( L ) as L v aries o v er some family of algebraic extensions of K is a problem of fundamen tal in terest.

The conjecture of Birc h and Swinnerton-Dy er pro vides a means to in v estigate this problem via the theory

of automorphic L -functions.

Assume that the L -function of E coincides with the L -function L ( s; � ) of a cuspidal automorphic repre-

sen tation of GL(2) of the adele ring A

K

: Let L=K b e a �nite cyclic extension and � a Galois c haracter of this

extension. Then the conjecture of Birc h and Swinnerton-Dy er equates the rank of the � -isot ypic comp onen t

E ( L )

�

of E ( L ) with the order of v anishing of the t wisted L -function L ( s; � 
 � ) at the cen tral p oin t s =

1

2

:

In particular, the � -comp onen t E ( L )

�

is �nite (according to the conjecture) if and only if the cen tral v alue

L (

1

2

; � 
 � ) is non-zero.

Th us it b ecomes of arithmetic in terest to establish non-v anishing results for cen tral v alues of t wists of

automorphic L -functions b y c haracters of �nite order. F or quadratic t wists this problem has receiv ed m uc h

atten tion in recen t y ears. In this pap er w e address this question for t wists of higher order. Our main result

is con tained in the follo wing theorem.

Theorem 1.1. Fix a prime inte ger n > 2 ; a numb er �eld K c ontaining the n

th

r o ots of unity, and a su�-

ciently lar ge �nite set of primes S of K : L et � b e a self-c ontr agr e dient cuspidal automorphic r epr esentation
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of GL(2 ; A

K

) which has trivial c entr al char acter and is unr ami�e d outside S: Supp ose ther e exists an id � ele

class char acter �

0

of K of or der n unr ami�e d outside S such that

L (

1

2

; � 
 �

0

) 6= 0 :

Then ther e exist in�nitely many id � ele class char acters � of K of or der n unr ami�e d outside S such that

L (

1

2

; � 
 � ) 6= 0 :

W e refer the reader to Section 2 for the de�nition of the �nite set S: F earnley and Kisilevsky ha v e

pro v en a related result for the L -function L ( s; E ) of an elliptic curv e de�ned o v er Q : In [5] they sho w that

if the algebraic part L

alg

(

1

2

; E ) of the cen tral L -v alue is nonzero mo d n; then there exist in�nitely man y

Diric hlet c haracters � of order n suc h that L (

1

2

; E ; � ) 6= 0 : W e note that if L (

1

2

; E ) 6= 0 then the h yp othesis

L

alg

(

1

2

; E ) 6� 0 mo d n is satis�ed for all su�cien tly large primes n: W e �nd it in teresting (and frustrating!)

that, although the metho ds of [5] (based on the arithmetic of mo dular sym b ols) are completely di�eren t

from the metho ds of this pap er, b oth our result and theirs require some non v anishing assumption. An

unconditional result in the cubic case ( n = 3) has recen tly b een established in [1]. W e commen t more on

this b elo w.

The quadratic case ( n = 2) is particularly accessible b ecause, b y the results of W aldspurger [17 ], Kohnen

and Zagier [13 ], and others, the existence of a quadratic c haracter � suc h that L (

1

2

; � 
 � ) 6= 0 implies

the existence of a metaplectic cuspidal automorphic represen tation e� on the double co v er of GL(2 ; A

K

)

corresp onding to � . The corresp onden t e� is related to � in the follo wing w a y . If L ( w ; e� 
 e� ) denotes the

Rankin-Selb erg con v olution of e� with itself then

(1.1) L ( w ; e� 
 e� ) =

X

d 6=0

L (

1

2

; � 
 �

(2)

d

0

) P

d

( � )

N d

w

;

up to corrections at a �nite n um b er of places. Here d = d

0

d

2

2

, with d

0

square free, the �

(2)

d

0

are quadratic

c haracters with conductor d

0

, and the P

d

( � ) are certain non-zero c orr e ction factors whic h are trivial when

d

2

= 1. W e defer a precise de�nition of suc h ob jects un til Section 2. These correction factors are small in

the sense that, for an y �xed d

0

,

(1.2) the sum

X

d

2

6=0

P

d

0

d

2

2

( � )

N d

2 w

2

c onver ges absolutely for any w with Re( w ) >

1

2

.
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This connection b et w een � and e� causes the existence of one non-v anishing quadratic t wist to imply the

existence of in�nitely man y d

0

suc h that L (

1

2

; � 
 �

(2)

d

0

) 6= 0 : This is b ecause if e� 6= 0 then L ( w ; e� 
 e� ) has

a p ole at w = 1. Ho w ev er the righ t hand side of (1.1) will con v erge at w = 1 if there are only �nitely man y

non-v anishing quadratic t wists.

F or n > 2 there are no kno wn results relating n

th

order t wists of the L -series of � to F ourier co e�cien ts

of other automorphic ob jects. In fact ev en a conjectural generalization of the results of W aldspurger to

the case n > 2 remains m ysterious. Ho w ev er, in this pap er w e describ e ho w a generalization of (1.1) can

still b e found b y asso ciating � to a certain metaplectic form. This generalization is at least su�cien t to

answ er the question of whether one non-v anishing t wist of a giv en order implies the existence of in�nitely

man y non-v anishing t wists of that order. It ma y ultimately shed some ligh t on the question of the correct

generalization of W aldspurger's results, but at the momen t this asp ect remains opaque.

W e will describ e in detail a Diric hlet series that has the rough form

(1.3) Z

( n )

( s; w ) =

X

d 6=0

L ( s; � 
 �

( n )

d

0

) " ( d

0

) P

d

( s; � )

N d

w

;

where d = d

0

d

n

n

with d

0

n

th

p o w er-free (see Section 2). Here " ( d

0

) denotes an n

th

order Gauss sum corre-

sp onding to the c haracter �

( n )

d

0

and P

d

( s; � ) again denotes certain correction factors whic h are trivial when

d

n

= 1. These are also small, in the sense that for Re( s ) �

1

2

,

(1.4) the sum

X

d

n

6=0

P

d

0

d

n

n

( s; � )

N d

nw

n

c onver ges absolutely for any w with Re( w ) >

1

n

+

1

9

:

The fraction

1

9

comes from the b ound of Kim and Shahidi [12 ].

The series Z

( n )

( s; w ) is \natural" for the follo wing reasons. First, when n = 2 and e� exists, Z

( n )

(

1

2

; w )

agrees at almost all places with the Rankin-Selb erg con v olution L ( w ; e� 
 e� ). Second, after an in terc hange

in the order of summation, it has an automorphic in terpretation as a Rankin-Selb erg con v olution of � with

an Eisenstein series on the n -fold co v er of GL(2). In the case n = 2 , this automorphic in terpretation of

Z

( n )

( s; w ) w as exploited b y F riedb erg and Ho�stein [8 ]. In the case n = 3 the automorphic in terpretation

w as used b y She [16 ] to establish a non-v anishing result for cubic t wists of one particular � .

In this pap er w e do not use the automorphic in terpretation of Z

( n )

( s; w ). Instead w e tak e the far easier

approac h of the metho d of m ultiple Diric hlet series (discussed in brief at the conclusion of this section).
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Using this metho d w e establish an analytic con tin uation and exhibit a �nite group of functional equations

for Z

( n )

( s; w ) in the t w o v ariables s and w . Sp ecializing to s =

1

2

, w e obtain a Diric hlet series Z

( n )

(

1

2

; w )

with a functional equation in w . The condition (1.4) implies that if L (

1

2

; � 
 �

( n )

d

0

) 6= 0 for only �nitely man y

d

0

then Z

( n )

(

1

2

; w ) m ust con v erge for Re( w ) >

1

n

+

1

9

. W e then sho w that for n � 3 (i.e.

1

n

+

1

9

<

1

2

), this

is incompatible with the functional equation. It immediately follo ws that the existence of one non-v anishing

t wist implies the existence of in�nitely man y .

The metho d can easily b e tak en a bit further to establish a mean v alue result of the form, for Re( s ) >

1

2

,

(1.5)

X

L ( s; � 
 �

( n )

d

0

) " ( d

0

) P

d

(

1

2

; � ) W

�

N d

X

�

� c ( s; � ) X

1

2

+

1

n

;

where W is an y suitable smo othing function. The constan t c ( s; � ) is a v ery in teresting function; it is a simple

m ultiple of L ( s +

1

2 n

; � 
 �

( n )

) ; the Rankin-Selb erg con v olution of � with the theta function on the n -fold

co v er of GL(2), ev aluated at the p oin t s +

1

2 n

. When n = 2 and s =

1

2

, the series L (

3

4

; � 
 �

(2)

) is essen tially

the symmetric square L -series of � ev aluated at 1, the edge of the critical strip. Th us in this case the L -series

do es not v anish, and simple conditions on the sign of the functional equation of � determine whether or not

c (

1

2

; � ) equals zero. Because of this, unconditional mean v alue and non-v anishing results can b e deriv ed, as

w as done in [8]. F or n > 2, ho w ev er, the L -series L (

1

2

+

1

2 n

; � 
 �

( n )

) do es not ha v e an Euler pro duct and

is ev aluated at a p oin t inside the critical strip. Th us the question of v anishing b ecomes quite subtle. It

is b ecause of this that w e cannot y et eliminate the p ossibilit y that the en tire class of t wists L (

1

2

; � 
 �

( n )

d

0

)

v anishes iden tically . In [1 ] a di�eren t m ultiple Diric hlet series is constructed, sp eci�c to the case n = 3. In

this case the (cubic) Gauss sum is remo v ed from the n umerator and the constan t c ( s; � ) b ecomes essen tially

L (3 s; � ; sym

3

). As a consequence unconditional non-v anishing and mean v alue results can b e obtained in

the case n = 3. The question of generalizing this metho d to n � 4 remains op en and extremely in teresting.

W e close the in tro duction with a brief o v erview of the metho d of m ultiple Diric hlet series. Multiple

Diric hlet series are functions of sev eral complex v ariables of the form

X

m

1

;::: ;m

r

a ( m

1

; m

2

; : : : ; m

r

)

m

s

1

1

m

s

2

2

� � � m

s

r

r

:

These can b e considered, according to the order of summation, as a Diric hlet series in an y one of the v ariables

whose co e�cien ts are again Diric hlet series. F or example, in (1.3) the m ultiple Diric hlet series Z

( n )

( s; w ) is

a Diric hlet series in the v ariable w with n umerator L ( s; � 
 �

( n )

d

0

) " ( d

0

) P

d

( s; � ), a family of Diric hlet series in
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the v ariable s . If a comp onen t Diric hlet series p ossesses a functional equation, then the m ultiple Diric hlet

series inherits a corresp onding functional equation. In terc hanges in the order of summation ma y rev eal

new families of Diric hlet series in the n umerator with new functional equations. In terc hanging the order of

summation in (1.3) pro duces a Diric hlet series formed from n

th

order Gauss sums. Suc h series arise in the

theory of Eisenstein series on the n -fold co v er of GL

2

as in tro duced b y Kub ota in [14 ], and extended b y

P atterson [15 ] and Kazhdan-P atterson [11 ].

Classical con v exit y estimates on the constituen t Diric hlet series giv e a region of absolute con v ergence for

the m ultiple Diric hlet series. Once exact functional equations are obtained, one can apply them to the domain

of con v ergence to obtain a new domain whic h has a non-empt y in tersection with the original. This pro vides

the analytic con tin uation to the union of the original domain and its translates. An analytic con tin uation to

the con v ex h ull of this union follo ws from a con v exit y theorem for sev eral complex v ariables. In the case of

Z

( n )

( s; w ), w e will sho w that w e obtain a region whose con v ex h ull is all of the complex space C

2

:

This approac h w as �rst detailed b y Bump, F riedb erg, and Ho�stein in [2 ] and [3] where instances of

m ultiple Diric hlet series p ossessing these prop erties w ere catalogued. Fisher and F riedb erg [6] generalized

these argumen ts to quadratic t wists of automorphic forms on GL(2) o v er arbitrary function �elds. This

metho d w as also carried out b y F riedb erg, Ho�stein and Lieman [9] on a m ultiple Diric hlet series whose

co e�cien ts w ere w eigh ted n

th

order Diric hlet L -series in order to determine mean-v alue estimates for these

L -series. Finally , see [1] for a di�eren t and considerably more complicated construction in the case n = 3

and GL(2).

The authors thank Sol F riedb erg and Adrian Diacon u for man y helpful discussions and the referee for a

v ery careful reading of this w ork.

2. Preliminaries and Outline of Method

Fix n > 2 and let K b e a n um b er �eld con taining the n

th

ro ots of unit y . Let O denote the ring of

in tegers of K . Let � b e a cuspidal automorphic represen tation of GL(2 ; A

K

). Let S

f

b e a �nite set of

non-arc himedean places suc h that S

f

con tains all places dividing n , the ring of S

f

-in tegers O

S

f

has class

n um b er 1, and � is unrami�ed outside S

f

. Let S

1

denote the set of arc himedean places and let S = S

f

[ S

1

.
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Let

�

a

�

�

b e the p o w er residue sym b ol attac hed to the extension K (

n

p

a ) of K . W e extend the n

th

p o w er

residue sym b ol as in Fisher and F riedb erg [6 ]. W e review the de�nition.

F or eac h place v , let K

v

denote the completion of K at v . F or v non-arc himedean, let P

v

denote the

corresp onding ideal of O , and let q

v

= N P

v

denote its norm. Let C =

Q

v 2 S

f

P

n

v

v

with n

v

� 1 su�cien tly

large so that if a 2 K

v

, and ord

v

( a � 1) � n

v

, then a 2 ( K

�

v

)

n

. Let H

C

b e the ra y class group mo dulo C

and let R

C

= H

C


 Z = n Z . W rite the �nite group R

C

as a direct pro duct of cyclic groups, c ho ose a generator

for eac h, and let E

0

b e a set of ideals of O prime to S whic h represen t these generators. F or eac h E

0

2 E

0

c ho ose m

E

0

2 K

�

suc h that E

0

O

S

f

= m

E

0

O

S

f

. Let E b e a full set of represen tativ es for R

C

of the form

Q

E

0

2E

0

E

n

E

0

0

, with n

E

0

2 Z . If E =

Q

E

0

2E

0

E

n

E

0

0

is suc h a represen tativ e, then let m

E

=

Q

E

0

2E

0

m

n

E

0

E

0

.

Note that E O

S

f

= m

E

O

S

f

for all E 2 E . F or con v enience w e supp ose that O 2 E and m

O

= 1.

Let J ( S ) denote the group of fractional ideals of O coprime to S

f

. Let I ; J 2 J ( S ) b e coprime. W rite

I = ( m ) E G

n

with E 2 E , m 2 K

�

, m � 1 mo d C , and G 2 J ( S ) suc h that ( G; J ) = 1. Then as in [6],

the n

th

p o w er residue sym b ol

�

mm

E

J

�

is de�ned, and if I = ( m

0

) E

0

G

0

n

is another suc h decomp osition, then

E

0

= E and

�

m

0

m

E

J

�

=

�

mm

E

J

�

.

In view of this de�ne the n

th

p o w er residue sym b ol

�

I

J

�

b y

�

I

J

�

=

�

mm

E

J

�

: If I is n

th

-p o w er-free, w e denote

b y �

I

the c haracter �

I

( J ) =

�

I

J

�

. This c haracter dep ends on the c hoices ab o v e, but w e suppress this from

the notation. Let I ( S ) denote the in tegral ideals prime to S

f

. Let � b e as ab o v e and let L

S

( s; � 
 �

J

) b e

the L -function for � t wisted b y the c haracter �

J

, with the places in S remo v ed. (Note that the Euler factor

is also 1 at the places dividing J .) If � is an y id � ele class c haracter then the t wisted L -function L ( s; � 
 � )

satis�es a functional equation

(2.1) L ( s; � 
 � ) = " ( s; � 
 � ) L (1 � s; ~� 
 �

� 1

) ;

where " ( s; � 
 � ) is the epsilon factor of � 
 � .

Prop osition 2.1. L et E ; J 2 I ( S ) b e n

th

-p ower-fr e e with asso ciate d char acters �

E

; �

J

of c onductors f

E

; f

J

r esp e ctively. Supp ose that �

J

= �

E

�

I

with I 2 K

�

, I � 1 mo d C : Then

(2.2) " ( s; � 
 �

J

) = " (1 = 2 ; �

I

)

2

�

�

( f

J

= f

E

) ( N f

J

= N f

E

)

2(1 = 2 � s )

" ( s; � 
 �

E

) :
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Here " (1 = 2 ; �

I

) is giv en b y a (normalized) n

th

order Gauss sum, as in T ate's thesis. W e henceforth assume

that � has trivial cen tral c haracter (and is self-con tragredien t). Let

L

S

( s; � ) =

Y

v = 2 S

(1 � �

v

q

� s

v

)

� 1

(1 � �

v

q

� s

v

)

� 1

=

X

I 2I ( S )

a ( I )

( N I )

s

;

where �

v

and �

v

are the Satak e parameters asso ciated to � at v . F or J in I ( S ), write J = J

0

J

n

n

, with J

0

the n

th

p o w er free part of J . F or I in I ( S ), let

e

I represen t the part of I coprime to J

0

.

F or ideals I and J , de�ne the function G ( I ; J ) b y

G ( I ; J ) =

Y

v

ord

v

( I )= �

ord

v

( J )= �

G ( P

�

v

; P

�

v

) ;

where, for �; � � 0 ;

(2.3) G ( P

�

v

; P

�

v

) =

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

1 if � = 0

q

� = 2 � 1

v

( q

v

� 1) if � � � ; � � 0( n ) ; � > 0

� q

� = 2 � 1

v

if � = � � 1 ; � � 0( n ) ; � > 0

q

( � � 1) = 2

v

if � = � � 1 ; � 6� 0( n ) ; � > 0

0 otherwise.

T o simplify notation, let � denote the Dedekind zeta function of K and �

S

the zeta function with the places

in S remo v ed.

De�ne the follo wing pair of m ultiple Diric hlet series:

(2.4) Z

1

( s; w ; � ;  

1

;  

2

) = �

S

( nw � n= 2 + 1)

X

I ;J 2I ( S )

a ( I )  

1

( I )  

2

( J ) G ( I ; J ) �

J

0

(

e

I ) " ( J

0

)

( N I )

s

( N J )

w

;

and

(2.5) Z

2

( s; w ; � ;  

1

;  

2

) = �

S

( nw � n= 2 + 1)

X

I ;J 2I ( S )

a ( I )  

1

( I )  

2

( J ) G ( I ; J ) �

J

0

(

e

I ) " ( J

0

)

( N I )

s

( N J )

w

;

where  

1

;  

2

are t w o id � ele class c haracters of R

C

(hence of order dividing n and conductor dividing C ).

The notation " ( J

0

) simply abbreviates " (

1

2

; �

J

0

). (Note that Z

1

and Z

2

are essen tially dual ob jects up to

conjugation of �

J

0

and " ( J

0

).)

By summing �rst o v er J , w e ha v e

(2.6) Z

1

( s; w ; � ;  

1

;  

2

) =

X

I 2I ( S )

a ( I )  

1

( I ) D ( w ; I ;  

2

)

( N I )

s

;
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where

(2.7) D ( w ; I ;  

2

) = �

S

( nw � n= 2 + 1)

X

J 2I ( S )

 

2

( J ) G ( I ; J ) �

J

0

(

e

I ) " ( J

0

)

( N J )

w

is a Diric hlet series obtained from the F ourier co e�cien t of an Eisenstein series de�ned on an appropriately

restricted congruence subgroup � of the n -fold co v er of GL(2). (This motiv ates the de�nition (2.3) .) These

metaplectic Eisenstein series w ere �rst form ulated b y Kub ota (cf. [14 ]) and w ere studied in further detail

b y Kazhdan and P atterson in [11 ]. In particular, Kazhdan and P atterson exhibited a functional equation as

w 7! 1 � w and determined the p olar structure: D ( w ; I ;  

2

) has p ossible simple p oles at w =

1

2

�

1

n

and is

holomorphic elsewhere. (F or a general in tro duction to the sub ject, w e refer the reader to [10 ].)

Using the ab o v e theory together with one-v ariable con v exit y results, one sees that for ev ery � > 0

(2.8)

�

�

( w �

1

2

+

1

n

)( w �

1

2

�

1

n

) D ( w ; I ;  

2

)

�

�

< <

�

max f 1 ; ( N I )

(1 � Re ( w )) = 2+ �

; ( N I )

1 = 2 � Re ( w )+ �

g :

The implied constan t also has a dep endence on w , and the b ound is uniform for w in compacta. Hence,

w e can obtain a region of absolute con v ergence for our m ultiple Diric hlet series as a con v olution of a GL(2)

automorphic L -series and the ab o v e series D ( w ; I ;  

2

). That is, for i = 1 ; 2 w e de�ne

(2.9)

e

Z

i

( s; w ; � ;  

1

;  

2

) = s (1 � s )( w �

1

2

�

1

n

)( w �

1

2

+

1

n

) Z

i

( s; w ; � ;  

1

;  

2

) ;

and it follo ws from (2.8) that

e

Z

i

( s; w ; � ;  

1

;  

2

) for i = 1 ; 2 is holomorphic in the region

(2.10) R

0

= f ( s; w ) j Re ( s ) > max f

10

9

;

29

18

�

Re( w )

2

;

29

18

� Re( w ) g g :

This is demonstrated carefully in Section 5.

Our m ultiple Diric hlet series ha v e another fruitful in terpretation up on in terc hanging the order of sum-

mation, so that the inner sum is o v er ideals I 2 I ( S ). T o presen t this form, �rst de�ne the c orr e ction

p olynomials Q ( s; J ; � ; �

J

0

 

1

), for ideals J =

Q

v

P

ord

v

( J )

v

, b y

(2.11) Q ( s; J ; � ; �

J

0

 

1

) =

Y

v

ord

v

( J )= n


Q ( s; P

n


v

; �

J

0

 

1

; � )

n � 1

Y

k =1

Y

v

ord

v

( J )= n
 + k

 

a ( P

n
 + k � 1

v

)  

1

( P

k � 1

v

)

q

( n
 + k � 1) s �

n
 + k � 1

2

v

!

;

where

(2.12) Q ( s; P

n


v

; � ; � ) = a ( P

n


v

) q

n


2

� n
 s

v

� a ( P

n
 � 1

v

) � ( P

v

) q

n


2

� ( n
 +1) s

v

� a ( P

n
 � 1

v

) � ( P

v

) q

n


2

� 1 � ( n
 � 1) s

v

+ a ( P

n
 � 2

v

) q

n


2

� 1 � n
 s

v

;
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and where w e mak e the con v en tion that a ( x ) = 0 for all non-in tegral x . Then w e will sho w the follo wing

result in Section 3.

Prop osition 2.2. In the r e gion Re( s ) > 10 = 9 and Re( w ) > 1

(2.13) Z

1

( s; w ; � ;  

1

;  

2

) = �

S

( nw � n= 2 + 1)

X

J 2I ( S )

" ( J

0

)  

2

( J ) L

S

( s; � 
 �

J

0

 

1

)

( N J )

w

Q ( s; J ; � ; �

J

0

 

1

) ;

and

(2.14) Z

2

( s; w ; � ;  

1

;  

2

) = �

S

( nw � n= 2 + 1)

X

J 2I ( S )

" ( J

0

)  

2

( J ) L

S

( s; � 
 �

J

0

 

1

)

( N J )

w

Q ( s; J ; � ; �

J

0

 

1

) :

Giv en the results of Prop osition 2.2, w e can use upp er b ounds on the F ourier co e�cien ts of our L -series

and the �nite Diric hlet p olynomials Q , together with standard one-v ariable con v exit y argumen ts, to sho w

that the functions

e

Z

i

( s; w ; � ;  

1

;  

2

) for i = 1 ; 2 are holomorphic in the region

R

00

= f ( s; w ) j Re ( w ) > max f 1 ;

19

9

� Re( s ) ; 2 � 2 Re( s ) g g :

Since R

0

and R

00

ha v e a non-empt y in tersection, w e see that the functions

e

Z

i

( s; w ; � ;  

1

;  

2

) for i = 1 ; 2

ha v e an analytic con tin uation to the union of these regions, giv en b y

(2.15) R = f ( s; w ) j Re( w ) > max f 2 � 2 Re ( s ) ;

19

9

� Re( s ) ;

29

9

�

Re( s )

2

;

29

18

� Re( s ) g g :

W e use the t w o in terpretations of the m ultiple Diric hlet series to exhibit functional equations as w 7! 1 � w

and s 7! 1 � s . T ranslating the region R under these equations will lead to an analytic con tin uation. By

adding in the con tributions at the in�nite places, w e can state a precise form ulation of the functional equation

inherited b y the m ultiple Diric hlet series from the Eisenstein series. De�ne

(2.16) �

n

( w )

def

=

h

(2 � )

� 1 = 2

n

nw �

n

2

+1

i

r

2

n � 1

Y

i =1

�( w �

1

2

+

i

n

) j D

K

j

nw �

n

2

+1

;

where D

K

denotes the discriminan t of the �eld K and r

2

is the n um b er of pairs of complex em b eddings. This

set of gamma factors comes directly from the F ourier analysis and m ultiplication form ula for the gamma

function. Then �

n

( w ) D ( w ; I ;  

2

) has a functional equation as w 7! 1 � w , whic h w e exploit to obtain the

follo wing prop osition.

Prop osition 2.3. In the r e gion R given by (2.15) ,

�

n

(1 � w ) Z

1

( s + w � 1 = 2 ; 1 � w ; � ;  

1

;  

2

)

Y

v 2 S

f

(1 � q

n= 2 � 1 � nw

v

) =

X

�

�( w ;  

2

; � )�

n

( w ) Z

1

( s; w ; � ;  

1

 

2

� ;  

2

) ;
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wher e e ach �( w ;  

2

; � ) is a function of w which is b ounde d in vertic al strips of b ounde d width. The sum is

taken over al l char acters � with c onductor dividing C and or der dividing n .

No w equipp ed with one functional equation, w e go in searc h of a second. By in terc hanging the order

of summation, decomp osing the sums in (2.4) and (2.5) according to primes dividing J , w e will view our

Diric hlet series as w eigh ted sums of L -series in s asso ciated to � . Th us our series inherit functional equations

as s 7! 1 � s . T o mak e this precise, w e m ust �rst include the appropriate Gamma factors whic h complete

the L -series. De�ne �

K

( s ) b y

(2.17) �

K

( s ) =

�

j D

K

j

(2 � )

r

2

�

s

�( s + i� )

r

2

�( s � i� )

r

2

;

where again D

K

is the discriminan t of K , r

2

denotes the n um b er of pairs of complex em b eddings in our

totally complex �eld K , and

1

4

+ �

2

is the eigen v alue corresp onding to the automorphic represen tation � .

Prop osition 2.4. In the r e gion R ,

(2.18)

Y

v 2 S

f

�

1 �

�

v

 

1

( P

n

v

)

q

n � ns

v

� �

1 �

�

v

 

1

( P

n

v

)

q

n � ns

v

�

�

K

( s ) �

S

( nw + 2 ns �

3 n

2

+ 1) Z

1

( s; w ; � ;  

1

;  

2

)

=

X

� 2

^

R

C

B ( s ;  

1

; � )�

K

(1 � s ) �

S

( nw �

n

2

+ 1) Z

2

(1 � s; w + 2 s � 1; � ;  

1

;  

2

 

2

1

� )

wher e the functions B ( s ;  

1

; � ) ar e b ounde d in vertic al strips of b ounde d width.

The pro ofs for these t w o prop ositions are completed in Section 4. Because w e will apply b oth functional

equations to our m ultiple Diric hlet series in order to obtain an analytic con tin uation, w e w ould lik e to

de�ne �-factors at the in�nite places whic h are in v arian t under b oth functional equations as s 7! 1 � s and

w 7! 1 � w . Th us, according to the previous prop ositions, w e de�ne

(2.19) �( s; w ) = �

K

( s )�

K

( s + w � 1 = 2)�

n

( w )�

n

( w + 2 s � 1) ;

and de�ne

(2.20) Z

�

i

( s; w ; � ;  

1

;  

2

) = �( s; w ) �

S

( nw + 2 ns �

3 n

2

+ 1) Z

i

( s; w ; � ;  

1

;  

2

) for i = 1 ; 2 :

The pair of functional equations from Prop ositions 2.3 and 2.4, rep eatedly applied to the region R , pro vide

an analytic con tin uation to all of C

2

. This is demonstrated in Section 5. W e will sho w in Section 6 that,

when sp ecialized to s = 1 = 2, the resulting expression is absolutely con v ergen t for w in some righ t half-plane.
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The functional equation together with this con v ergence will allo w us to sho w in Section 7 that if there is a

single non v anishing t wist at s =

1

2

, there m ust in fact b e in�nitely man y non v anishing t wists at s =

1

2

.

3. Inter changing the Order of Summa tion { A Pr oof of Pr oposition 2.2

Pr o of of Pr op osition 2.2: W e giv e the pro of for (2.13) , noting that the pro of of (2.14) follo ws iden tically .

First, w e consider the expression for Z

1

( s; w ; � ;  

1

;  

2

) giv en in (2.4). Using the b ound j a ( I ) j �

�

( N I )

1 = 9+ �

for the F ourier co e�cien ts, as w ell as the fact that j G ( I ; J ) j � ( N J )

1 = 2

, w e see that

e

Z

1

( s; w ; � ;  

1

;  

2

)

con v erges absolutely and uniformly in the region of C

2

satisfying Re( w ) > 3 = 2 and Re( s ) >

10

9

. Th us the

in terc hange of summation is allo w ed in this smaller region. Then, using the b ound giv en in (2.8), w e see

that in fact the series de�ning

e

Z

1

( s; w ; � ;  

1

;  

2

) con v erges to an analytic function in the region Re( s ) >

10

9

and Re( w ) > 1 :

Fix an ideal J in I ( S ) and decomp ose it according to J = J

0

J

n

n

where J

0

= J

1

J

2

2

: : : J

n � 1

n � 1

again denotes

the n

th

p o w er free part of J . Let v 62 S b e a place suc h that ord

v

( J ) = n
 , so that w e ma y write J = P

n


v

J

0

with ( J

0

; P

v

) = 1. W e m ust analyze the resulting ob ject G ( I ; J ).

W riting I = P

�

v

I

0

with ( I

0

; P

v

) = 1, giv es

X

I 2I ( S )

a ( I )  

1

( I )  

2

( J ) G ( I ; J ) �

J

0

(

e

I ) " ( J

0

)

( N I )

s

( N J )

w

=

X

I

0

ord

v

( I

0

)=0

a ( I

0

)  

1

( I

0

)  

2

( J ) G ( I

0

; J

0

) �

J

0

(

e

I

0

) " ( J

0

)

( N I

0

)

s

( N J

0

)

w

�

X

� � 0

a ( P

�

v

)  

1

( P

�

v

) G ( P

�

v

; P

n


v

) �

J

0

( P

�

v

)

( N P

v

)

�s + n
 w

:

W e �rst ev aluate the sum o v er � . If 
 = 0, the sum b ecomes

X

� � 0

a ( P

�

v

)  

1

( P

�

v

) �

J

0

( P

�

v

)

( N P

v

)

�s

= L

( v )

( s; � 
 �

J

0

 

1

) ;

where L

( v )

( s; � 
 �

J

0

 

1

) denotes the Euler factor asso ciated to the place v in the L -series.

If 
 � 1, then using (2.3) w e obtain

X

� � 0

a ( P

�

v

)  

1

( P

�

v

) G ( P

�

v

; P

n


v

) �

J

0

( P

�

v

)

q

�s + n
 w

v

= �

a ( P

n
 � 1

v

)  

1

( P

n
 � 1

v

) �

J

0

( P

n
 � 1

v

)

q

n
 w +( n
 � 1) s �

n


2

+1

v

+

1

q

n
 w �

n


2

+1

v

X

� � n


( q

v

� 1) a ( P

�

v

)  

1

( P

�

v

) �

J

0

( P

�

v

)

q

�s

v

:

(3.1)



12 BEN BR UBAKER, ALINA BUCUR, GA UT AM CHINT A, SHAR ON FRECHETTE, AND JEFFREY HOFFSTEIN

W e wish to sum this geometric series, pulling out a factor of L

( v )

( s; � 
 �

J

0

 

1

). W e m ust therefore write

the F ourier co e�cien ts a ( P

�

v

) in terms of the v

th

Satak e parameters. (Recall that for v 62 S , �

v

�

v

= 1 and

�

v

+ �

v

= a ( P

v

).) W e ha v e

a ( P

�

v

) =

�

� +1

v

� �

� +1

v

�

v

� �

v

;

and

L

( v )

( s; � 
 �

J

0

 

1

) =

�

1 �

�

v

�

J

0

( P

v

)  

1

( P

v

)

q

s

v

�

� 1

�

1 �

�

v

�

J

0

( P

v

)  

1

( P

v

)

q

s

v

�

� 1

= (1 � a ( P

v

) �

J

0

( P

v

)  

1

( P

v

) q

� s

v

+ �

J

0

( P

v

)

2

 

1

( P

v

)

2

q

� 2 s

v

)

� 1

:

Substituting these de�nitions in to the latter sum of (3.1) and ev aluating the geometric sums, w e ha v e

X

� � n


a ( P

�

v

)  

1

( P

�

v

) �

J

0

( P

�

v

)

q

�s

v

=

1

�

v

� �

v

2

4

X

� � n


�

� +1

v

�

J

0

( P

�

v

)  

1

( P

�

v

)

q

�s

v

�

X

� � n


�

� +1

v

�

J

0

( P

�

v

)  

1

( P

�

v

)

q

�s

v

3

5

=

1

�

v

� �

v

�

�

n
 +1

v

q

n
 s

v

(1 � �

v

�

J

0

( P

v

)  

1

( P

v

) q

� s

v

)

� 1

�

�

n
 +1

v

q

n
 s

v

(1 � �

v

�

J

0

( P

v

)  

1

( P

v

) q

� s

v

)

� 1

�

=

L

( v )

( s; � ; �

J

0

 

1

)

q

n
 s

v

�

a ( P

n


v

) � a ( P

n
 � 1

v

) �

J

0

( P

v

)  

1

( P

v

) q

� s

v

�

:

Therefore, w e ma y rewrite the en tire equation (3.1) as

X

� � 0

a ( P

�

v

)  

1

( P

�

v

) G ( P

�

v

; P

n


v

) �

J

0

( P

�

v

)

q

�s + n
 w

v

=

1

q

n
 w + n
 s �

n


2

+1

v

�

� a ( P

n
 � 1

v

)  

1

( P

v

) �

J

0

( P

v

) q

s

v

+( q

v

� 1)

�

a ( P

n


v

) � a ( P

n
 � 1

v

)  

1

( P

v

) �

J

0

( P

v

) q

� s

v

�

L

( v )

( s; � 
 �

J

0

 

1

)

i

=

L

( v )

( s; � 
 �

J

0

 

1

)

q

n
 w + n
 s �

n


2

+1

v

�

�

� a ( P

n
 � 1

v

)  

1

( P

v

) �

J

0

( P

v

) q

s

v

�

1 � a ( P

v

) �

J

0

( P

v

)  

1

( P

v

) q

� s

v

+ �

J

0

( P

v

)

2

 

1

( P

v

)

2

q

� 2 s

v

�

+ ( q

v

� 1)

�

a ( P

n


v

) � a ( P

n
 � 1

v

)  

1

( P

v

) �

J

0

( P

v

) q

� s

v

)

��

:

Expanding in the second brac k et, and using the relation

a ( P

n
 � 1

v

) a ( P

v

) = ( �

v

� �

v

)

� 1

( �

n


v

� �

n


v

)( �

v

+ �

v

) = a ( P

n


v

) + a ( P

n
 � 2

v

) ;

w e �nd that the ab o v e expression equals

L

( v )

( s; � 
 �

J

0

 

1

)

q

n
 w + n
 s �

n


2

+1

v

�

q

v

a ( P

n


v

) � a ( P

n
 � 1

v

) �

J

0

( P

v

)  

1

( P

v

) q

1 � s

v

� a ( P

n
 � 1

v

) �

J

0

( P

v

)  

1

( P

v

) q

s

v

+ a ( P

n
 � 2

v

)

�

:
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Putting it all together, w e ha v e

X

� � 0

a ( P

�

v

)  

1

( P

�

v

) G ( P

�

v

; P

n


v

) �

J

0

( P

�

v

)

q

�s + n
 w

v

=

=

L

( v )

( s; � 
 �

J

0

 

1

)

q

n
 w

v

h

a ( P

n


v

) q

n


2

� n
 s

v

� a ( P

n
 � 1

v

) �

J

0

( P

v

)  

1

( P

v

) q

n


2

� ( n
 +1) s

v

�

a ( P

n
 � 1

v

) �

J

0

( P

v

)  

1

( P

v

) q

n


2

� 1 � ( n
 � 1) s

v

+ a ( P

n
 � 2

v

) q

n


2

� 1 � n
 s

v

i

:

Recall the con v en tion that a ( x ) = 0 for all non-in tegral x . Then rep eating the ab o v e pro cess for all suc h

places v with P

v

not dividing J

0

, for an y �xed ideal J w e ha v e

(3.2)

X

I

a ( I )  

1

( I )  

2

( J ) G ( I ; J ) �

J

0

(

e

I ) " ( J

0

)

( N I )

s

( N J )

w

=

Y

v

ord

v

( J )= n


L

( v )

( s; � 
 �

J

0

 

1

)

q

n
 w

v

Q ( s; P

n


v

; �

J

0

 

1

; � )

X

I

I j J

1

0

a ( I )  

1

( I )  

2

( J ) G ( I ; J ) �

J

0

(

e

I ) " ( J

0

)

( N I )

s

( N J

0

)

w

;

where Q ( s; P

n


v

; �

J

0

 

1

; � ) is as de�ned in (2.12) .

W e m ust no w rep eat this analysis for the remaining sum o v er I suc h that I j J

1

0

. Let v b e a place suc h

that P

v

j J

0

. That is, ord

v

( J ) = n
 + k , for some k 2 f 1 ; 2 ; : : : n � 1 g and denote ord

v

( I ) = � . Then, writing

I = P

�

v

I

0

and J = P

n
 + k

v

J

0

, w e ha v e

G ( I ; J ) = G ( P

�

v

I

0

; P

n
 + k

v

J

0

) =

(

q

n
 + k � 1

2

v

G ( I

0

; J

0

) ; if � = n
 + k � 1

0 ; otherwise.

Moreo v er, in this case

f

P

v

= (1) since P

v

j J

0

, so �

J

0

(

f

P

v

) = 1 Th us w e ma y write

(3.3)

X

I

I j J

1

0

a ( I )  

1

( I )  

2

( J ) G ( I ; J ) " ( J

0

)

( N I )

s

( N J )

w

=

 

a ( P

n
 + k � 1

v

)  

1

( P

n
 + k � 1

v

)

q

( n
 + k � 1) s +( n
 + k ) w �

n
 + k � 1

2

v

!

X

( I

0

;P

v

)=1

I

0

j J

1

0

a ( I

0

)  

1

( I

0

)  

2

( J ) G ( I

0

; J

0

) �

J

0

(

e

I

0

) " ( J

0

)

( N I

0

)

s

( N J

0

)

w

:

Rep eating this for the remaining �nite list of places v suc h that P

v

j J

0

, w e ha v e

(3.4)

X

I

I j J

1

0

a ( I )  

1

( I )  

2

( J ) G ( I ; J ) " ( J

0

)

( N I )

s

( N J )

w

= " ( J

0

)  

2

( J )

n � 1

Y

k =1

Y

v

ord

v

( J )= n
 + k

 

a ( P

n
 + k � 1

v

)  

1

( P

n
 + k � 1

v

)

q

( n
 + k � 1) s +( n
 + k ) w �

n
 + k � 1

2

v

!

:
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Com bining this result with the information from (3.2) and (2.12) and noting that our c haracters  

i

ha v e

order n , the original series for �xed J tak es form

(3.5)

X

I 2I ( S )

a ( I )  

1

( I )  

2

( J ) G ( I ; J ) �

J

0

(

e

I ) " ( J

0

)

( N I )

s

( N J )

w

= " ( J

0

)  

2

( J ) L

S

( s; � 
 �

J

0

 

1

) �

Y

v

ord

v

( J )= n


Q ( s; P

n


v

; �

J

0

 

1

; � )

q

n
 w

v

n � 1

Y

k =1

Y

v

ord

v

( J )= n
 + k

 

a ( P

n
 + k � 1

v

)  

1

( P

k � 1

v

)

q

( n
 + k � 1) s +( n
 + k ) w �

n
 + k � 1

2

v

!

:

Summing o v er eac h ideal J 2 I ( S ), the result follo ws.

W e will also need the follo wing lemma.

Lemma 3.1. L et the notation b e as ab ove. The c orr e ction factor Q ( s; J ; � ; �

J

0

 

1

) satis�es the fol lowing

functional e quation in s :

(3.6) Q ( s; J ; � ; �

J

0

 

1

) = ( N J

2

J

2

3

� � � J

n � 2

n � 1

J

n

n

)

1 � 2 s

 

2

( J

2

J

2

3

� � � J

n � 2

n � 1

J

n

n

) Q (1 � s; J ; � ; �

J

0

 

1

) :

Pr o of: F rom the de�nition made in (2.12) , one readily sees that at eac h prime ideal P

v

with ( P

v

; J

0

) = 1,

Q ( s; P

n


v

; �

J

0

 

1

; � ) = ( q

n


v

)

1 � 2 s

Q (1 � s; P

n


v

; �

J

0

 

1

; � ) :

Moreo v er, for eac h of the prime ideals P

v

with P

v

j J

0

for an y c hoice of k , w e ha v e the iden tit y

 

a ( P

n
 + k � 1

v

)  

1

( P

k � 1

v

)

q

( n
 + k � 1) s �

n
 + k � 1

2

v

!

= ( q

n
 + k � 1

v

)

1 � 2 s

 

2

1

( P

k � 1

v

)

 

a ( P

n
 + k � 1

v

)  

1

( P

k � 1

v

)

q

( n
 + k � 1)(1 � s ) �

n
 + k � 1

2

v

!

:

The lemma therefore follo ws b y com bining the ab o v e iden tities.

4. A Functional Equa tions: A Pr oof of Pr opositions 2.3 and 2.4

Pr o of of Pr op osition 2.3: This follo ws as an immediate corollary of the functional equation as w 7! 1 � w for

�

n

( w ) D ( w ; I ;  

2

) giv en as Corollary I I.2.4 of [11 ]. Note the necessit y of t wisting b y c haracters  

1

and  

2

so that as the functional equation tak es Eisenstein series to a linear com bination of Eisenstein series at eac h

cusp, the form of our basic Diric hlet series remains the same. Our �( w ; � ) is then essen tially a scattering

matrix for this functional equation.

Recall from Prop osition 2.2 that w e ha v e

Z

1

( s; w ; � ;  

1

;  

2

) = �

S

( nw � n= 2 + 1)

X

J 2I ( S )

" ( J

0

)  

2

( J ) L

S

( s; � 
 �

J

0

 

1

)

( N J )

w

Q ( s; J ; � ; �

J

0

 

1

) ;
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and

Z

2

( s; w ; � ;  

1

;  

2

) = �

S

( nw � n= 2 + 1)

X

J 2I ( S )

" ( J

0

)  

2

( J ) L

S

( s; � 
 �

J

0

 

1

)

( N J )

w

Q ( s; J ; � ; �

J

0

 

1

) ;

where Q ( s; J ; � ; �

J

0

 

1

) is the correction p olynomial de�ned in (2.11) . T o facilitate the statemen t of the

results of this section, w e extend the de�nitions of Z

1

and Z

2

to include arbitrary linear com binations of

c haracters in place of  

1

and  

2

: In particular for E 2 E , let �

E

b e the c haracteristic function of the class

E ; and consider

(4.1) Z

1

( s; w ; � ;  

1

; �

E

 

2

) = �

S

( nw � n= 2 + 1)

X

J 2I ( S )

J � E

" (1 = 2 ; J

0

)  

2

( J ) L

S

( s; � 
 �

J

 

1

)

( N J )

w

;

where for notational con v enience, w e put

(4.2) L ( s; � 
 �

J

 

1

) = L ( s; � 
 �

J

0

 

1

) Q ( s; J ; � ; �

J

0

 

1

) :

W e determine the functional equation for this completed L -function in the follo wing lemma.

Fix an ideal J in I ( S ). Let J

0

= J

1

J

2

2

: : : J

n � 1

n � 1

denote its n

th

p o w er free part, and write J

0

= I

0

E ,

where E represen ts the class of J

0

in R

C

, and where I

0

� 1 mo d C . The conductor of �

J

0

is giv en b y

f

J

0

= J

1

J

2

� � � J

n � 1

C

E

, where C

E

is a constan t dep ending only on the class E .

Lemma 4.1. With the notation as ab ove,

(4.3) L ( s; � 
 �

J

 

1

) = " (

1

2

; �

I

0

)

2

" ( s; � 
 �

E

 

1

)  

2

1

�

J C

E

f

E

� �

N J C

E

N f

E

�

1 � 2 s

L (1 � s; � 
 �

J

 

1

) :

Pr o of: F rom (2.1) , w e ha v e L ( s; � 
 �

J

0

 

1

) = " ( s; � 
 �

J

0

 

1

) L (1 � s; � 
 �

J

0

 

1

) : W e will ev aluate the factor

" ( s; � 
 �

J

0

 

1

) = " ( s; ( � 
  

1

) 
 �

J

0

) using Prop osition 2.1. The cen tral c haracter of � is trivial, therefore

the cen tral c haracter of � 
  

1

is  

2

1

. Th us w e ha v e

(4.4) " ( s; � 
 �

J

0

 

1

) = " (

1

2

; �

I

0

)

2

 

2

1

�

J

1

� � � J

n � 1

C

E

f

E

� �

N J

1

� � � J

n � 1

C

E

N f

E

�

1 � 2 s

" ( s; � 
  

1

�

E

)

The lemma then follo ws b y com bining the ab o v e with the functional equation for Q ( s; J ; � ; �

J

0

 

1

) giv en in

Lemma 3.1.

W e are no w ready to demonstrate the functional equation for Z

1

as s 7! 1 � s . The functional equation

in Z

2

can b e sho wn completely analogously .
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Pr o of of Pr op osition 2.4: Using Lemma 4.1, together with the fact that

" (

1

2

; �

I

0

)

2

" (

1

2

; �

J

0

) = " (

1

2

; �

J

0

) " (

1

2

; �

E

)

2

;

w e see that

(4.5) Z

1

( s; w ; � ;  

1

; �

E

 

2

)

= A ( E ; s )

X

J 2I ( S )

J � E

" (1 = 2 ; J

0

)  

2

 

2

1

( J ) L

S

(1 � s; � 
 �

J

0

 

1

)

( N J )

w +2 s � 1

Y

v 2 S

L

( v )

(1 � s; � 
 �

J

0

 

1

)

L

( v )

( s; � 
 �

J

0

 

1

)

;

where

A ( E ; s ) =

�

N C

E

N f

E

�

1 � 2 s

 

2

1

�

C

E

f

E

�

" (1 = 2 ; �

E

)

2

" ( s; � 
  

1

�

E

) :

Recall that the L -series in the n umerator is the completed L -series (see (4.2)).

T o pro ceed further, m ultiply b oth sides of (4.5) b y

Y

v 2 S

f

1

L

( v )

( n � ns; � 
  

n

1

)

: Then

L

( v )

(1 � s; � 
 �

J

0

 

1

)

L

( v )

( n � ns; � 
  

n

1

)

=

"

1 +

�

v

�

J

0

 

1

( P

v

)

q

1 � s

v

+ � � � +

�

n � 1

v

�

J

0

 

1

( P

n � 1

v

)

q

( n � 1)(1 � s )

v

#

�

"

1 +

�

v

�

J

0

 

1

( P

v

)

q

1 � s

v

+ � � � +

�

n � 1

v

�

J

0

 

1

( P

n � 1

v

)

q

( n � 1)(1 � s )

v

#

:

Hence for eac h J and eac h v 2 S

f

the term

L

( v )

(1 � s; � 
 �

J

0

 

1

)

L

( v )

( n � ns; � 
  

n

1

)

1

L

( v )

( s; � 
 �

J

0

 

1

)

b ecomes a �nite Lauren t p olynomial in q

s

v

whose dep endence on J is through terms of the form �

J

0

( P

v

) :

Since v 2 S

f

and J is in a �xed class E of R

C

; w e ha v e �

J

0

( P

v

) = �

v

( E ) for some c haracter �

v

of R

C

:

Similarly , the quotien t

(4.6)

Y

v 2 S

1

L

( v )

(1 � s; � 
 �

J

0

 

1

)

L

( v )

( s; � 
 �

J

0

 

1

)

=

�

K

(1 � s )

�

K

( s )

;

where �

K

( s ) is de�ned as in (2.17), is indep enden t of J :

Since

Z

�

1

( s; w ; � ;  

1

;  

2

) = �( s; w ) �

S

( nw + 2 ns �

3 n

2

+ 1) Z

1

( s; w ; � ;  

1

;  

2

) ;
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where w e recall that �( s; w ) is the complete set of Gamma factors de�ned in (2.19) , w e conclude that

Y

v 2 S

f

�

1 �

�

v

 

1

( P

n

v

)

q

n � ns

v

� �

1 �

�

v

 

1

( P

n

v

)

q

n � ns

v

�

Z

�

1

( s; w ; � ;  

1

;  

2

�

E

) =

A ( s ;  

1

; E ) Z

�

2

(1 � s; w + 2 s � 1; � ;  

1

;  

2

 

2

1

�

E

) :

Moreo v er, the functions A ( s ;  

1

; E ) are �nite Lauren t p olynomials in N J

s

. Summing o v er E ;

Z

�

1

( s; w ; � ;  

1

;  

2

) =

X

E 2E

Z

�

1

( s; w ; � ;  

1

;  

2

�

E

)

so that

(4.7)

Y

v 2 S

f

�

1 �

�

v

 

1

( P

n

v

)

q

n � ns

v

� �

1 �

�

v

 

1

( P

n

v

)

q

n � ns

v

�

Z

�

1

( s; w ; � ;  

1

;  

2

)

=

X

� 2

^

R

C

B ( s ;  

1

; � ) Z

�

2

(1 � s; w + 2 s � 1; � ;  

1

;  

2

 

2

1

� ) ;

where B ( s ;  

1

; � ) is a linear com bination of the A ( s ;  

1

; E ). This is precisely Prop osition 2.4.

5. Anal ytic Continua tion

W e wish to analytically con tin ue the functions

e

Z

i

( s; w ; � ;  

1

;  

2

) for i = 1 ; 2 to C

2

, for eac h c hoice of  

1

and  

2

. This will b e ac hiev ed using the functional equations for the Z

�

i

, along with prop erties of the series

D ( w ; I ;  

2

) and the Diric hlet series L ( s; � 
 �

d

 

1

). As ab o v e, w e will restrict our atten tion to

e

Z

1

, as the

argumen ts for

e

Z

2

will b e almost iden tical.

First, w e consider the expression for Z

1

( s; w ; � ;  

1

;  

2

) giv en in (2.4) . Recall that the b ound j a ( I ) j �

�

( N I )

1 = 9+ �

for the F ourier co e�cien ts, as w ell as the fact that j G ( I ; J ) j � ( N J )

1 = 2

, implies that

e

Z

1

( s; w ; � ;  

1

;  

2

)

con v erges absolutely and uniformly in the region of C

2

satisfying Re( w ) > 3 = 2 and Re( s ) >

10

9

. Then, as

men tioned earlier, b y the b ound giv en in (2.8) , the series de�ning

e

Z

1

( s; w ; � ;  

1

;  

2

) con v erges to an analytic

function in the region Re( s ) >

10

9

and Re( w ) > 1 :

Next, w e examine the b eha vior of

e

Z

1

( s; w ; � ;  

1

;  

2

) when Re( s ) � � 1 = 9, utilizing the expression for

Z

1

( s; w ; � ;  

1

;  

2

) giv en in (2.13) . It will b e con v enien t to w ork with this series as

Z

1

( s; w ; � ;  

1

;  

2

) =

X

E 2 R

C

Z

1

( s; w ; � ;  

1

; �

E

 

2

) ;
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with Z

1

( s; w ; � ;  

1

; �

E

 

2

) as giv en in (4.1). The full Diric hlet series L ( s; � 
 �

J

 

1

) satis�es the functional

equation giv en in (4.3) . This functional equation in v olv es gamma factors, as w e ha v e

(5.1) L ( s; � 
 �

J

0

 

1

) =

Y

v

L

( v )

( s; � 
 �

J

0

 

1

) = �

K

( s ) A ( s ) L

S

( s; � 
 �

J

0

 

1

) ;

where A ( s ) =

Q

v 2 S

f

L

( v )

( s; � 
 �

J

0

 

1

). Com bining (5.1) with (4.3), w e obtain

(5.2) L

S

( s; � 
 �

J

 

1

) =

�

K

(1 � s )

�

K

( s )

A (1 � s )

A ( s )

B ( s; E )( N J )

1 � 2 s

L

S

(1 � s; � 
 �

J

 

1

) ;

where w e put

B ( s; E ) = " (

1

2

; �

I

0

)

2

" ( s; � 
 �

E

 

1

)  

2

1

�

J C

E

f

E

� �

N C

E

N f

E

�

1 � 2 s

:

W e set s = � 1 = 9 + � + it in (5.2) and examine the factors on the righ t, as j t j ! 1 . F or the Gamma factors,

using a simpli�ed v ersion of Stirling's form ula giv en b y

j �( � + it ) j � j t j

� � 1 = 2

exp ( � � j t j ) as j t j ! 1 ;

w e see that, as j t j ! 1 ,

�

�

�

�

�

K

(10 = 9 � � � it )

�

K

( � 1 = 9 + � + it )

�

�

�

�

� M j t j

(22 = 9 � 4 � ) r

2

for some p ositiv e constan t M . The factor

�

�

�

A (

10

9

� � � it )

A (

� 1

9

+ � + it )

�

�

�

is a �nite p olynomial in p o w ers of q

�

v

, hence it is

indep enden t of t . Finally , the factor L

S

(

10

9

� � � it; � 
 �

J

 

1

) is b ounded as a function of t , since, b y

Rankin-Selb erg theory , the full L -series is absolutely con v ergen t when s =

10

9

. Th us w e see that L

S

( � 1 = 9 +

� + it; � 
 �

J

 

1

) has p olynomial gro wth as a function of t , for �xed � < 0.

F or Re( s ) � � 1 = 9, w e therefore ha v e

(5.3) j Z

1

( s; w ; � ;  

1

;  

2

) j �

�

c ( � ) j t j

(22 = 9 � 4 � ) r

2

X

E 2 R

C

X

J 2I ( S )

J � E

1

( N J )

Re ( w )+2 � � 11 = 9 � �

;

where c ( � ) is a constan t indep enden t of t , giv en b y c ( � ) = max

E 2 R

C

f c ( � ; E ) g ; with

c ( � ; E ) =

�

�

�

�

A (

10

9

� � � it )

A (

� 1

9

+ � + it )

�

�

�

�

�

�

�

B (

� 1

9

+ � + it )

�

�

� M :

No w, the series on the righ t-hand side of (5.3) con v erges absolutely and uniformly on compacta in the region

satisfying Re( s ) < � 1 = 9 and Re( w ) > 2 � 2 Re( s ). No w b y applying a generalized v ersion of the Phragm � en-

Lindel• of Theorem, w e see that for s with real part b et w een � 1 = 9 and 10 = 9,

e

Z

1

extends to a complex analytic

function, pro vided Re( w ) > 19 = 9 � Re( s ). Therefore, our region of analyticit y for

e

Z

1

( s; w ; � ;  

1

;  

2

) is the

region R

00

= f ( s; w ) j Re( w ) > max f 1 ;

19

9

� Re( s ) ; 2 � 2 Re ( s ) g g :
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T o obtain a second region of analyticit y for

e

Z

1

, w e again consider the expression for Z

1

in terms of

D ( w ; I ;  

2

), as giv en in (2.6) . If Re( w ) < 0, then (2.8) giv es

j ( w �

1

2

+

1

n

)( w �

1

2

�

1

n

) D ( w ; I ;  

2

) j �

�

( N I )

1 = 2 � Re ( w )+ �

;

hence w e see that

j

e

Z

1

( s; w ; � ;  

1

;  

2

) j �

�

X

I 2I ( S )

( N I )

1 = 9+ �

( N I )

1 = 2 � Re ( w )

( N I )

s

=

X

I 2I ( S )

1

( N I )

s +Re ( w ) � 11 = 18 � �

:

The implied constan t has a dep endence on w with the b ound uniform for w in compacta. Consequen tly ,

the initial region of con v ergence of

e

Z

1

( s; w ; � ;  

1

;  

2

), i.e. Re( w ) > 1 and Re( s ) >

10

9

, is extended to

include the region of C

2

satisfying Re( w ) < 0 and Re( s ) > 29 = 18 � Re( w ). Then b y a second application

of the Phragm � en-Lindel• of theorem, w e see that analyticit y of

e

Z

1

( s; w ; � ;  

1

;  

2

) extends to the region R

0

=

f ( s; w ) j Re( s ) > max f

10

9

;

29

18

�

Re( w )

2

;

29

18

� Re( w ) g g :

These regions o v erlap, whic h means that

e

Z

1

( s; w ; � ;  

1

;  

2

) can b e analytically con tin ued on their union,

R = R

0

[ R

00

. By an almost iden tical argumen t,

e

Z

2

( s; w ; � ;  

1

;  

2

) also is analytic on the region R . No w w e

ma y apply the functional equations for the Z

i

, represen ted for con v enience as � : ( s; w ) ! (1 � s; w + 2 s � 1)

and � : ( s; w ) ! ( s + w � 1 = 2 ; 1 � w ), to extend this region of analyticit y . Applying the transformation �

to the region R , w e obtain a region whic h o v erlaps R , and when w e tak e the con v ex h ull of their union, w e

obtain the half-plane f ( s; w ) j Re ( s ) >

29

18

� Re( w ) g :

Finally , applying the transformation � to this half-plane, w e obtain another half-plane whic h o v erlaps it.

Therefore when w e tak e the con v ex h ull of their union, w e obtain all of C

2

, as desired.

6. Absolute Conver gence of Sums in a Right Half-Plane

W e �rst analyze the individual expressions Z

i

(

1

2

; w ; � ;  

1

;  

2

) for i = 1 ; 2. Again, w e will restrict our

atten tion to Z

1

in what follo ws, as the con v ergence of Z

2

will eviden tly follo w in the same fashion. T o b egin,

w e separate the sum o v er J in terms of t w o pieces { the �rst corresp onding to n

th

p o w er free J

0

, and the

second corresp onding to J

n

. F rom (2.13), w e ha v e

Z

1

�

1

2

; w ; � ;  

1

;  

2

�

=

X

J

0

2I ( S )

n

th

-p o w er free

" ( J

0

)  

2

( J

0

) L

S

(

1

2

; � ; �

J

0

 

1

)

( N J

0

)

w

X

J

n

2I ( S )

Q (

1

2

; J ; � ; �

J

0

 

1

)

( N J

n

)

nw

:
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In the expression for Q (

1

2

; J ; � ; �

J

0

 

1

) obtained from (2.11) , w e abbreviate the notation b y de�ning

(6.1) C

J

0

; 

1

( P

v

) = �

J

0

( P

v

)  

1

( P

v

) + �

J

0

( P

v

)  

1

( P

v

) ;

and writing

Q

�

1

2

; P

n


v

; �

J

0

 

1

; �

�

= a ( P

n


v

) � a ( P

n
 � 1

v

) q

�

1

2

v

C

J

0

; 

1

( P

v

) + a ( P

n
 � 2

v

) q

� 1

v

:

F or �xed J

0

, w e sho w that the sum o v er J

n

is absolutely con v ergen t in a certain righ t half-plane in w . W e

ma y write

X

J

n

2I ( S )

Q (

1

2

; J ; � ; �

J

0

 

1

)

( N J

n

)

nw

=

n � 1

Y

k =1

Y

v

ord

v

( J )= n
 + k

0

@

X


 � 0

a ( P

n
 + k � 1

v

)  

1

( P

k � 1

v

)

( N P

v

)

n
 w

1

A

Y

v

ord

v

( J )= n


0

@

X


 � 0

Q (

1

2

; P

n


v

; J ; � )

( N P

v

)

n
 w

1

A

and then analyze eac h of the geometric sums individually , using the Satak e parameters. First, w e ha v e

X


 � 0

a ( P

n
 + k � 1

v

)  

1

( P

k � 1

v

)

( N P

v

)

n
 w

=

 

1

( P

k � 1

v

)

�

v

� �

v

X


 � 0

�

n
 + k

v

� �

n
 + k

v

q

n
 w

v

=

 

1

( P

k � 1

v

)

�

v

� �

v

h

�

k

v

(1 � �

n

v

q

� nw

v

)

� 1

� �

k

v

(1 � �

n

v

q

� nw

v

)

� 1

i

=  

1

( P

k � 1

v

)(1 � �

n

v

q

� nw

v

)

� 1

(1 � �

n

v

q

� nw

v

)

� 1

�

a ( P

k � 1

v

) + a ( P

n � k � 1

v

) q

� nw

v

�

:

Notice that w e ha v e t w o of the factors in the Euler factor corresp onding to the non-arc himedean places v in

the symmetric n

th

p o w er L -function. Namely , for eac h suc h place v , w e ha v e the j = 0 and j = n factors in

the expression

(6.2) L

( v )

( nw ; � ; sym

n

) =

Y

0 � j � n

(1 � �

n � j

v

�

j

v

q

� nw

v

)

� 1

:

Next, w e ha v e

X


 � 0

Q (

1

2

; P

n


v

; �

J

0

 

1

; � )

( N P

v

)

n
 w

= 1 +

X


 � 1

a ( P

n


v

) � a ( P

n
 � 1

v

) q

�

1

2

v

C

J

0

; 

1

( P

v

) + a ( P

n
 � 2

v

) q

� 1

v

q

n
 w

v

= 1 +

1

�

v

� �

v

"

�

�

v

� q

�

1

2

v

C

J

0

; 

1

( P

v

) + ( �

v

q

v

)

� 1

�

�

n

v

q

nw

v

(1 � �

n

v

q

� nw

v

)

� 1

�

�

�

v

� q

�

1

2

v

C

J

0

; 

1

( P

v

) + ( �

v

q

v

)

� 1

�

�

n

v

q

nw

v

(1 � �

n

v

q

� nw

v

)

� 1

#

:
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After factoring out (1 � �

n

v

q

� nw

v

)

� 1

(1 � �

n

v

q

� nw

v

)

� 1

from the en tire expression and simplifying, w e obtain

X


 � 0

Q (

1

2

; P

n


v

; �

J

0

 

1

; � )

( N P

v

)

n
 w

= (1 � �

n

v

q

� nw

v

)

� 1

(1 � �

n

v

q

� nw

v

)

� 1

"

1 +

a ( P

n � 2

v

)

q

nw

v

�

a ( P

n � 1

v

) C

J

0

; 

1

( P

v

)

q

nw +1 = 2

v

+

a ( P

n � 2

v

)

q

nw +1

v

+

1

q

2 nw +1

v

#

:

Therefore the sum o v er J

n

2 I ( S ) b ecomes

(6.3)

X

J

n

2I ( S )

Q (

1

2

; J ; � ; �

J

0

 

1

)

( N J

n

)

nw

=

Y

v

(1 � �

n

v

q

� nw

v

)

� 1

(1 � �

n

v

q

� nw

v

)

� 1

n � 1

Y

k =1

Y

v

ord

v

( J ) � k ( n )

 

1

( P

k � 1

v

)

�

a ( P

k � 1

v

) + a ( P

n � k � 1

v

) q

� nw

v

�

�

Y

v

ord

v

( J ) � 0 ( n )

"

1 +

a ( P

n � 2

v

)

q

nw

v

�

a ( P

n � 1

v

) C

J

0

; 

1

( P

v

)

q

nw +1 = 2

v

+

a ( P

n � 2

v

)

q

nw +1

v

+

1

q

2 nw +1

v

#

:

In order to express this sum in terms of L ( nw ; � ; sym

n

), w e m ultiply through b y the remaining factors in

(6.2) and their recipro cals. If w e put

R

v

( n; w ; � ) =

Y

1 � j � n � 1

(1 � �

n � j

v

�

j

v

q

� nw

v

)

=

(

(1 � �

n � 2

v

q

� nw

v

) � � � (1 � �

v

q

� nw

v

)(1 � �

v

q

� nw

v

) � � � (1 � �

n � 2

v

q

� nw

v

) if n is o dd ;

(1 � �

n � 2

v

q

� nw

v

) � � � (1 � �

v

q

� nw

v

)(1 � q

� nw

v

)(1 � �

v

q

� nw

v

) � � � (1 � �

n � 2

v

q

� nw

v

) if n is ev en ;

then w e ha v e

X

J

n

2I ( S )

Q (

1

2

; J ; � ; �

J

0

 

1

)

( N J

n

)

nw

= L

S

( nw ; � ; sym

n

) R

J

0

( w ; � ) ;

where

R

J

0

( w ; � ) =

n � 1

Y

k =1

Y

v

ord

v

( J

0

)= k

R

v

( n; w ; � )  

1

( P

k � 1

v

)

�

a ( P

k � 1

v

) + a ( P

n � k � 1

v

) q

� nw

v

�

�

Y

v

ord

v

( J

0

)=0

R

v

( n; w ; � )

"

1 +

a ( P

n � 2

v

)

q

nw

v

�

a ( P

n � 1

v

) C

J

0

; 

1

( P

v

)

q

nw +1 = 2

v

+

a ( P

n � 2

v

)

q

nw +1

v

+

1

q

2 nw +1

v

#

:

The factor L ( nw ; � ; sym

n

) con v erges absolutely for Re( w ) >

1

n

+

1

9

. In the factor R

J

0

( w ; � ) ; the pro duct

o v er places v with P

v

j J

0

is a �nite pro duct, and therefore it do es not a�ect con v ergence. In the in�nite

pro duct o v er places v with P

v

- J

0

, for a giv en place v , it is clear that the terms

a ( P

n � 2

v

)

q

nw

v

and

a ( P

n � 1

v

) C

J

0

; 

1

( P

v

)

q

nw +1 = 2

v
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determine the region of con v ergence. Using the fact that

a ( P

v

) �

�

q

1 = 9+ �

v

;

([12 ]) w e see that the �rst of these t w o terms is in fact more restrictiv e. W e �nd that this in�nite pro duct,

and hence R

J

0

( w ; � ) ; con v erges absolutely for Re( w ) >

7

9 n

+

1

9

. No w supp ose there are only �nitely man y

t wists for whic h L

S

(

1

2

; � ; �

J

0

 

1

) is nonzero. Then

L

S

( nw ; � ; sym

n

)

X

J

0

2I ( S )

n

th

-p o w er free

" ( J

0

)  

2

( J

0

) L

S

(

1

2

; � ; �

J

0

 

1

)

( N J

0

)

w

R

J

0

( w ; � ) ;

will con v erge absolutely for Re( w ) >

1

n

+

1

9

. (Note that since w e are restricting our atten tion to the case n � 3,

this w ould mean that there exists some � > 0 suc h that the sum con v erges absolutely for Re( w ) >

1

2

� � .)

7. Nonv anishing twists (Pr oof of Theorem 1.1)

W e no w use the results of the previous sections to pro v e Theorem 1.1. W e require the follo wing lemma.

Lemma 7.1. Supp ose the Dirichlet series

L ( w ) =

X

b ( d )

d

w

is absolutely c onver gent for R e ( w ) > 1 = 2 � � ; for some p ositive � : Supp ose further that ther e exist Dirichlet se-

ries M

1

( w ) ; M

2

( w ) ; : : : ; M

r

( w ) and functions 


1

( w ) ; 


2

( w ) ; : : : ; 


r

( w ) which satisfy the fol lowing c onditions:

(1) Each M

j

( w ) is absolutely c onver gent for R e ( w ) > 1 = 2 � � :

(2) Each 


j

( w ) is holomorphic for R e ( w ) > 0 ; and for al l k > 0 ; � > 1 = 2 we have the estimate




j

( � + it ) <<

k ;�

j t j

� k

; as j t j ! 1 :

(3) Ther e is the functional e quation

L ( w ) =

X

j




j

( w ) M

j

(1 � w ) :

Then L ( w ) is identic al ly zer o.

T o apply the Lemma, w e set s =

1

2

and view the functions Z

i

( s; w ; � ;  

1

;  

2

) for i = 1 ; 2 as Diric hlet

series in w : In particular, after rep eated applications of the functional equations, the Diric hlet series L ( w ) =
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Z

1

(

1

2

; w ; � ; 1 ; 1) satis�es the functional equation

L ( w ) =

X

�

1

;�

2

2

b

R

c




�

1

;�

2

( w ) Z

2

(1 = 2 ; 1 � w ; � ; �

1

; �

2

)

for some collection of functions 


�

1

;�

2

satisfying condition 2 of Lemma 7.1. (T o see this, apply the w -functional

equation, follo w ed b y the s -functional equation, follo w ed b y the w -functional equation to Z

1

( s; w ; � ; 1 ; 1) at

s =

1

2

: ) If there are only �nitely man y id � ele class c haracters �

J

0

of order n suc h that L (1 = 2 ; � 
 �

J

0

) is

nonzero, then as established in the previous section, there exists a p ositiv e � suc h that the Diric hlet series

on b oth sides of the ab o v e equation are absolutely con v ergen t for Re( w ) > 1 = 2 � � : It follo ws that L ( w ) is

iden tically zero and the pro of of Theorem 1 is complete.

Pr o of of L emma 7.1: Supp ose L ( w ) is not iden tically zero. Cho ose �

0

with 0 < �

0

< � suc h that L (1 = 2 + �

0

) =

A 6= 0 : Then

L (1 = 2 + �

0

+ it ) �

X

j

j 


j

(1 = 2 + �

0

+ it ) j � j M

j

(1 = 2 � �

0

) j � ! 0 as j t j ! 1 :

Cho ose X so large that

�

�

�

�

�

L (1 = 2 + �

0

) �

X

d<X

b ( d )

d

1 = 2+ �

0

�

�

�

�

�

< A= 3 : Cho ose t

0

so that

�

�

d

� it

0

� 1

�

�

< 1 = 3 for all

d < X : Then

j L (1 = 2 + �

0

+ it

0

) � L (1 = 2 + �

0

) j �

�

�

�

�

�

X

d<X

b ( d )

d

1 = 2+ �

0

�

1 �

1

d

it

0

�

�

�

�

�

�

+

�

�

�

�

�

�

X

d � X

b ( d )

d

1 = 2+ �

0

�

�

�

�

�

�

< 2 A= 3 :

Hence j L (1 = 2 + �

0

+ it

0

) j > A= 3 : Ho w ev er, w e can �nd arbitrarily large suc h t

0

: This con tradicts the fact

that L (1 = 2 + �

0

+ it ) ! 0 as t ! 1 :
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