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Abstract

W e pro v e: L et � b e a c omp act r e al-analytic variety in an op en set 
 � C

n

. As-

sume (i) � is p olynomial ly c onvex and (ii) every p oint of � is a p e ak p oint for P (�) .

Then P (�) = C (�). This generalizes a previous result of the authors on p olynomial

appro ximation on three-dimensional real-analytic submanifolds of C

n

.

1. In tro duction

W e consider the problem of appro ximating arbitrary con tin uous functions on a compact

subset X of n -dimensional complex Euclidean space C

n

b y p olynomials in the co ordinate

functions z

1

; : : : ; z

n

. W e let C ( X ) denote the space of all con tin uous complex-v alued func-

tions on X , with norm k g k

X

= max fj g ( z ) j : z 2 X g , and w e let P ( X ) denote the closure

of the set of p olynomials in C ( X ). The p olynomially con v ex h ull of X will b e denoted

c

X .

That is,

c

X = f z 2 C

n

: j Q ( z ) j � k Q k

X

for ev ery p olynomial Q g

Tw o necessary conditions for P ( X ) = C ( X ) are:

(i) X is p olynomially con v ex, i.e. X =

c

X ;

(ii) Ev ery p oin t of X is a p eak p oin t for P ( X ), i.e., giv en p 2 X , there exists f 2 P ( X )

with f ( p ) = 1 and j f j < 1 on X n f p g .
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With a general uniform algebra A on a compact metric space X replacing P ( X ), and

with (i) replaced b y the condition that the maximal ideal space of A coincides with X , it

w as once conjectured that together these t w o necessary conditions for A = C ( X ) w ere also

su�cien t to imply A = C ( X ). Ho w ev er, a coun terexample to this \p eak-p oin t conjecture"

w as pro duced b y Brian Cole in his 1968 thesis (see the app endix to [5], or [12], section 19).

Additional coun terexamples to the p eak p oin t conjecture ha v e b een giv en in the con text

of p olynomial and rational appro ximation in sev eral complex v ariables. In particular these

coun terexamples sho w that conditions (i) and (ii) ab o v e are not su�cien t for P ( X ) = C ( X ).

F or more on this, see [2], [3], [4] and [9].

In [2] the �rst t w o authors established a p eak-p oin t result for t w o-manifolds:

Theorem 1.1 L et M b e a c omp act two-dimensional di�er entiable manifold, and A a uniform

algebr a on M gener ate d by c ontinuously di�er entiable functions. Assume that the maximal

ide al sp ac e of A is M , and that e ach p oint of M is a p e ak p oint for A . Then A = C ( M ) .

An example of Izzo [9] sho ws that Theorem 1.1 fails for uniform algebras on smo oth three

manifolds. Ho w ev er, in [3] the authors established the follo wing:

Theorem 1.2 L et � b e a r e al-analytic thr e e-dimensional submanifold of C

n

. L et X b e a

c omp act subset of � such that @ X (the b oundary of X r elative to � ), is a two-dimensional

submanifold of class C

1

. If X satis�es c onditions (i) and (ii) ab ove, then P ( X ) = C ( X ) .

Our purp ose in this note is to extend Theorem 1.2 to real-analytic v arieties of arbitrary

dimension in C

n

. W e pro v e:

Theorem 1.3 L et � b e a c omp act r e al-analytic variety in an op en set 
 � C

n

. Assume

(i) � =

b

� and (ii) every p oint of � is a p e ak p oint for P (�) . Then P (�) = C (�).

If @ B

n

denotes the b oundary of the unit ball in C

n

, then ev ery p oin t of @ B

n

is a p eak

p oin t for p olynomials, and so as an immediate consequence of Theorem 1.3 w e ha v e the

follo wing:

Corollary 1.4 If � � @ B

n

is a c omp act p olynomial ly c onvex r e al-analytic variety, then

P (�) = C (�).
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In order to explain the idea of the pro of of Theorem 1.3, w e recall the pro of of The-

orem 1.2. The main to ol is a result of H• ormander and W ermer [8] (pro v ed b y them for

su�cen tly smo oth manifolds, and later generalized b y O'F arrell, Presk enis and W alsh [11]

to C

1

manifolds) that, in essence, reduces questions of appro ximation on subsets of real

submanifolds of C

n

to appro ximation on the p oin ts where the tangen t space to the manifold

con tains a complex line. The follo wing dual form ulation su�ces (see the discussion follo wing

Prop osition 2.3 of [3]):

Theorem 1.5 L et X b e a p olynomial ly c onvex c omp act subset of C

n

, and let X

0

b e a

c omp act p olynomial ly c onvex subset of X such that X n X

0

is a total ly r e al submanifold of

C

n

, of class C

1

. If � is a me asur e on X such that

R

X

f d� = 0 for al l f 2 P ( X ) , then � is

supp orte d on X

0

. In p articular, P ( X ) = C ( X ) if and only if P ( X

0

) = C ( X

0

) .

T o establish Theorem 1.2, one sho ws, under assumptions (i) and (ii), that the set of

p oin ts in X where � has a complex tangen t is a real-analytic v ariet y V of dimension at

most t w o. T o sho w that P ( X ) = C ( X ), it is enough, b y Theorem 1.5, to sho w that

P ( @ X [ V ) = C ( @ X [ V ). Applying Theorem 1.5 again, one reduces the prob-

lem to sho wing that P ( @ X [ V

�

) = C ( @ X [ V

�

), where V

�

is the union of the singular set of

the v ariet y V together with the set of regular p oin ts of V at whic h V has a complex tangen t.

Theorem 1.1 implies that P ( @ X ) = C ( @ X ). Using the p eak-p oin t prop ert y (ii), V

�

can b e

sho wn to ha v e t w o-dimensional Hausdor� measure zero. This su�ces to sho w (see Lemma

3.1 of [3]) that P ( @ X [ V

�

) = C ( @ X [ V

�

), and completes the pro of.

The fact that the t w o-dimensional Hausdor� measure of V

�

is zero is essen tial to the pro of

w e ha v e just describ ed; this allo ws one to apply the Hartogs-Rosen thal theorem on rational

appro ximation in the plane to certain pro jections. In attempting to generalize Theorem 1.2

to real-analytic manifolds of dimension greater than three, one w ould lik e to pro ceed in a

similar w a y: reduce the problem of appro ximation on � to appro ximation on V , where V is

the set of p oin ts in � at whic h � has a complex tangen t. Assumptions (i) and (ii) imply , as

b efore, that V is a v ariet y whose dimension is strictly less than the dimension of �, and so

one hop es to pro ceed b y induction on dimension, rep eatedly applying Theorem 1.5 as b efore,

ev en tually reducing to appro ximation on a su�cien tly small set (t w o-dimensional Hausdor�
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measure zero). The fact that at eac h stage one has to consider appro ximation on v arieties

mak es it desirable, for purp oses of the induction, to pro v e Theorem 1.3 in the category of

v arieties, rather than restricting to real-analytic manifolds. Ho w ev er, a problem arises: the

singular set of a real-analytic v ariet y (unlik e the case of complex-analytic v arieties) need not

itself b e a v ariet y . This problem forces a sligh tly di�eren t approac h. W e sho w that lo cally

the union of the set of complex tangen t p oin ts and the singular set of eac h v ariet y in question

is con tained in a v ariet y of smaller dimension, and this allo ws the induction to pro ceed.

2. Real-Analytic V arieties

In this section w e review the basic facts ab out real-analytic v arieties necessary for the pro of

of Theorem 1.3.

If U is an op en subset of R

m

, C

!

( U ) will denote the set of all real-v alued functions whic h

are real-analytic in U . If F is a subset of C

!

( U ), w e set

V

U

( F ) = f x 2 U : f ( x ) = 0 ; 8 f 2 F g :

A subset � of an op en set 
 � R

m

is said to b e a (real-analytic) variety in 
 if for eac h

p 2 
 there exists an op en neigh b orho o d U � 
 of p and a �nite set F � C

!

( U ) with

� \ U = V

U

( F ). It follo ws that � is a relativ ely closed subset of 
; w e sa y � is a c omp act

variety in 
 if it is a compact subset of 
. The class of v arieties is closed under �nite unions

and in tersections.

The dimension of a real-analytic v ariet y � is the largest natural n um b er d suc h that for

some p 2 �, there exists a neigh b orho o d U of p suc h that � \ U is a real-analytic submanifold

of U of dimension d , and the set of r e gular p oints of �, denoted �

r eg

, is the set of p oin ts

p 2 � with this prop ert y . �

r eg

is a relativ ely op en subset of �. Its complemen t, the set of

singular p oints of �, is denoted �

sing

.

A v ariet y � in 
 is said to b e irr e ducible if whenev er � = �

1

[ �

2

with �

1

; �

2

v arieties

in 
, then either � = �

1

or � = �

2

. If � is an irreducible v ariet y in 
, and �

0

is a prop er

subset of � that is also a v ariet y in 
, then dim (�) > dim (�

0

) (see [6], Theorem 3.4.8,

assertion (15)).
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Unlik e the case of complex analytic v arieties, the singular set of a real-analytic v ariet y

need not itself b e a v ariet y . Moreo v er, a real-analytic v ariet y is not necessarily the union of

a �nite n um b er of irreducible v arieties. Ho w ev er, w e ha v e the follo wing lo cal prop erties (see

[10], p. 31-42, esp ecially Prop osition 5, and [6], section 3.4.10):

(a) If � is irreducible, then for eac h p 2 �

sing

there exists a neigh b orho o d U of p and a

function � 2 C

!

( U ) not v anishing iden tically on � \ U so that

�

sing

\ U � V

U

( f � g ) \ � � �

Moreo v er, if d = dim (�), there is a �nite set G = f g

1

; : : : ; g

m � d

g � C

!

( U ) so that

(� \ U ) n � = V

U n �

( G )

with dg

1

; : : : ; dg

m � d

linearly indep enden t on U n �;

(b) If � is a v ariet y in 
, then for eac h p 2 � there is a neigh b orho o d U of p and a �nite

n um b er of irreducible v arieties Z

1

; : : : ; Z

s

in U so that � \ U = [

s

k =1

Z

k

;

(c) Let H

r

denote r -dimensional Hausdor� measure. If � is a v ariet y of dimension d in 


then for eac h compact subset X of 
, H

d

(� \ X ) < 1 and H

d � 1

(�

sing

\ X ) < 1 .

W e no w consider real-analytic v arieties in an op en subset 
 of C

n

, iden ti�ed with R

2 n

.

If M is a real submanifold of 
, of class C

1

, w e sa y that M has a c omplex tangent at p 2 M

if the real tangen t space T

p

M of M at p con tains a non trivial complex subspace of C

n

. This

is equiv alen t to the condition that the restriction to M of an y ( m; 0) form v anishes at p ,

where m is the real dimension of M (see [3], Lemma 2.5). The manifold M is said to b e

total ly r e al if it has no complex tangen ts. If � is a v ariet y in 
, �

c

will denote the set of

p oin ts p 2 �

r eg

suc h that �

r eg

has a complex tangen t at p . By expressing the v anishing of

eac h ( m; 0) form as the v anishing of an ( m � m ) minor of the matrix J = (( @ z

l

=@ u

k

)), where

( u

1

; : : : ; u

m

) are lo cal real-analytic co ordinates on M , w e see that �

c

is a v ariet y in 
 n �

sing

.

Set �

�

= �

sing

[ �

c

. Note that � n �

�

is a totally real, real-analytic submanifold of 
 n �

sing

.
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Lemma 2.1 L et � b e a d -dimensional variety in an op en set 
 � C

n

. Assume dim (�

c

) < d .

Then for e ach p 2 �

�

, ther e exists an op en neighb orho o d U � 
 of p and a variety Y in U

with dim ( Y ) < d and

�

�

\ U � Y � � \ U

Pr o of: Fix p 2 �, tak e U and Z

1

; : : : ; Z

s

as in (b). Let d

j

= dim ( Z

j

), and set

J = f j : 1 � j � s and d

j

= d g . F or eac h j 2 J , w e pro ceed as follo ws: shrinking U

if necessary , using (a) w e obtain a function �

j

2 C

!

( U ), not v anishing iden tically on Z

j

\ U ,

with

( Z

j

)

sing

� �

j

� V

U

( f �

j

g ) \ Z

j

and a set G

( j )

� C

!

( U ) of 2 n � d

j

functions whose di�eren tials are linearly indep enden t on

U n �

j

, so that

Z

j

n �

j

= V

U n �

j

( G

( j )

) :

Using the functions in G

( j )

and the remarks on the complex tangen t set preceding the state-

men t of Lemma 2.1, w e ma y construct a family �

( j )

of functions in C

!

( U ) so that

( Z

j

)

c

= V

U n �

j

(�

( j )

[ G

( j )

) :

Set X

j

= �

j

[ V

U

(�

( j )

[ G

( j )

). Then X

j

is a v ariet y in U con taining Z

�

j

. Our assumption on

dim (�

c

) together with the irreducibilit y of Z

j

implies dim ( X

j

) < d . Let X b e the union of

the X

j

, j 2 J . Let Z b e the union of all pairwise in tersections of the Z

j

, together with the

union of all Z

j

; j =2 J . Set Y = X [ Z . Then �

�

\ U � Y � � \ U , and dim ( Y ) < d . 2

3. Pro of of Theorem 1.3

W e let B ( p; r ) denote the op en ball of radius r cen tered at p . W e will use rep eatedly the

fact (Lemma 2.1 of [3]) that prop erties (i) and (ii) are inherited b y compact subsets of �.
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Lemma 3.1 L et � b e a c omp act d -dimensional variety in an op en set 
 � C

n

. Assume

that � is p olynomial ly c onvex and that e ach p oint of � is a p e ak p oint for P (�) . Then for

e ach p 2 � , ther e exist arbitr arily smal l r > 0 and varieties Y

1

; : : : ; Y

d

in B ( p; r ) so that if

Y

0

= � \ B ( p; r ) , then for 1 � j � d we have

(1) Y

�

j � 1

� Y

j

� Y

j � 1

;

(2) dim ( Y

j

) � d � j ;

Pr o of: The pro of is b y induction on j , 1 � j � d . Note that the h yp otheses on � imply

that �

c

has no in terior relativ e to � (see [3], Lemma 3.2). Hence dim (�

c

) < d . W e c ho ose

r

1

; Y

1

as follo ws: in case p 2 � n �

�

, tak e r

1

> 0 so that B ( p; r

1

) \ �

�

= ; , and tak e Y

1

= ; .

If p 2 �

�

, Lemma 2.1 implies that there exists r

1

> 0 and a v ariet y Y

1

in B ( p; r

1

) so that

dim ( Y

1

) � d � 1 and

B ( p; r

1

) \ �

�

� Y

1

� B ( p; r

1

) \ �

Note that in either case, b oth (1) and (2) hold for j = 1. No w assume b y induction that for

some k with 1 � k < d , r

1

; : : : ; r

k

> 0 and Y

1

; : : : ; Y

k

ha v e b een c hosen with r

1

� r

2

: : : � r

k

,

and Y

1

; : : : ; Y

k

v arieties in B ( p; r

k

), so that (1) and (2) hold for all j � k . W e obtain

r

k +1

; Y

k +1

as follo ws: if p 2 Y

k

n Y

�

k

, tak e Y

k +1

= ; and r

k +1

= r

k

. If p 2 Y

�

k

, use Lemma 2.1

to pro duce r

k +1

, 0 < r

k +1

� r

k

and a v ariet y Y

k +1

with

B ( p; r

k +1

) \ Y

�

k

� Y

k +1

� B ( p; r

k +1

) \ Y

k

and dim ( Y

k +1

) < dim ( Y

k

) � d � k (here w e again use Lemma 3.2 of [3 ]). Then (1) and (2)

will hold for j � k + 1. By induction, w e can th us c ho ose r

1

; : : : ; r

d

> 0 and Y

1

; : : : ; Y

d

so

that (1) and (2) hold for j � d ; tak e r = r

d

. 2

W e no w turn to the pro of of Theorem 1.3. By dualit y , it su�ces to sho w that an y measure

� on � with the prop ert y that

Z

�

g d� = 0 (1)

for all g 2 P (�) m ust b e the zero measure. Fix a measure � satisfying (1). W e will sho w

that for eac h p oin t p 2 �, there is a neigh b orho o d of p lying outside the supp ort of � . Fix
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p 2 �, and c ho ose r > 0, and Y

0

; : : : ; Y

d

as constructed in Lemma 3.1. No w there m ust b e a

largest n um b er j suc h that � is supp orted on (� n B ( p; r )) [ Y

j

. But for j < d ,

[(� n B ( p; r )) [ Y

j

] n [(� n B ( p; r )) [ Y

j +1

] = Y

j

n Y

j +1

is a totally real submanifold of C

n

. By Theorem 1.5, if � is supp orted on (� n B ( p; r )) [ Y

j

,

then � is supp orted on (� n B ( p; r )) [ Y

j +1

. By induction, � is supp orted on (� n B ( p; r )) [ Y

d

.

Note that dim ( Y

d

) = 0, so the v ariet y Y

d

is a discrete p oin t set, and therefore coun table.

Since ev ery p oin t of � is a p eak p oin t for P (�), � cannot ha v e nonzero mass at an y single

p oin t, and hence j � j ( Y

d

) = 0. Th us � is supp orted on � n B ( p; r ), and the pro of is complete.

2
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