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Abstract

F or X a compact subset of the unit sphere @ B in C

2

, w e seek conditions implying

that R ( X ) = C ( X ). W e conjecture an analogue of the Hartogs-Rosen thal theorem on

rational appro ximation in the plane: if X � @ B is rationally con v ex and the three-

dimensional measure of X is zero, then R ( X ) = C ( X ). W e mak e sev eral con tributions

to the study of this conjecture, and establish rational appro ximation on certain Lips-

c hitz graphs lying in @ B . In section 3, w e study algebras on certain plane sets with

application to appro ximation on @ B . In section 4, w e w eak en the Lipsc hitz condition,

used in section 2, to a H• older condition.

1. In tro duction

F or a compact set X � C

n

, w e denote b y R ( X ) the closure in C ( X ) of the set of rational

functions holomorphic in a neigh b orho o d of X . W e are in terested in �nding conditions on

X that imply that R ( X ) = C ( X ), i.e. that eac h con tin uous function on X is the uniform

limit of a sequence of rational functions holomorphic in a neigh b orho o d of X .

When n = 1, the theory of rational appro ximation is w ell dev elop ed. Examples of

sets without in terior for whic h R ( X ) 6= C ( X ) are w ell-kno wn, the \Swiss c heese" b eing

a prime example. On the other hand, the Hartogs-Rosen thal theorem states that if the

t w o-dimensional Leb esgue measure of X is zero, then R ( X ) = C ( X ).

In higher dimensions, there is an obstruction to rational appro ximation that do es not

app ear in the plane. F or X � C

n

, w e denote b y

c

X

r

the rationally con v ex h ull of X ,
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whic h can b e de�ned as the set of p oin ts z 2 C

n

suc h that ev ery p olynomial Q with Q ( z ) = 0

v anishes at some p oin t of X . The condition X =

c

X

r

( X is rationally con v ex) is b oth

necessary for rational appro ximation and di�cult to establish, in practice, when n > 1; in

the plane, ev ery compact set is rationally con v ex.

W e will consider primarily subsets of the unit sphere @ B in C

2

. W e ha v e b een motiv ated

b y a desire to obtain an analogue of the Hartogs-Rosen thal theorem in this setting. R.

Basener [5] has giv en examples of rationally con v ex sets X � @ B for whic h R ( X ) 6= C ( X );

his examples ha v e the form f ( z ; w ) 2 @ B : z 2 E g , where E � C is a suitable Swiss c heese.

These sets ha v e the prop ert y that � ( X ) > 0, where � is three-dimensional Hausdor� measure

on @ B . It is reasonable to conjecture that if X is rationally con v ex, and � ( X ) = 0, then

R ( X ) = C ( X ). This pap er con tains sev eral con tributions to the study of this question.

In the second section w e emplo y a construction of Henkin [10 ]. F or a measure � supp orted

on @ B orthogonal to p olynomials, Henkin pro duced a function K

�

2 L

1

( d� ), satisying

@

b

K

�

= � 4 �

2

� . Lee and W ermer established that if X � @ B is rationally con v ex, and

� 2 R ( X )

?

(i.e.,

R

g d� = 0 for all g 2 R ( X )), then K

�

extends holomorphically to the

unit ball. W e sho w that if the extension b elongs to the Hardy space H

1

( B ), then � m ust

b e the zero measure. Under an assumption on the size of the rational h ull of small tubular

neigh b orho o ds of X , whic h w e call the hul l-neighb orho o d pr op erty , w e are able to sho w that

K

�

satis�es a certain b oundedness condition (see Lemma 2.4 b elo w). F rom this w e deduce

(in the pro of of Theorem 2.5 b elo w) that K

�

2 H

1

( B ) if X is a subset of a Lipsc hitz graph

lying in @ B . Th us in this case the only measure � 2 R ( X )

?

is the zero measure, and so

R ( X ) = C ( X ). In section 4 w e sho w ho w the same result can b e established for graphs

of H• older functions. Also in section 2, w e giv e an example of a class of sets satisfying the

h ull-neigh b orho o d prop ert y .

In the third section w e study the algebra generated b y R ( E ) and a smo oth function f

on a plane set E , and sho w that if this algebra has maximal ideal space E but do es not

con tain all con tin uous functions on E , then there is a subset E

0

of E on whic h f 2 R ( E

0

)

and R ( E

0

) 6= C ( E

0

). W e then use this result to establish rational appro ximation on certain

graphs lying in @ B .
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W e use the follo wing notation in addition to that already in tro duced: B will denote the

unit ball in C

2

, co ordinates of p oin ts in C

2

will either b e denoted using subscripts, suc h as

z = ( z

1

; z

2

) or b y p = ( z ; w ), according to the con text. � will denote pro jection to the �rst

co ordinate, i.e. � ( z ; w ) = z . If z ; � are p oin ts in C

2

, h z ; � i will denote the usual Hermitian

inner pro duct of z and � .

2. Rational Appro ximation and the Henkin transform

A basic to ol of appro ximation theory in the plane is the Cauc h y transform ^� of a measure

� . If � is a �nite complex measure with compact supp ort,

^� ( z ) =

Z

d� ( � )

� � z

:

The Cauc h y transform ^� ( z ) is in tegrable with resp ect to Leb esgue measure m on the plane,

is analytic in z o� the supp ort of � , and satis�es the fundamen tal relation

@ ^�

@ z

= � � �

in the sense of distributions, i.e.,

Z

� d� =

1

�

Z

C

@ �

@ z

^� dm:(1)

In [10], Henkin studied global solutions to the inhomogeneous tangen tial Cauc h y-Riemann

equations on the b oundary of strictly con v ex domains in C

n

. His w ork pro duced transforms

analogous in certain resp ects to the Cauc h y transform. In the particular case whic h concerns

us, the b oundary of the unit ball in C

2

, Henkin in tro duced the k ernel

H ( z ; � ) =

h T z ; � i

j 1 � h z ; � ij

2

where T z = ( z

2

; � z

1

). Giv en a measure � supp orted on a set X � @ B , the Henkin transform

of � is de�ned b y

K

�

( z ) =

Z

X

H ( z ; � ) d� ( � ) :

Henkin sho w ed that the in tegral de�ning K

�

con v erges � -a.e on @ B , K

�

is in tegrable with

resp ect to d� on @ B , and is smo oth on @ B n X . F urther, if � satis�es the condition

Z

X

P d� = 0 ; 8 p olynomials P(2)
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then K

�

satis�es

@

b

K

�

= � 4 �

2

�:(3)

Here @

b

is the tangen tial Cauc h y-Riemann op erator on @ B ; (3) means that

Z

� d� =

1

4 �

2

Z

@ B

K

�

@ � ^ !(4)

for all functions � smo oth in a neigh b orho o d of @ B , where ! ( z ) = dz

1

^ dz

2

. An elemen tary

pro of of (4) is presen ted in H.P . Lee's thesis [14 ]; V arop oulos ([19 ], x 3.2) has also giv en an

exp osition of Henkin's results for the case of the ball.

Note that the condition (2) that � b e orthogonal to p olynomials (sati�ed b y all � 2

R ( X )

?

) is necessary for the solution of (3), and that (3) implies that K

�

is a CR function

on @ B n X . Lee and W ermer [15] pro v ed that if X is rationally con v ex, then K

�

extends

holomorphically from @ B n X to B for an y � 2 R ( X )

?

:

Theorem 2.1 Supp ose X is a r ational ly c onvex subset of @ B . L et � b e a me asur e on X

such that � 2 R ( X )

?

, and let K

�

b e its Henkin tr ansform. Then ther e exists a function k

�

,

holomorphic in a neighb orho o d of B n X , with k

�

= K

�

on @ B n X .

W e let H

1

( B ) denote the Hardy space of functions g holomorphic on B satisfying

sup

�

Z

@ B

g

( r )

d� : r < 1

�

< 1

where g

( r )

( z ) � g ( r z ) for z 2 @ B . F or g 2 H

1

( B ), lim

r ! 1

g

( r )

� g

�

exists � - a.e on @ B , and

g

( r )

! g

�

as r ! 1 in L

1

( d� ).

Lemma 2.2 L et X b e a r ational ly c onvex subset of @ B with � ( X ) = 0 . L et � b e a me asur e

on X with � ? R ( X ) , and let k

�

b e the holomorphic extension of K

�

to B (as in The or em

2.1). If k

�

2 H

1

( B ) , then � is the zer o me asur e .

Pr o of: It su�ces to sho w that

R

� d� = 0 for ev ery function � 2 C

1

( C

2

). Note that � ( X ) = 0

implies that k

�

�

= K

�

at � -almost all p oin ts of @ B , and so b y (4)

Z

X

� d� =

1

4 �

2

Z

@ B

k

�

�

@ � ^ ! = lim

r ! 1

1

4 �

2

Z

@ B

k

( r )

�

@ � ^ !

By Stok es' theorem, for �xed r

Z

@ B

k

( r )

�

@ � ^ ! =

Z

B

@ ( k

( r )

�

@ � ^ ! ) =

Z

B

@ ( k

( r )

�

) ^ @ � ^ ! = 0
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since k

( r )

�

is holomorphic in B . This sho ws that

R

� d� = 0 for all � 2 C

1

( C

2

) and completes

the pro of. 2

Th us to pro v e that R ( X ) = C ( X ) for a rationally con v ex subset of @ B with � ( X ) = 0,

it su�ces to sho w that k

�

2 H

1

( B ) for ev ery � ? R ( X ). W e will use this approac h to

establish rational appro ximation on certain subsets of @ B . It should b e noted that the

condition that � ( X ) = 0 is necessary in the preceding lemma. If X is the rationally con v ex

set constructed b y Basener, R ( X ) 6= C ( X ), and there exist nonzero measures � 2 R ( X )

?

for whic h k

�

2 H

1

( B ) ([4]).

W e b egin with a general estimate on the Henkin transform.

Lemma 2.3 If X � @ B , � is a me asur e supp orte d on X , and z 2 @ B , then

j K

�

( z ) j �

4 k � k

dist

4

( z ; X )

(5)

Pr o of: F or an y � ; z 2 @ B ,

j z � � j

2

= j z j

2

+ j � j

2

� 2 Re( h z ; � i ) = 2 Re(1 � h z ; � i ) � 2 j 1 � h z ; � ij

and th us for � 2 X ; z 2 @ B ,

dist

2

( z ; X ) � 2 j 1 � h z ; � ij :(6)

W e obtain from this an estimate on Henkin's k ernel H : for z 2 @ B ; � 2 X

j H ( z ; � ) j =

jh T z ; � ij

j 1 � h z ; � ij

2

�

4 j T z jj � j

dist

4

( z ; X )

=

4

dist

4

( z ; X )

from whic h (5) follo ws immediately , b y the de�nition of K

�

. 2

W e w ould lik e to establish an estimate similar to (5) for the holomorphic extension k

�

of K

�

to B giv en b y Theorem 2.1 for rationally con v ex X . W e shall do this for the class of sets

satisfying the follo wing strong notion of con v exit y with resp ect to rational functions:

De�nition: Giv en X � C

2

, let X

�

= f z 2 C

n

: dist( z ; X ) < � g . W e sa y that X has the

hul l-neighb orho o d prop ert y (abbreviated (H-N)) if there exists k > 0 suc h that, if w e put

E = � ( X ), w e ha v e for all � > 0,

[ X

�

]

b

r

\ �

� 1

( E ) � X

k �

:(7)
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In other w ords, giv en z 2 C

2

with � ( z ) 2 � ( X ) and � > 0 so that dist( z ; X ) > k � , there

exists a p olynomial Q with Q ( z ) = 0 whose zero set do es not meet X

�

. Since � (

c

X

r

) = � ( X ),

it is clear that if X has prop ert y (H-N), then X is rationally con v ex. Also, for X � @ B , [ X

�

]

b

r

is con tained in the ball of radius 1 + � cen tered at the origin, so [ X

�

]

b

r

� X

2+ �

. Therefore for

X � @ B , there exists k > 0 suc h that (7) holds for all � > 0 if and only if there exists k > 0

suc h that (7) holds for all su�cien tly small � .

Lemma 2.4 Assume X � @ B has pr op erty (H-N). Then ther e exists a c onstant c so that

for al l p 2 B with � ( p ) 2 � ( X ) and al l � 2 R ( X )

?

, we have

j k

�

( p ) j �

c k � k

dist

4

( p; X )

:(8)

Pr o of: Fix p 2 B , set � = dist( p; X ). If � > 0 satis�es k � < � , then b y h yp othesis p =2 [ X

�

]

b

r

,

so there exists a p olynomial Q with Q ( p ) = 0 suc h that the zero set V of Q do es not meet

X

�

. Note that k

�

is con tin uous on V \ B with b oundary v alues K

�

on V \ @ B . By the

maxim um principle, j k

�

j attains its maxim um on V \ B at a p oin t p

0

2 @ B \ V , and so b y

Lemma 2.3,

j k

�

( p ) j � j K

�

( p

0

) j �

4 k � k

dist

4

( p

0

; X )

�

4 k � k

�

4

Since the preceding inequalit y holds whenev er k � < � , w e obtain (8). 2

Let 4 denote the closed unit disk in the complex plane. F or a function de�ned on 4 ,

w e let �( f ) � C

2

denote the graph of f o v er 4 . Lip ( 4 ) will denote the set of Lipsc hitz

functions on 4 , i.e, those functions f for whic h there exists a constan t M > 0 suc h that

j f ( z ) � f ( z

0

) j � M j z � z

0

j for all z ; z

0

2 4 ; the least suc h M w e call the Lipsc hitz constan t

for f . The main result of this section is the follo wing appro ximation theorem for subsets of

Lipsc hitz graphs with the h ull-neigh b orho o d prop ert y .

Theorem 2.5 L et f 2 Lip ( 4 ) . Assume �( f ) � @ B . If X � �( f ) has pr op erty (H-N), then

R ( X ) = C ( X ) .

Pr o of: W e will sho w that under the h yp otheses of Theorem 2.5, k

�

2 H

1

( B ) for eac h

� 2 R ( X )

?

. By Lemma 2.2, since � (�( f )) = 0 this will imply that ev ery measure in R ( X )

?

is iden tically zero, and hence R ( X ) = C ( X ). Fix � 2 R ( X )

?

, and write k = k

�

. Let ( z ; w )
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denote the co ordinates in C

2

. W e sho w that k 2 H

1

( B ) b y estimating k on the slices z =

constan t. T o do this, w e �rst in tro duce some notation and pro v e a lemma.

F or z 2 4 , let D

z

= f w : j w j <

q

1 � j z j

2

g , and let 


z

b e the b oundary of D

z

. If g

is a function holomorphic in B and z 2 4 , w e let g

z

denote the slice function g

z

( w ) =

g ( z ; w ) ; w 2 D

z

. If for some s > 0 w e ha v e g

z

2 H

s

( D

z

), i.e.,

sup f

Z

2 �

0

j g

z

( r

q

1 � j z j

2

e

i�

) j

s

d� : 0 < r < 1 g < 1(9)

then g

�

z

( w ) = lim

r ! 1

g

z

( r w ) exists for almost all w 2 


z

. If in addition g

�

z

( w ) 2 L

1

with

resp ect to linear measure on 


z

, then in fact g

z

2 H

1

( D

z

) (see [8], Theorem 2.11 ) and

R

2 �

0

j g ( z ; r

q

1 � j z j

2

e

i�

) j d� is increasing in r .

Lemma 2.6 L et X b e a subset of @ B with � ( X ) = 0 . Supp ose g is holomorphic in a

neighb orho o d of B n X , g j

@ B

2 L

1

( d� ) , and for some s > 0 , g

z

2 H

s

( D

z

) for almost al l

z 2 4 . Then g 2 H

1

( B ) .

Pr o of: First note that if f is an y p ositiv e function de�ned ( � - a.e.) on @ B , then (see

Prop osition 1.47 of [17]),

Z

@ B

f d� =

Z

4

dm ( z )

Z

2 �

0

f

z

(

q

1 � j z j

2

e

i�

) d�(10)

Set G = g j

@ B

. The h yp otheses imply that for m -almost all z 2 4 , w e ha v e G j




z

= g

�

z

is

de�ned almost ev erywhere and in tegrable with resp ect to linear measure on 


z

, and g

z

2

H

1

( D

z

). Th us if r < 1, b y (10)

Z

@ B

j g

( r )

j d� =

Z

4

dm ( � )

Z

2 �

0

j g

r z

( r

q

1 � j z j

2

e

i�

) j d�

�

Z

4

dm ( z )

Z

2 �

0

j g

�

r z

(

q

1 � j r z j

2

e

i�

) j d�

The c hange of v ariables z

0

= r z con v erts the last in tegral ab o v e to

1

r

2

Z

j z

0

j� r

dm ( z

0

)

Z

2 �

0

j G ( z

0

;

q

1 � j z

0

j

2

e

i�

) j d� �

1

r

2

Z

@ B

j G j d�

again b y (10). Since G 2 L

1

( d� ), w e �nd that

R

@ B

j g

( r )

j d� is b ounded indep enden tly of r ,

so g 2 H

1

( B ). 2
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By Lemma 2.6, the pro of of Theorem 2.5 will b e complete if w e can sho w that for some

s > 0, k

z

2 H

s

( D

z

) for almost all z 2 4 . Fix z 2 4 . W e ma y assume z 2 � ( X ), for

if z =2 � ( X ), then k

z

is holomorphic in a neigh b orho o d of the closure of D

z

, and there is

nothing to pro v e. If p = ( z ; w ), with w 2 D

z

, then for an y p

0

= ( z

0

; f ( z

0

)),

j w � f ( z ) j � j w � f ( z

0

) j + j f ( z

0

) � f ( z ) j

� j w � f ( z

0

) j + M j z � z

0

j

�

p

M

2

+ 1 j p � p

0

j

b y the Cauc h y-Sc h w arz inequalit y , and so

j w � f ( z ) j �

p

M

2

+ 1 dist( p; X )(11)

By Lemma 2.4, then

j k ( p ) j �

C

dist

4

( p; X )

�

C

0

j w � f ( z ) j

4

(12)

for some constan t C

0

. W rite f ( z ) =

q

1 � j z j

2

e

i�

. Then using (12), for r < 1 w e obtain

Z

2 �

0

j k

z

( r

q

1 � j z j

2

e

i�

) j

1 = 8

d� �

C

0

(1 � j z j

2

)

1 = 4

Z

2 �

0

1

j r e

i�

� e

i�

j

1 = 2

d�

= C

00

Z

2 �

0

1

j r e

i�

� 1 j

1 = 2

d�

F or j � j � � = 3, cos ( � ) � 1 � �

2

= 4, whic h implies

j 1 � r e

i�

j

1 = 2

= [1 + r

2

� 2 r cos ( � )]

1 = 4

� [(1 � r )

2

+ �

2

= 4]

1 = 4

�

p

� =

p

2

It follo ws from this that the last in tegral is b ounded indep enden tly of r , and so k 2 H

1 = 8

( D

z

)

for all z 2 4 . This completes the pro of. 2

Remark: The sp ecial case of Theorem 2.5 when f is con tin uously di�eren tiable on 4 can

also b e obtained as a direct consequence of Theorem 4.3 of ([2]).

W e close this section b y exhibiting a class of sets with the h ull-neigh b orho o d prop ert y .

Recall that a real submanifold of C

n

is said to b e totally real if at eac h p oin t, its tangen t

space con tains no complex line.

Theorem 2.7 L et f 2 C

1

( 4 ) , and assume �( f ) is a total ly r e al submanifold of C

2

. If X

is a c omp act p olynomial ly c onvex subset of �( f ) , then X has pr op erty (H-N).
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Pr o of: F or p 2 C

2

, let � ( p ) = dist( p; �( f )). Since �( f ) is totally real, a result of H• ormander

and W ermer ([12], or see [1], Lemma 17.2) implies that there is a neigh b orho o d U of X in

C

2

suc h that �

2

is strictly plurisubharmonic on U .

Since X is p olynomially con v ex, there exists a compact p olynomial p olyhedron �, X �

� � U , where � = fj P

j

j � 1 ; j = 1 ; : : : ; k g with eac h P

j

a p olynomial. W e ma y assume that

j P

j

j � 1 = 2 on X , for eac h j . De�ne a function 	 on C

2

b y

	 = max fj P

1

j ; : : : ; j P

k

jg �

3

4

Then 	 = 1 = 4 on @ � and 	 < 0 on X .

Cho ose �

0

> 0 so small that 	 < 0 on X

�

0

. W e will sho w that whenev er p 2 C

2

satis�es

� ( p ) 2 � ( X ) and dist( p; X ) >

p

M

2

+ 1 � for some � < �

0

, where M is the Lipsc hitz constan t

for f , then there is a p olynomial Q with Q ( p ) = 0 whose zero set do es not meet X

�

. By the

remarks follo wing the de�nition of (H-N), this will complete the pro of.

Cho ose a constan t � > 0 so that ��

2

( p ) < 1 = 4 for all p 2 @ �. Then on a neigh b orho o d

N of @ � w e ha v e ��

2

< 	. De�ne F as follo ws:

F =

8

>

<

>

:

max (	 ; ��

2

) on � [ N

	 on C

2

n �

Then F is w ell-de�ned and plurisubharmonic on C

2

. F or � < �

0

set

�

�

= f q 2 C

2

: F ( q ) � ��

2

g

Then �

�

is compact, and X

�

� �

�

, for if dist ( q ; X ) < � , then 	( q ) < 0, so

F ( q ) = ��

2

( q ) � � dist

2

( q ; X ) < ��

2

implying q 2 �

�

. Also, since F is plurisubharmonic, �

�

is p olynomially con v ex (this follo ws

from [11], Theorem 4.3.4). Supp ose p satis�es dist ( p; X ) >

p

M

2

+ 1 � . W e distinguish t w o

cases: either (1) F ( p ) = ��

2

( p ), or (2) F ( p ) = 	( p ). In the �rst case, w e �nd as in the pro of of

Theorem 2.5 that if w e write p in co ordinates as p = ( z ; w ) then j w � f ( z ) j �

p

M

2

+ 1 j p � p

0

j

whenev er p

0

2 �( f ), implying dist( p; X ) �

p

M

2

+ 1 � ( p ), and so

F ( p ) �

� dist

2

( p; X )

M

2

+ 1

> ��

2
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and th us p =2 �

�

. By the p olynomial con v exit y of �

�

, there exists a p olynomial Q , non v an-

ishing on �

�

with Q ( p ) = 0; since X

�

� �

�

, Q do es not v anish on X

�

. In the second case, w e

m ust ha v e 	( p ) > 0, and so j P

j

( p ) j > 3 = 4 for some j . Set Q = P

j

� P

j

( p ). Then Q ( p ) = 0,

but since 	 < 0 on X

�

, j P

j

j < 3 = 4 on X

�

, so Q cannot v anish on X

�

. In b oth cases, w e ha v e

found the required p olynomial Q , and the pro of is complete. 2

Finally w e note that the approac h in this section is related to the problem of determining

when X is a remo v able singularit y for in tegrable CR functions. In this con text, w e ma y sa y

that X is remo v able for L

1

CR functions if X has the prop ert y that whenev er g 2 L

1

( d� )

and

�

@

b

g = 0 o� X , then g extends to a function in H

1

( B ) (see [3]). By (3),

�

@

b

K

�

= 0 o�

X whenev er � 2 R ( X )

?

, and hence b y the remarks follo wing Lemma 2.2, R ( X ) = C ( X )

for an y subset of @ B with � ( X ) = 0 that is remo v able for L

1

CR functions. The pap er [16]

con tains an extensiv e bibliograph y on this question and a surv ey of recen t results.

3. The algebra generated b y R ( E ) and a smo oth function

In this section w e study the algebra generated b y R ( E ) and a smo oth function on a planar

set E . W e then apply our results to the question of rational appro ximation on certain subsets

of @ B .

If A is a uniform algebra on a compact space X , w e write M ( A ) for its maximal ideal

space, and view elemen ts of M ( A ) as homomorphisms m : A ! C . W e will iden tify eac h

p oin t x 2 X with the p oin t ev aluation m

x

2 M ( A ) de�ned b y m

x

( h ) = h ( x ). When

A = R ( X ) for some compact subset X � C

n

, then M ( A ) can b e iden ti�ed with

c

X

r

via

m 2 M ( A ) ! ( m ( z

1

) ; : : : ; m ( z

n

)) where ( z

1

; : : : ; z

n

) are the co ordinate functions. This

corresp ondence is a homeomorphism.

If F is a family of con tin uous functions on a compact space X , then [ F ] will denote the

algebra generated b y F , i.e., the smallest closed subalgebra of C ( X ) con taining F . In [20],

J. W ermer studied the algebra A = [ z ; f ] on 4 generated b y the iden tit y function z and a

smo oth function f . Under the assumption that M ( A ) = 4 , he sho w ed that A consists of

those con tin uous functions on 4 whose restrictions to the zero set E of @ f =@ �z lie in R ( E ).

W e will mak e use of the follo wing generalization of W ermer's result due to Anderson and

10



Izzo ([2], Theorem 4.2):

Lemma 3.1 L et G b e a c ol le ction of c ontinuously di�er entiable functions on 4 , and set

A = [ G ] . Assume the function z lies in A , and that M ( A ) = 4 . Set T = f � 2 4 :

@ g

@ �z

( � ) =

0 ; 8 g 2 G g . Then A = f g 2 C ( 4 ) : g j

T

2 R ( T ) g .

In order to pass from algebras on compact subsets of the disk to algebras on the disk, w e

will need t w o results on extension algebras. The �rst is due to Bear [6] :

Lemma 3.2 L et A

0

b e a uniform algebr a on a c omp act subset X

0

of a c omp act sp ac e X .

Put A = f h 2 C ( X ) : h j

X

0

2 A

0

g . If M ( A

0

) = X

0

, then M ( A ) = X .

Lemma 3.3 L et A ; A

0

; X ; and X

0

b e as in L emma 3.2. Assume G

0

is a subset of C ( X

0

)

with [ G

0

] = A

0

. L et G � C ( X ) and assume (1) [ G ] c ontains al l c ontinuous functions on X

vanishing in a neighb orho o d of X

0

, and (2) G j

X

0

= G

0

. Then [ G ] = A .

Pr o of: Clearly G � A , and so it su�ces to sho w, giv en h 2 A , that

R

h d� = 0 for all

measures � 2 [ G ]

?

. F or an y suc h measure the h yp othesis that [ G ] con tains all con tin uous

functions v anishing near X

0

implies supp ( � ) � X

0

. Since h j

X

0

2 A

0

, w e ma y c ho ose a

sequence h

j

of p olynomials in elemen ts of G

0

con v erging to h on X

0

. By h yp othesis (2), w e

ma y assume eac h h

j

is the restriction to X

0

of an elemen t of [ G ]. Then

Z

X

h d� =

Z

X

0

h d� = lim

j !1

Z

X

0

h

j

d� = 0

since � 2 [ G ]

?

. 2

Giv en a compact E � C , w e write f 2 C

1

( E ) if f is the restriction to E of a function

con tin uously di�eren tiable in some neigh b orho o d of E .

Theorem 3.4 L et E b e a c omp act subset of C , and take f 2 C

1

( E ) . Assume M ([ R ( E ) ; f ]) =

E . If [ R ( E ) ; f ] 6= C ( E ) , then ther e exists a c omp act subset E

0

of E such that R ( E

0

) 6= C ( E

0

)

and f j

E

0

2 R ( E

0

).

Pr o of: Let E and f satisfy the h yp otheses of the theorem. Without loss of generalit y , E is

a compact subset of the op en unit disk. Set A = f h 2 C ( 4 ) : h j

E

2 [ R ( E ) ; f ] g . Since

M ([ R ( E ) ; f ]) = E b y h yp othesis, Lemma 3.2 implies that M ( A ) = 4 . Fix an y smo oth

extension of f to 4 (w e denote the extension b y f , also). Since R ( E ) is generated b y the

11



set of functions holomorphic in a neigh b orho o d of E , Lemma 3.3 implies that A is generated

b y the set G consisting of f together with all functions smo oth on 4 and holomorphic in

a neigh b orho o d of E . Set E

0

= f � 2 4 : @ g =@ �z ( � ) = 0 ; 8 g 2 G g . Clearly E

0

� E .

By Lemma 3.1, A = f h 2 C ( X ) : h j

E

0

2 R ( E

0

) g . Since f 2 A , f j

E

0

2 R ( E

0

). If

R ( E

0

) = C ( E

0

), then A = C ( X ) and hence [ R ( E ) ; f ] = C ( E ), con trary to h yp othesis. 2

As men tioned in the in tro duction, Basener ga v e examples of rationally con v ex subsets

X of @ B with R ( X ) 6= C ( X ). T o explain Basener's construction, w e recall the notion of a

Jensen measure. Giv en a uniform algebra A on X , a probabilit y measure � on X is said to

b e a Jensen me asur e for m 2 M ( A ) if for ev ery h 2 A ,

log j m ( h ) j �

Z

X

log j h j d� :

If m is p oin t ev aluation at some p

0

2 X , the p oin t mass �

p

0

at p

0

is trivially a Jensen measure

for m . Ev ery Jensen measure � for m represen ts m : m ( h ) =

R

h d� for all h 2 A . Basener's

assumption for X � @ B w as the follo wing condition on E = � ( X ):

(B) F or all z

0

2 E the only Jensen measure for z

0

relativ e to R ( E ) is �

z

0

.

It can b e sho wn (see [7], Theorem 3.4.11) that (B) is equiv alen t to the condition that the

set of functions harmonic in a neigh b orho o d of E is dense in C ( E ). Examples of sets E � C

satisfying (B) for whic h R ( E ) 6= C ( E ) can b e found in [7], p. 193 �. and [18], x 27.

Basener sho w ed that if X � @ B has the form X = f ( z ; w ) 2 @ B : z 2 E g where E

is a compact subset of the op en unit disk satisfying (B), then X is rationally con v ex; in

fact, his pro of sho ws (see also [18 ], x 19.8) that the same is true for an y X � @ B for whic h

� ( X ) = E � in t ( 4 ) satis�es (B). Our next lemma has a similar 
a v or:

Lemma 3.5 L et E b e a c omp act subset of C satisfying (B), and let f 2 C ( E ) . Then

M ([ R ( E ) ; f ]) = E .

This can b e pro v ed b y an argumen t essen tially the same as that of Basener men tioned ab o v e,

but a simpler approac h is to note that it is an immediate consequence of the follo wing easy

lemma (whic h strengthens Lemma 2.2 of [13]).
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Lemma 3.6 Supp ose A and B ar e uniform algebr as on a c omp act sp ac e X and A � B .

If x 2 X is such that the only Jensen me asur e for x r elative to A is �

x

, and m 2 M ( B )

c oincides with p oint evaluation at x when r estricte d to A , then m is p oint evaluation at x on

al l of B .

Pr o of: Let � b e a Jensen measure for m (as a functional on B ). Then ob viously � is a

Jensen measure for the restriction of m to A , i.e., for p oin t ev aluation at x on A . Hence b y

h yp othesis � = �

x

. Since � represen ts m , w e conclude that m is p oin t ev aluation at x on all

of B . 2

If A is a uniform algebra on X , a p oin t p 2 X is a p eak p oin t for A if there exists a

function f 2 A with f ( p ) = 1 while j f j < 1 on X n f p g . When X is a compact planar set,

Bishop pro v ed that R ( X ) = C ( X ) if almost ev ery p oin t of X is a p eak p oin t for R ( X ).

Theorem 3.7 L et E b e a c omp act subset of C satisfying (B), and let f 2 C

1

( E ) . If almost

every p oint of E is a p e ak p oint for [ R ( E ) ; f ] , then [ R ( E ) ; f ] = C ( E ).

Pr o of: Supp ose that [ R ( E ) ; f ] 6= C ( E ). By Lemma 3.5, M ([ R ( E ) ; f ]) = E . W e ma y

then apply Theorem 3.4 to pro duce a compact subset E

0

of E with f j

E

0

2 R ( E

0

) and

R ( E

0

) 6= C ( E

0

). If z 2 E

0

is a p eak p oin t for [ R ( E ) ; f ], c ho ose g 2 [ R ( E ) ; f ] p eaking at z .

Since g j

E

0

2 R ( E

0

), the p oin t z is a p eak p oin t for R ( E

0

). By Bishop's p eak-p oin t theorem,

R ( E

0

) = C ( E

0

), whic h is a con tradiction. 2

Corollary 3.8 L et E b e a c omp act subset of the op en unit disk satisfying (B), let f 2 C

1

( E ) ,

and set X = f ( z ; f ( z )) : z 2 E g . If X � @ B , then R ( X ) = C ( X ).

Pr o of: Let A b e the algebra on X generated b y r ( z ) and w , where ( z ; w ) are co ordinates in

C

2

and r ranges o v er R ( E ). Since A � R ( X ), it su�ces to sho w that A = C ( X ). Moreo v er,

A is isometrically isomorphic to the algebra on E generated b y R ( E ) and f , and therefore

it is enough to sho w [ R ( E ) ; f ] = C ( E ). Eac h p oin t of @ B is a p eak p oin t for p olynomials,

hence is a p eak p oin t for A , and so ev ery p oin t of E is a p eak p oin t for [ R ( E ) ; f ]. By

Theorem 3.7, [ R ( E ) ; f ] = C ( E ). 2

It is reasonable to conjecture that Theorems 3.4 and 3.7 remain v alid if the h yp othesis

that f 2 C

1

( E ) is replaced b y the assumption that f is merely con tin uous on E . W e ha v e
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no pro of or coun terexample.

Finally , w e remark that Theorem 3.7 can also b e obtained in a di�eren t fashion b y

com bining our Lemma 3.5 with Theorem 4.3 of [2].

4. Appro ximation on H• older graphs

In this section w e sho w that the h yp othesis f 2 Lip ( 4 ) of Theorem 2.5 ma y b e w eak ened

to the assumption that f satis�es a H• older condition with exp onen t � , 0 < � < 1, on

E = � ( X ). That is, w e assume there exists M so that for all z ; z

0

2 E ,

j f ( z ) � f ( z

0

) j � M j z � z

0

j

�

(13)

T o establish Theorem 2.5 under the h yp othesis that f satis�es (13), it su�ces to sho w (cf.

(11) in the pro of of Theorem 2.5) that there exists a constan t C so that for z 2 E , w 2 D

z

,

j w � f ( z ) j � C dist(( z ; w ) ; X )

�

(14)

F rom (14) it follo ws, as in the pro of of Theorem 2.5, that if p = ( z ; w ), w e ha v e the estimate

j k ( p ) j �

C

0

j w � f ( z ) j

4 =�

from whic h w e infer k 2 H

�= 8

( D

z

) for all z 2 4 , completing the pro of.

T o establish (14), w e �x p = ( z ; w ), and tak e p

0

= ( z

0

; f ( z

0

)) 2 X so that dist( p; X ) =

j p � p

0

j . Then

j w � f ( z ) j � j w � f ( z

0

) j + j f ( z

0

) � f ( z ) j

� j w � f ( z

0

) j + M j z � z

0

j

�

� ( M

2

+ 1)

1 = 2

( j w � f ( z

0

) j

2

+ j z � z

0

j

2 �

)

1 = 2

and so

j w � f ( z ) j

2 =�

dist

2

( p; X )

�

( M

2

+ 1)

1 =�

( j w � f ( z

0

) j

2

+ j z � z

0

j

2 �

)

1 =�

j w � f ( z

0

) j

2

+ j z � z

0

j

2

(15)

Set x = j w � f ( z

0

) j , y = j z � z

0

j . Note dist

2

( p; X ) = x

2

+ y

2

� 4, since p; p

0

are p oin ts in

the closed unit ball. The quan tit y

G ( x; y ) =

( x

2

+ y

2 �

)

1 =�

x

2

+ y

2
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on the righ t of (15) is clearly b ounded on 1 � x

2

+ y

2

� 4, so to complete the pro of of (14), it

su�ces to sho w that G ( x; y ) is b ounded for x

2

+ y

2

< 1. Applying the elemen tary inequalit y

( A + B )

p

� 2

p

( A

p

+ B

p

) for p ositiv e A; B ; p , w e obtain

( x

2

+ y

2 �

)

1 =�

� 2

1 =�

( x

2 =�

+ y

2

) � 2

1 =�

( x

2

+ y

2

)

using, in the last inequalit y , the fact that x < 1. Therefore, G ( x; y ) � 2

1 =�

for x

2

+ y

2

< 1,

and the pro of is �nished.
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